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FOURTH-ORDER BLOCK METHODS FOR THE
NUMERICAL SOLUTION OF FIRST ORDER INITIAL
VALUE PROBLEMS

SALMAN H. ABBAS

ABSTRACT. Block methods of order two and three for the numerical so-
lution of initial value problems are extended to four order. The proposed
two fourth order block methods might be efficient for implementation in
multiprocessor computers. The matrix coefficients like block methods of
order two and three of these methods are chosen so that lower powers of
blocksize appear in the principle local truncation errors. The stability
polynomial is shown to be a perturbation of the (p + 1)** order explicit
Runge-Kutta method, scaled according to block size. In order to show
the linear stability properties of the block predictor corrector methods,
the maximum absolute errors using Type I and Type II methods with
blocksize £ = 10 and various step sizes are investigated numerically.

1. INTRODUCTION

Numerical methods for parallel solution of the initial value problem (IVP)
are well established techniques in literature. In the last two decades a num-
ber of papers have appeared on this topic (see, for example [1]-[14] and
references there in). One such technique is the block method which by
means of a single application of a calculation unit, yields a sequence of new
estimates for y in the differentiation equation:

y' = ft.y), y(to) =wo (1)
with y, f € R®.

If the block size k& > 1, then in simple cases the values of ¢ for which
solutions are computed would be evenly separated. In other words, each
basic cycle of calculation has the potential to advance the solution by k new
points in the ¢ direction. Each such block can therefore, be considered as a
unit of calculation. Let y, denote the approximation to the exact solution
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y(tn) at t = t, and let f,, denote the value of f(t,,y,), the approximation
for y/(ty,). For n = mk, a block of solutions can be represented by the vector
Yin = (Unt1, Ynt2, - - s Yntk) L With yny; (1 < j < k), the generated solution
for t,,4; = t, + jh, where t,, is the right-hand end point of the preceding
block and h is the uniform spacing between solution values. Adopting the
notation of [7], the formula for the block method can be expressed as

Y., = eyn + hdf, + hBF(Yy,) (2)

where e and d are k—vectors, B is a k x k matrix, and F' is a k—vector
whose j* entry is fntj = ftntjsUnts), 1 < j < k. Eq. (2) is implicit in
Y., it has to be solved by iteratively using, in the first instance, predicted
solution values. A predictor equation for Y can be expressed in the form

YTELO) = ey, + hc?fn (3)

where e and d are k—vectors. Substitution of Yy(no) into the right-hand side
of Eq. (2) yields the block predictor-corrector (BPC) method

Yy, = eyn + hdf, + hBF (eyn +hd fn> . (4)

In accordance with the terminology used in the linear multi-step case,
this application is called the PEC mode. One can continue this process by
substituting the result of Eq. (4) into the right-hand side of (2) arriving
at P(EC)”E'™Y mode, in which v = 0 indicates that a final evaluation is
done before proceeding to the next block. Voss and Abbas [4] consider this
approach using an explicit Euler predictor and then correcting it four times
by a Simpson corrector applied in the composition. This method can be
computed in the following steps for each equidistant step point r=1,...,k
as

Z/gﬁr =Yn+ Thf(tna yn)a
h
y£11-|)—1 = Yn + ﬁ |:9f(tn> yn) + 19f(tn+17 yr(z(:)-l) - 5f(tn+27 y7('1222)

+ f(tn+37 yfﬁi)-?)) b

w| s

r r—1
i 0 0
y1(H>~7' =Ynt 3 [f(tm Yn) + 4 Z f(tnjs yqilj) +2 Z f (tntaj, %(1422]‘)
h=1 j=1

+ f(tn+2'r’7 y'fz(er):| , r=2,4,6,... (even) (5)

i 3h
y£1,4)»3 = yn+ § |:f(tn7 yn)+ 3f(tn+17 y7(1(21)+ gf(thrQa 3/7(10422)"‘ f(tn+37 yfﬁgg)] )
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T r—1
i h
ygir =Yn + g |:f(tn7 yn) +4 Z f(tn+jay7(L.~)_] + 2 Z f(tn+2ja yﬁg)-m)]
j=1 j=1
17h (0) (0)
+ ﬂf(thr(r 3)» yn+(7« 2) + = [Sf( n+(r—2)» yn+(r—2))
+ 3 (b (r—1) ¥ (1)) } r=5.7,...(odd); i = 1,2,3,4.
(6)
With Yn(lo) given by Eq. (3), method (5) has P(EC)* form v, = eyn—+hdf,

Y = ey, + hdf, + hBF(Y}), 1 =0,1,2 and 3

313 1

" =Gyg3
00 00 00 00UO0O
FF 0000000
8 5 5 00 000 0
13 11 99 0000

B:iizégﬁooooo (7)

iii%ﬁloooo
iiiiggéggo
/NS LA B N O S
(O T O O B
134 1 3 18434814,
3 3 3 3 3 3 3 3 3 3

The local error of Eq. (6) has the form 71’;’5 y®) (t,) + O (k). (7)

The main purpose of this paper is to form fourth order block methods
for solving IVP’s which are appropriate for an arbitrary blocksize & > 1.
Additionally, the knowledge of the stability properties gives us the opportu-
nity to choose well-organized methods which have large stability intervals.
Furthermore, we prefer methods where the principle error term includes a
small power of the blocksize. It is very useful to carry on this idea to create
different methods in which the principal error term does not depend on the
bloksize or a power that appears in the denominator of the error term. It
is suggested in the conclusion that the scheme can be used to solve a large
number of systems of differential equations for some models in the field of
quantum optics.
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2. A BLOCK PREDICTOR-CORRECTOR METHOD

In this section, we consider a block method in which the order is fixed
but the block length may be any value at the cost of increasing the trunca-
tion error. The method developed uses Eq. (3) to predict solutions to the
problem and then applies a corrector in P(EC)”E mode. The method can
be written as

VO, = e®y,+h(4, @ F (YM) ,

erjjl”:e@yn+h(A®I)F(Ym1+>1), [=0,..., 01,

ym+1:e{+1 rgu (8)
where
[0 0 . 0]
00 ... ... ... 1
A, = 00 ... ... ... 2
_O 0 ... ... ... k_

is the (k + 1)(k + 1) prediction matrix and A = (a;;)0 < i,j < k is the
(k+1)(k+1) Runge-Kutta matrix of coefficients. For starting purposes, we
also take YO(U) to be the vector wherein, each (k+ 1) component is yo. With

00 0 0 0 00 0000
U O I I
Pd 8 5 9 900 0000
iiiil000000

SIS O S O B A A A R (9)
125425210000
iiiiiﬁgéooo
S T L O N O S
O S R S T O (N A T
AN S R T O A O B A1
3 3 3 3 3 3 3 3 3 3 3

the matrix Eq. (9) is based on the Simpson rule and in the sequel we refer
to it as SBPC when applied in P(EC)*E mode.

Our main objective is to produce a fourth-order block method which might
be very efficient for implementing in multiprocessor computers. In order
to satisfy the condition that these methods have order four, the matrix
of coefficients A in Eq. (9) must satisfy the following equations for r =
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1,2,...,k:

k k
X r
§ O =T, § JCr 5 = 57
j=0 7=0
k 3 k 4

Z]QOlr,j = %, Zj:sam- = TZ

j=0 Jj=0

3. TYPES OF BLOCK METHODS

In the present section, we give two block methods of fourth order that are
applicable for arbitrary blocksizes. These methods are developed by using
predictor Eq. (3) to predict solutions to the problem and then a corrector
in P(EC)*E mode is applied.

The local truncation errors for these methods are approximately equal to
_f;’gs y®)(t,) and _;“226‘5 y°(t,) respectively.

(a) TYPE I block method

The coefficients of the matrix A are given by

0 0 0 0O 0 0 0 0 0 0
9 19 =5 1

% ?% % 5 0 0 0 0 0 0
= 22 = 0 0 0 0 0 0 0
ki iy bij 9 0 0 0 0 0 0

2 ez 24 S
0 ; - 500 0 0 0 0 0

_ | =ss 275 — 525

A=l % %% = 0z 000 0 0 0
-9 36 —45 24 0 0 0 0 0 0

_189 2107 —2597 1225
=189 2229 0 0 0 0 0 0

24
P50 st 63 96 0o 0 0 0 0 O
_Pe5 2873 —#159 1323 0 0 0 0 0 0

8 i —1%75 800

| o165 e = s o g g g o 0 |

The next term of the error of the corrector depends on O(h®). In order to
obtain good results and better accuracy, it is recommended that the number
of corrections be increased.

The linear stability properties of the block corrector Eq. (8) are deter-
mined through application of the test equation

Yy =Xy A<0

and by setting z = Ah, in the case k = 10, Eq. (8) can be written in the
form

Qy = byn

where
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[1-82 22 —az 00 i
—%z 1—%2 0 0
—gz —%z 1—%2 0 .
-5z %z -8, 1 0 .
Q= —%%z —I—%z %z 01 0 .
—36z 45z —24z 0 0 1 0 . ’
—4, 2, 125200010 . .
5?2 6%@;; -9z 0000 100
ﬁz 3T?27z5 1382302 00000T10
—?Z + 3 z —TZ 0 1 1
Yn+1 1+%Z
Yn+2 1+§Z
Yn+3 1+ 32
Yrvd ! 55
y = Yn+5 b — 947
- Yn+6 - 1-9z
Yn+7 1189,
_ b
Yn+8 1 z
Yn+9 1—%2’
| Yn+10 | | 1-65z |
(b) TYPE II block method
The coefficients of the matrix A are given by
[0 0000 O0O0TO 0O O 0 0 ]
w, 00 O
5 o BB %
W o Fom
Ao | Tl o dr M7
| o w1
B o 11 1 g
I T o A B B
W o W10,
W o M T,
L 7100 50 50 20 A

The next term of the error of the corrector also depends on O(h°).
To analyze the stability, we apply the block corrector formula Eq. (8) to
the test problem Eq. (10), and setting z = Ah , for k = 10, yields Eq. (8):
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Qy:byn (10)
[ 1000 0 0 0 52 —%z B2 T
0100000—%—3?,2 —218—52 —;;gz
00010000 —g52 —pg2 -2z
0001000 —¢ —Dlr —552
. 0000100 26 &l Ly
WithQ=1"§ 009001 0 -0, _M  _% |and
0 0
0000001—%2 —ﬁz —gz
00000O0O —%z—%z B,
0000000—93‘?32 1+%z—%z
%8 131 137
[ 0000000 =55z +5z -3 ]
1+502
1—%2
1722—92
1—%2:
17&2
b= 1—%,2
1_%&
7
1—17302’
1— =52
198
| 1 — 1557
4. STABILITY ANALYSIS
Using Cramer’s rule, we find that
_ DB a0 (11)

Yn+r D (Z) n

where D(z) = det(Q) and D, (z) = det(Q,) and @, is obtained from @ by
replacing the r*" column by the vector b. Absolute stability requires

In general, absolute stability properties depend on the predictor and the
mode of implementation. Applying Eq. (8) with corrections to the standard



254 SALMAN H. ABBAS

linear test problem Eq. (10), yields Y, ; = T™(2)Yy’, with

0 0 1

0 0 -+ «+v oo 1
E=]0 0 -« o oo 1|

(00 - ser e 1

and the stability matrix T'(z) is given by [3]

T(z)=FE+ ZAjEzj + 2Vt AY A, (12)
j=1
Consequently, the stability boundary is the largest number « such that if
z € (—a,0), then p(T'(z)) < 1, where p(T'(z)) denotes the spectral radius of
T(z).
Since AYA, = ue{ 41 it follows that
(k2)"

v + Uk+1(k‘ Z)v+1

p(T(z) =|1+kz+- -+

Taking v = p, where p is the order of the block method, it is easy to show

that
(kz)P 1 Czlerl +1
L kz oo e GrDl W (kz)P

. (13)

, (14)

where C’;j 1 is the error constant of the method at the k™ point in the
block. In this case, the stability polynomial is simply a perturbation of that
corresponding to the (p + 1)* order explicit Runge-Kutta method scaled
according to blocksize.

Table 1. Stability boundaries

k| v | aryper | arypEI
2 | 0.2501 0.2513
4 | 0.3027 0.3116

10| 6 | 0.3812 0.3843
8 | 0.4318 0.4655
oo | 3.0011 3.0024

Table 1 contains the values of arypgr and arypgrnr block predictor-co-
rrector methods in P(EC)E mode, based on TYPE I and TYPE II block
methods respectively. Corresponding to v = oo, Table 1 also contains the
stability boundaries of the correctors obtained from Eq. (14).
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The error constants for TYPE I and TYPE II are C’g — _ kK and C’g =

T 120
K2 :
— 755 respectively.
5. NUMERICAL RESULTS
We first consider the linear IVP
y?
/
y==5, y0)=1, (15)

for t € [0,4] with exact solution y = 1/v/t + 1. We use TYPE I and TYPE
II methods with block size £ = 10 and various step sizes. We set e; and e
to be the maximum absolute errors at t = 4, we use step sizes hi and ho,
and we assume that e¢; = Ch?.

Table 2 also includes the observed rates of convergence calculated using
p = (Inei/ez)/ (Inhy/hes).

Table 2. Approximate rate of convergence

k[ h | TYPEI | p | TYPEL | p
0.2 [0.9412 E01| - |0.8346 B-01| -
0.1 | 0.1269E-01 | 2.89 | 0.8659 E-03 | 3.27
10 [ 0.05 | 0.1120E-02 | 3.49 | 0.5964E-03 | 3.86
0.04 | 0.5144E-03 | 4.12 | 0.2147E-03 | 4.56
0.02 | 0.1079E-04 | 4.70 | 0.6005E-05 | 5.16

To numerically investigate the linear stability properties of the block
predictor-corrector methods we consider the linear IVP
y' = —100(y — sin(t)) + cos(t), y(0) =0 (16)

for ¢ € [0,1] with exact solution y = sint. Table 3 contains the maximum
absolute errors using the proposed method with block size k = 10.

6. COMPARISON WITH OTHER METHODS

In this section, we compare our 4th order block methods (Type I & Type
IT) which are mentioned in Section 3 and the fourth order Adams predictor-
Corrector method [15] regarding the behavior of the global error.

The numerical results presented here are those produced by the above
methods when applied to the following test problems:

(i) ¥ = (20y —y*)/80, y'(0) =1 0<z<20
(i) ¥ =ycosz, y'(0)=1 0<z<1
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Table 3. Maximum absolute error

h | TYPEI [ TYPEII
15 | 0.6049E-04 | 0.2410E-04
25 | 0.1256E-03 | 0.5821E-04
30 | 0-7829E-03 | 0.9849E-03
55 | 0-2456E-02 | 0.1123E-03
55 | 0.7913E+02 | 0.2789E+02

Table 4. Test Problem (I)

Global Error
Number of Steps | Stepsize | Adams p-c | BM Type I | BM Type 11
100 0.2 473 x1077[2.14x107°| 6.64 x 107©
200 0.1 418 x 1078 [1.38 x 1076 2.21 x 10°F
300 0.06667 | 9.14 x 1079 [2.74 x 107 | 8.89 x 10—~
400 0.05 3.03x 1077 [872x 107 % 4.19 x 107
500 0.04 1.28 x 1079 [3.58 x 1078 | 1.22 x 1077
600 0.03333 [ 6.28 x 10719 [ 1.73 x 1078 | 7.76 x 10~ 8
700 0.02857 | 3.43 x 10719 [ 9.34 x 10" | 3.99 x 10~8
800 0.025 [2.03x 10710548 x 1079 | 6.98 x 1079
900 0.0222 [1.28 x 10719342 x 1077 | 2.25 x 1077
1000 0.02 [844x10711[225x1077[8.67 x 1010
Table (5). Test Problem (II)
. Global Error
Number of Steps | Stepsize Adams pc | BM Type I | BM Type 11
100 0.01 6.35 x 10710 1.55 x 1078 | 8.21 x 1079
200 0.005 [3.79x 1071957 x 10710 3.41 x 107°
300 0.00333 [7.37x 107 [1.89 x 10719 [ 6.24 x 10~10
400 0.0025 [231x1072[596x 10711 [1.32x 10710
500 0.002 [941x1078 244 x 1071|753 x 10~ 11
600 0.001667 | 4.53 x 10713 [ 1.18 x 10711 [ 2.24 x 10~ 1T
700 0.0014286 | 2.44 x 1073 [ 6.33 x 10712 [ 6.44 x 1012
800 0.00125 |[1.46 x 107 [3.72x 1072 [3.21 x 1072
900 0.001111 [8.84 x 107 [2.32x 107?878 x 1013
1000 0.001 |55l x107 ¥ [1.52x1072 421 x107 5
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We observe from the above tables that the numerical results are satisfac-
tory since there is no real difference in accuracy between Adams PC and the
presented block methods.

7. CONCLUSION

In this paper we have presented two fourth order block methods for solv-
ing ordinary differential equations with their principal error having a small
power of blocksize. These methods appear to have a rich behavior very
similar to the Simpson block method (SBPC') [4]. Moreover, it would be
interesting to implement these methods on multiprocessor computers in the
future.
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