SARAJEVO JOURNAL OF MATHEMATICS
Vol.2 (15) (2006), 237-245

SOME MODIFICATIONS OF THE TRAPEZOIDAL RULE

ZLATKO UDOVICIC

ABSTRACT. By using the quadratic interpolating spline a new class of
the quadrature rules was obtained. Those formulas are modifications
of the well known trapezoidal rule. The basic characteristic of those
formulas is a free parameter. With appropriate choice of that parameter,
accuracy of the trapezoidal rule can be improved up to O(h4). Besides
this, by using this nonstandard techniques some well known quadrature
rules were also obtained.

1. INTRODUCTION AND PRELIMINARIES

1.1. Classical quadrature rules. Classical quadrature rules are studied
at basic courses in numerical analysis and they are here just used to provide
an system of notation.
Let a = 29 < 1 < -+ < x9y, = b, where z, = 29 + kh and let f, =
f(zr), 0 <k <2m. Then
b
|| 7@ = Qulf.a.b2m) + Enls.a.b 20,
a
or )
/ f(z)dz = Qs[f, a,b,2m] + Es|f,a,b,2m],
a
where

Qrlf,a,b,2m] =20 for1 (1)
k=1

is a generalized rule for the central rectangles, while

m—1 m
Qslfrabn = <fo +2) for+4) ] farr + f2m> (2)
k=1 k=1

is a generalized Simpsons rule. Errors of those formulas are respectively:

(b — a)GfN(gR) h27 (3)
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ER[f,a,b,2m| =
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for some &5 € [a, b], supposing f € C?[a,b] and

ES[fv a, b, 2m] = —a)_(]i)séf(;ij(w h4, (4)

for some &g € [a, b], supposing f € C4[a,b]. Furthermore, if a = 79 < 71 <
-o- < x, = b, then

/a ’ fle)de = Qrlf.a,bon] + Brlf.a,bon],
where
h n—1
Qulfabonl = o+ W )
is the generalized trapezoidal rule and
Er(f,a,b,n] = _(b - aig”(fT) h2,

for some &4 € [a, b], supposing f € C?[a, b], is error for this rule.

1.2. Quadratic interpolating spline. Since that quadratic interpolating
spline is usually avoided in the literature, basic details about it’s construction
are presented here (the cubic spline is most often considered, see [1, 3]).

Definition 1. Let A = {a = z9 < 1 < -+ < z,, = b} be partition of the
interval [a,b]. The function Sa : [a,b] — R, with the following properties:
1. Sa is a polynomial of the second degree in every subinterval [zy, T4 ],
0<k<n-—1and
2. Sh € C’l[a, b]
is called the quadratic spline in relation to the partition A. If the interpolat-
1ng properties
® SA(%k) = f(Ik),O S k S n
are added to the previous definition, the quadratic interpolating spline of the
function f will be obtained, usually denoted by Sa ;.

Let the values fr = f(xp), 0 < k < n, of the function f, be given. From
the property 1. of the Definition 1, it follows that

z € [z, 2pr1] = Saf(2) = apr? + bpx + ¢ = s(2), 0 <k <n—1,

which means that there are 3n unknown coeflicients. To determine those
coefficients 2n equations will be obtained from the interpolating properties,
while n—1 equations will be obtained from property 2. of the same definition.
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So, there is one parameter which can be chosen freely. The mentioned
equations are:

akx%+bkxk+ck:fk,0§k§n—1, (5)
ATy + b1+ o = frr1, 0< k <n—1, (6)
2akxk41 + b = 2ak110K+1 + k11, 0 <k <n—2. (7)
After subtracting equation (5) from equation (6) we obtain:
k k
by = Jir1 = Ji — (Tt + Tp)-
Tg41 — Tk

The last equation, together with equation (7), after elementary calculation
gives the recurrence formulas for calculating the coefficients ag, 1 < k < n—1.
Hence, the coefficients of the quadratic interpolating spline can be calculated
in the following way:

ag — arbitrary,

sy = Jra2 — fer1 Jrr1 — fx
1= _
(Thg2 — Thy1)? (g2 — Thg1) (g1 — Tp)
Xz — X
—akM,OSkSH—Q,
Th42 — Th41
k+1 — Jk
by = Jhr = i —ag(Tpp1 + ), 0 <k <n—1,
Te41 — Tk
ck:fk—akxz—bkxk,ogkgn—l. (8)

By using the formulas (8), again after elementary calculations, the basic
modification of the trapezoidal rule will be obtained:

Tht1 Th41
/ f(z)dx = / si(x)dx + E[f, xg, Tp41]

Tk Tk

= (Thy1 — Tk) [;(fk—i-l + fx)

a
- gk(l“kﬂ —xx)?| + E[f, ok, wp41].

If the partition of the interval [a,b] is uniform, i.e. if zx = xzo + kh,0 <
k < n, where g = a and h = =2 (8) and the
previous relation becomes much more simple:
Jer1 = 2fk + fim1
2

k
I e e D e )

ag = — Qg1
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and
Th41 h h3
/ f(z)dx = §(fk+fk+1) — Eak + E[f, 2k, xp+1], 0 <k <n-—1. (10)
T)
Generalized formula (10) is
h3 n—1
/f )dz = Qr[f,a,b,n] — Zak—i—Ef,abn] (11)

2. BASIC RESULTS

2.1. The case n = 2m.

2.1.1. Simpsons rule. From the relations (9) and (11) it follows

/f Qlf,a,b,2m| + E[f,a,b,2m],
where
2m—1 h3 2m—1
Q[f7a7b72m] <f0+22fk+f2m>_62ak
2m—1 =
<f0+2 Z fk+f2m>
k=1

if%*?f% 1+ for—2

= QS[f7a7b7 2m} (12)
Now from (4) it follows that

E[f,a,b,2m] = Es[f,a,b,2m] = _(b—algfgj(fy he,

for some £g € [a,b], assuming f € C4[a, b].
2.1.2. The first modification. If the equation

for = 2for—1 + for—2 _ Ly ()
h? T

(for some 7j, € [wop_2, Tor], assuming f € C*a,b]) is put in (12), the first
modification of the trapezoidal rule will be obtained

h2

b
/ f(@)dz = Qu[f. a,b,2m] + E1[f, a, b, 2m],
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where
2m—1

3 m
Qutam = 5 (o2 3 fit fon) =g s 09
k=1
and

—a (¢ 3 M 42
El[faa’ban]:_w h Zh fw( )

180 6 p
(b—a)f"(&s) (b—a)f™(7)
B 180 Wt - 144 ht
_ (- a)f“’(ﬂ)h4
80 ’

for some 71 € [a, b].

2.1.3. The second modification. Formulas (1) and (3) together give:

fan— o= [ 1 dx—2hz oy Lm0 C)e

and from this relation follows the second modification of the trapezoidal rule
(well known Ermits quadrature rule, for example see [2, 3]). Hence:

b
/ f(z)dz = Q2[f,a,b,2m] + Es[f,a,b,2m)],

where

2m—1 2
Q2[f7a7b72m] (f0+2 Z fk+f2m> - %(fém_f(ll) (14)

k=1

and

Es|[f,a,b,2m] = (b— a)éw(fR)hz; U a;gi”(Tl) B
b—

= (105 ) — 94 (7)), (15)

for some £, 71 € [a,b].

The estimation of the error (15) is much less exact then the estimation
which can be found in [2], but these estimations becomes equal if we assume
that 10f™(g) — 9™ (T1) € [ma, My], where my = minge[,y f*(x) and
My = maXgzcla,b) fw(a")'

One can check that both of formulas (13) and (14) are exact for all poly-
nomials of the third degree.
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2.2. The case n = 2m + 1. Combining the formulas (2) and (10) gives

/f da:—/ fla da:+/x2m+lf(a;)dx

h3
- QT[fJ Zo, .Tl] - gao + QS[f7 T, b7 2m]
tElf,a,b,2m+1],  (16)
where Qr[f, xo, 1] = %( fo+f1), and parameter ag can be chosen arbitrarily.
In general, accuracy of the previous rule is O(h?), but it can be improved

up to O(h*) with an appropriate choice of the parameter ag. One of the
possibilities is to choose the parameter ag to be equal to the main part of

, _ "),
the reminder Ep|f, g, z1] = _Th L1 € [xo, 1]

2.2.1. The first modification. For every A € [0, 1], there exists (at least one)
X € [zo,21] such that f”(X) = Afj + (1 —X)f{’. Then

f(&r) = f"(X) + £ (0)(ér — X), 0 € [&r, X],

f(X)
2

so that with the choice ag = we get:

b
/ f(z)dz = Q1[f,a,b,2m + 1] + E1[f,a,b,2m + 1],

where
3 £/
Ql[f’a’b’ 2m + 1] = g(fo + fl) - hf12()() + QS[f’xlvb’ 2’[’)’1,] (].7)
and
Ey [f,a, b, 2m + 1] = —flll/ée) (§T _ X)h3 _ a)_l;)é{)“)@h47

for some gTaX € ['CC[)axl]?g € [gTvXLES S [$17b]'
The combination of the formulas (13) and (17) gives

b
/ f(@)dz = Or[f,a,b,2m + 1] + By[f,a,b,2m + 1],

where

~ h 2m, h3 f//
Ql[f,a,b,zmﬂ]:2<fo+2sz+f2m+l)— (&4 Z )
k=1

and

£(6)
12

(b—a1) [ (T1)
80

Er[f,a,b,2m +1] = — (ér — X)h® — ht
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for some §T7X € [1?0,1)1],9 € [fTaX]uFl € [xlvb]‘

2.2.2. The second modification. Since we have

f/’(ﬁT) — f{ ; f(,) _ («Tl - fT)Qf///(91)2—h(l’0 — 5T)2fm(90)7

/ !/

J1— 1o
2h

for some 6y € [x0,&7], 601 € [{1, x1], the choice ap = gives

b
/f(:E)dx:Qg[f,a,b,2m+1]+E2[f,a,b,2m—|—l],
where
h n?, ,
QQ[f7a7b>2m+1]:§(f0+f1)_E(fl_fO)—i_QS[f?xlvvam] (18)

and

(z1 — &)2 1" (01) — (w0 — E1)? 1" (0o)
24

h2

(b— UUl)fw(ES)hzx
180 ’

EQ[fvaabv2m+]‘] =

for some 0y € [x0,&7],01 € [é7,21],€g € [21,b]. Similarly as in the previous
case, the formulas (14) and (18) together give

b ~ ~
/ f(SU)dZE = QQ[fv a,b,2m + 1] + EQ[fv a,b,2m + 1]7

where

~ h 2m h3
QQ[faaaba 2m + 1] = 2<f0 +2ka +f2m+1> - E(fém—i—l - fé)
k=1

(again Ermits quadrature rule) and

(21— &r)? " (61) — (w0 — &) f"(60)
24
(b — a:l)h4

— To(lof“’@g) - 9fw(?1))v

Es[f,a,b,2m+ 1] = h?

for some 60y € [.%'0,{7‘],(91 S [fT,.%'ﬂ,ER,?l S [1‘1,[)].
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2.3. Another possibility for the choice of the parameter ag. One can
check that the parameter ag can not be chosen in a such way that formula
(16) (without the last term) integrates exactly all polynomials with degree
not greater than three. But, if P(z) = Az3+ Bx?+ Cx + D, with the choice

h
ag= B + 3A(l‘0 + 5), (19)

the formula (16) will be true for the polynomial P.
Furthermore, for every X € [zg,z1] one has

F@) ~ F(X) + /(X)) (@ — X) + %f”(X)(:c _x24 %f”’(X)(x _ X,
and in accordance with (19), with the choice

a0 = S7(X) + (X (o + 5 — X)L

the formula (16) (again without the last term) becomes exact for the “main
part” of the function f. Hence,

b
/ f(x)dz = Qyf,a,b,2m + 1] + Es[f,a,b,2m + 1].

In the last formula one has

3
Qulla,b,2m 4 1] = Qrlf, o, m1] — o5 [1/(X) + 7" (X)(zo + & — X)]

12
+ Qs[f, x, b, 2m],
while the order of accuracy is still O(h?), since
1 .
F(&r) = f"(X) + f"(X)(Er = X) + 5 1 (0)(Er — X)?,
and finally

B (=3 = B0 3 = XPF0) s - o) Es)
12 180
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