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ON WEAKLY SEMI-I-OPEN SETS AND ANOTHER
DECOMPOSITION OF CONTINUITY VIA IDEALS

ESREF HATIR AND SAEID JAFARI

ABSTRACT. In this paper, we introduce the notions of weakly semi-I-
open set and weakly semi-I-continuous functions to obtain a decompo-
sition of continuity. We also investigated the fundamental properties of
such functions.

1. INTRODUCTION

Topological ideals have played an important role in topology for several
years. It was the works of Newcomb [13], Rancin [14], Samuels [15] and
Hamlet and Jankovic [4, 5, 6, 7, 10] which motivated the research in ap-
plying topological ideals to generalize the most basic properties in general
topology. In 1992, Jankovic and Hamlett [7] introduced the notion of I-open
sets in topological spaces. El-monsef et al. [2] investigated I-open sets and
I-continuous functions. In 1996, Dontchev [3] introduced the notion of pre-
T-open sets and obtained a decomposition of I-continuity. Quite recently,
Hatir and Noiri [8] have introduced the notion of semi-I-open sets to obtain
another new decomposition of continuity.

In this paper, we introduce the notions of weakly semi-I-open set and
weakly semi-I-continuous function to obtain a decomposition of continuity
via ideals. We also investigate the fundamental properties of such functions.

Throughout this paper, C1(A) and Int(A) denote the closure of A and the
interior of A, respectively. Let (X, 7) be a topological space and I an ideal of
subsets of X. An ideal topological space, denoted by (X, 7, 1), is a topological
space (X, 7) with an ideal I on X. For a subset A C X, A*(]) = {zx € X :
UNA ¢ I for each neighborhood U of z} is called the local function [3] of A
with respect to I and 7. We simply write A* instead of A*(I) in case there
is no chance for confusion. X* is often a proper subset of X. The hypothesis
X = X* [9] is equivalent to the hypothesis 7 NI = {(} [15]. For every
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ideal topological space (X, ,I), there exists a topology 7*(I), finer than
T, generated by the base B(I,7) = {U\G : U € 7 and G € I}. However,
B(1,7) is not always a topology [10]. Recall that ClI*(A) = AU A* defines
a Kuratowski closure operator. In what follows the space (X, 7, I) is always
taken to be an ideal topological space.

Definition 1.1. A subset S of a space (X, 7,1I) is said to be
a) I-open [2] if S C Int(S™),
b) pre-I-open [3] if S C Int(C1*(S5)),
c) semi-I-open [8] if S C CI"(Int(S5)).
d) a-I-open [8] if S C Int(Cl*(Int(S5))).
Definition 1.2. A subset S of a space (X, 7) is said to be
a) pre-open [12] if S C Int(CI1(S)),
b) semi-open [11] if S C Cl(Int(S)),
c) B-open [1] if S C Cl(Int(CL(S))).

Hatir and Noiri [8] obtained the following diagram:

Open — a-I-open — semi-I-open — semi-open

! !

I-open — pre-I-open — pre-open — (-open.

2. WEAKLY SEMI-I-OPEN SETS AND ANOTHER DECOMPOSITION OF
CONTINUITY

Definition 2.1. A subset S of a space (X, 7,1) is said to be weakly semi-I-
open if S C CI*(Int(CL(S))).

Remark 2.1. Every semi-I-open set is weakly semi-I-open set, but not con-
versely.

Example 2.1. Let X = {a,b,c},7 = {0, X,{a,b}} and I = {0, {c}}. Then
A = {a} is weakly semi-I-open, but not semi-I-open.
Remark 2.2. Every weakly semi-I-open set is -open set, but not conversely.

Let S be a weakly semi-I-open set i.e. S C CI*(Int(Cl(S))). Then S C
CI*(Int(CL(S))) = (Int(CL(.S)))* U (Int(CL(S))) C Cl(Int(CL(S)))UInt(CIL(S))
= Cl(Int(CI1(S))). However:

Example 2.2. Let X={a,b,c}, 7 = {0, X, {a}, {0}, {a,b}} and I = {0, {a}}.
Then A = {a,c} is B-open, but not weakly semi-I-open.

By WSIO(X, 1), we denote the family of all weakly semi-I-open sets of
space (X, T,1).
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Lemma 2.1. ([10].) Let A and B be subsets of a space (X, 7,I). Then
1) If A C B, then A* C B*,
2) IfUer, then UNA* C (UNA)*.
3) A* is closed in (X, T).

Theorem 2.1. Let (X, 7,I) be an ideal topological space and A, B subsets
of X.
1) If Uy, € WSIO (X, 1) for each o € A, then U{Uy : a € A} €
WSIO (X, 7),
9) If A€ WSIO(X,7) and B € 7, then AN B € WSIO(X, 7).

Proof. (1). Since U, € WSIO (X, 1), we have U, C CI*(Int(Cl(U,))) for
every a € A. Thus by using Lemma 2.1, we obtain
UaeaUa C Ugea CI*(Int(Cl(Uy))) € Uaea{(Int(CL(Uy))*U(Int(Cl(Ua))} C
(Uaea (Int (C1(Uy))))* U Int (Cl(UaealUs)) € (Int (Cl(Ugen Uy)))* U Int
(Cl(UgealUy)) = CI*(Int(Cl(UgeaUa)))-

This shows that UaeaUs € WSIO (X, 7).

(2). Let A € WSIO (X,7) and B € 7, then A C CI*(Int(Cl(A))) and by
Lemma 2.1, we obtain
ANB C CI*(Int(CL(A)))NB = ((Int(C1(A)))*UInt(C1(A)))NB = (Int(C1(A)))*
NB U Int(C1(4)) N B C (Int(Cl(A)) N B*) U Int(Cl(A N B)) = (Int(CL(A N
B)))*UInt(Cl(AN B)) = CI*(Int(Cl1(A N B))).

This shows that AN B € WSIO (X, 7). O

Remark 2.3. A finite intersection of weakly semi-I-open sets need not be
weakly semi-I-open in general as the following example shows.

Example 2.3. Let X = {a,b,c,d},7 = {0, X,{a,b},{a,b,c}} and I =
{0,{c},{d},{c,d}}. Then A = {b,d} and B = {a,d} is weakly semi-I-open,
but AN B is not weakly semi-I-open.

Definition 2.2. A subset F' of a space (X, 1,1) is said to be weakly semi-I-
closed if its complement is weakly semi-I-open.

Theorem 2.2. A subset A of a space (X, 1,1) is weakly semi-I-closed if and
only if Int*(Cl(Int(A))) C A.

Proof. Let A be a weakly semi-I-closed set of (X, 7, ). Then X — A is weakly
semi-I-open and hence X —A C CI*(Int(Cl(X —A))) = X —Int*(Cl(Int(A))).
Therefore, we have Int*(Cl(Int(A))) C A.

Conversely, let Int*(Cl(Int(A))) C A. Then X — A C CI*(Int(CL(X — A)))
and hence X — A is weakly semi-I-open. Therefore, A is weakly semi-I-
closed. O

Remark 2.4. For a subset A of a space (X, 7, I), we have X —Int(Cl*(Int(A)))
# CI*(Int(Cl(X — A))) as shown by the following example.
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Example 2.4. Let X = {a,b,c}, 7 = {0,X,{a},{b},{a,b}} and I =
{0,{b},{a,b}}. If we put A = {a,c}, then X — Int(Cl*(Int(A))) = {b,c}
and CI*(Int(Cl(X — A))) = {b}.

Theorem 2.3. If a subset A of a space (X, 1,I) is weakly semi-I-closed,
then Int(Cl*(Int(A))) C A.

Proof. Let A be any weakly semi-I-closed set of (X, 7, I). Since 7*(I) is finer
than 7, we have Int(Cl*(Int(A4))) C Int*(Cl*(Int(A))) C Int*(Cl(Int(A))).
Therefore, by Theorem 2.2, we obtain Int(Cl*(Int(A))) C A. O

Corollary 2.1. Let A be a subset of a space (X, T,I) such that
X —Int(Cl*(Int(A))) = CI"(Int(Cl(X — A))). Then A is weakly semi-I-closed
if and only if Int(Cl*(Int(A))) C A.

Proof. This is an immediate consequence of Theorem 2.2. ([

Definition 2.3. A subset A of a space (X, 7,1) is called
a) Strong S-I-set if C1*(Int(Cl(A))) = Int(A),
b) S-I-set [8] if C1I*(Int(A)) = Int(A).

Remark 2.5. Observe that in Example 2.1, the set A = {a} is not a strong
S-I-set. If we set X = {a,b,c},7 = {X,0,{a},{b,c}} and I = {0, {c}}, then
A = {a} is a strong S-I-set. In Example 2.2 [8], the set of rationals Q is
S-I-set but not a strong S-I-set.

Definition 2.4. A subset of an ideal topological space (X, T,I) is called

a) Strong Sr-set if A=UNV, where U € T and V is strong S-I-set,
b) Si-set [8] if A=UNV, where U € 7 and V is S-I-set.

Remark 2.6. a) Every strong S-I-set is S-I-set,
b) Every strong Sj-set is Sr-set,
c) Every open set is strong Sj-set.

Proposition 2.1. For a subset A of (X, T,I), the following conditions are
equivalent:

a) A is open,

b) A is weakly semi-I-open and strong St-set,

c) A is semi-I-open and Sy-set [8].

Proof. By the above remarks is only necessary to show the following:

If A is a weakly semi-I-open set and also a strong Sr-set, then A C
ClI*(Int(ClL(A))) = CI"(Int(CL(UNV))), where U € 7 and V is strong S-I-set.
Hence ACUNA C UN(CI*(Int(CL(U))) NCI*(Int(CL(V)))) = UNInt(V) =
Int(A).

This shows that A is open. O
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Definition 2.5. A function f : (X,7,I) — (Y, 0) is said to be weakly semi-
I-continuous (resp. semi-I-continuous [8], strong Sr-continuous) if f=1(V)
is weakly semi-I-open (resp. semi-I-open, strong Sr-open) in (X,7,1) for
every open set V of (Y, o).

Remark 2.7. Tt is obvious that continuity implies semi-I-continuity and semi-
I-continuity implies weakly semi-I-continuity and weakly semi-I-continuity
implies (-continuity.

Theorem 2.4. For a function f : (X, 7,I) — (Y, 0) the following conditions
are equivalent:

1) f is continuous,
2) f is weakly semi-I-continuous and strong Sp-continuous ,
3) f is semi-I-continuous and Sr-continuous [8].

Proof. 1t is obvious from Proposition 2.1. O

Theorem 2.5. For a function f : (X,7,1) — (Y,0), the following are
equivalent:

1) f is weakly semi-I-continuous,

2) For each x € X and each V € o containing f(x), there exists U €
WSIO (X, 7) containing x such that f(U) C V,

3) The inverse image of each closed set in'Y is weakly semi-I-closed.

Proof. Straightforward. O

Definition 2.6. f is weakly I-irresolute, if f~1(V') is weakly semi-I-open in
(X, 7,1) for every weakly semi-I-open set V' of (Y, 0,J).

Theorem 2.6. The following hold for a functions f : (X,7,I) — (Y,0,J)
and g : (Y,0,J) — (Z,n),
1) g o f is weakly semi-I-continuous if f is weakly semi-I-continuous
and g is continuous,
2) go f is weakly semi-I-continuous if f is weakly I-irresolute and g is
weakly semi-I-continuous.

If (X, 7,1) is an ideal topological space and A is subset of X, we denote

by 7|4 the relative topology on A and I}y = {ANI |1 € I} is obviously an
ideal on A.

Lemma 2.2. ([10]). Let (X,7,I) be an ideal topological space and B, a
subsets of X such that B C A. Then B*(74, I|4) = B*(7,I) N A.

Lemma 2.3. Let (X, 7,I) be an ideal topological space, A C X and U € .
Then CI*(A)NU = CI*(ANU).

Proof. CI*(A)NU = (A*UA)NU = (A*NU)U(ANU) C (ANU)*U(ANTU) =
CI*(ANU). O
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Theorem 2.7. Let (X,7,1) be an ideal topological space. If U € T and
A € WSIO (X, 7), then UN A € WSIO (U, 7, Ljy)-

Proof. Since U € 7 and A € WSIO (X, 7), by Theorem 2.1, we have ANU C
Cl*(Int(Cl(ANU)) and hence by Lemma 2.2, ANU C U N CI*(Int(CI(AN
U))) c Cl"(UNInt(Cl(ANUT))) C CI*"(Int[U N CL(ANTU)]) = CI*(Inty (U N
Cl(ANU))). Since U € 7 C 7*, we obtain

ANU CcUNCl*(Inty (Cly(ANT))) = Cliy(Inty (Cly (AN U))).
This shows that ANU € WSIO (U, 7y, [jy)- O

Theorem 2.8. Let f: (X, 7,I) — (Y,0) be weakly semi-I-continuous func-
tion and U € 7. Then the restriction fiy : (U, ny, Liy) — (Y, 0) is weakly
semi-I-continuous.

Proof. Let V be any open set of (Y, o). Since f is weakly semi-I-continuous,
we have f~1(V) € WSIO (X, 7). Since U € 7, by Theorem 2.7, we have U N
fHV) € WSIO (U, 77, Ii7)- On the other hand, (fiy)"'(V)=Un f~4(V)
and (fiy) (V) € WSIO (U, 7y, {|yy). This shows that fiy = (U, 7y, ljy) —
(Y, 0) is weakly semi-I-continuous. O

Theorem 2.9. A function f : (X, 7,1) — (Y, 0) is weakly semi-I-continuous
if and only if the graph function g : X — XzY, defined by g(x) = (x, f(x))
for each x € X, is weakly semi-I-continuous.

Proof. Necessity. Suppose that f is weakly semi-I-continuous. Let x €
X and W be any open set of XzY containing g(x). Then there exists a
basic open set UzV such that g(xz) = (z, f(x)) € UzV C W. Since f is
weakly semi-I-continuous, there exists a weakly semi-I-open set U, of X
containing x such that f(U,) C V. By Theorem 2.7, U,NU € WSIO (X, 1)
and g(U,NU) C UzV C W. This shows that g is weakly semi-I-continuous.

Sufficiency. Suppose that g is weakly semi-I-continuous. Let z € X and
V' be any open set of Y containing f(z). Then XV is open in XzY and
by weakly semi-I-continuity of g, there exists U € WSIO (X, 7) containing
x such that g(U) C Xz V. Therefore, we obtain f(U) C V. This shows that
f is weakly semi-I-continuous. O

3. WEAKLY SEMI-I-OPEN AND WEAKLY SEMI-I-CLOSED FUNCTIONS

Definition 3.1. A function f : (X,7) — (Y,0,J) is called weakly semi-
I-open (resp. weakly semi-I-closed) if the image of every open set (resp.
closed) in (X,7) is weakly semi-I-open (resp. weakly semi-I-closed) in
(Y, 0,J).

Recall that a function f : (X, 7) — (Y, 0) is called B-open (resp. [-closed)
if the image of each open (resp. closed) set in X is S-open (resp. (-closed)
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in Y. Also a function f : (X,7) — (Y, 0) is called semi-I-open (resp. semi-
I-closed) if the image of each open (resp. closed) set in X is semi-I-open
(resp. semi-I-closed) in Y.

Clearly every weakly semi-I-open (resp. weakly semi-I-closed) function is
[-open (resp. [-closed) but the converse is not true in general.

Observe that every semi-I-open (resp. semi-I-closed) function is weakly
semi-I-open (resp. weakly semi-I-closed) but the converse is not true in
general.

Now we have the following results. The proofs of them are omitted since
they are straightforward.

Theorem 3.1. A function f : (X,7) — (Y,0,J) is weakly semi-I-open if
and only if for each point x of X and each neighborhood U of x, there exists
a weakly semi-I-open set V in'Y containing f(x) such that V- C f(U).

Theorem 3.2. If f: (X,7) — (Y,0,J) is weakly semi-I-open (resp. weakly
semi-I-closed) function such that D C'Y and E C X is a closed (resp. open)
set containing f~1(D), then there exists a weakly semi-I-open (resp. weakly
semi-I-closed) set M C'Y containing D such that f~Y(M) C E.

Theorem 3.3. For any bijective function f: (X,7) — (Y,0,J) the follow-
ing conditions hold:

(1) The inverse function is weakly semi-I-continuous;
(2) f is weakly semi-I-open;
(3) f is weakly semi-I-closed.

Theorem 3.4. Let f : (X,7) — (Y,0,J) and g : (Y,0,J) — (Z,v,K) be
two functions, where I, J and K are ideals on X,Y and Z, respectively. The
following statements hold:

(1) go f is weakly semi-I-open, if f is open and g is weakly semi-I-open.
(2) f is weakly semi-I-open if g o f is open and g is weakly semi-I-
continuous injection.
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