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TAUBERIAN CONDITIONS FOR DOUBLE SEQUENCES
THAT ARE STATISTICALLY SUMMABLE BY WEIGHTED
MEANS

ARPAD FEKETE

ABSTRACT. The concept of statistical convergence of ordinary (single)
sequences was introduced by Fast in 1951. Basic properties of statistical
convergence were proved by Schoénberg and Fridy. Méricz extended the
concept of statistical convergence from single to multiple sequences and
proved some basic results. Méricz and Orhan have recently proved nec-
essary and sufficient Tauberian conditions under which statistical con-
vergence follows from statistical summability by weighted means. We
extend this result from single to double sequences.

1. INTRODUCTION

In 1951 Fast [1] was the first mathematician who introduced an extension
of the usual concept of sequential limits which he called statistical conver-
gence. Schonberg [9] gave some properties of statistical convergence and
also studied the concept as a summability method. Both of these authors
noted that if a bounded sequence is statistically convergent to L then it
is Cesaro summable to L. Basic properties of statistical convergence were
proved by Fridy [2] too. Modricz extended in [5] the concept of statistical
convergence from single to multiple sequences and proved some basic re-
sults. Moéricz and Orhan [6] have recently proved necessary and sufficient
Tauberian conditions under which statistical convergence follows from sta-
tistical summability (N, p) by weighted means. We extend this result from
single to double sequences.

A double sequence (zj; : j, k = 0,1,2,...) of (real or complex) num-
bers is said to be statistically convergent to some number L, in symbol

2000 Mathematics Subject Classification. 40B05, 40E05, 40GO05.

Key words and phrases. Double sequence, statistical convergence, statistical summa-
bility (N, p, q), statistical limit inferior, one-sided and two-sided Tauberian conditions,
slow decrease, slow oscillation.

Research was supported by the Hungarian National Foundation for Scientific Research
under Grant T'S044782, T046192.



198 ARPAD FEKETE

st-lim z;, = L, if for each € > 0,
1
i — {1 < <n:|Tir— > = 0. .
ml%riloo T 1)\{3 <m and k<n:|rj—L|>e}|=0. (L1)
Let p := {pj};?io, q = {1}, be two sequences of nonnegative numbers
(po, o > 0) with the property that

m n
Pm:zzpjﬁooasmﬁoo and Qn;:qu*}OO asn — o0o. (1.2)
=0 k=0

The weighted means of a given double sequence () are the (N, p, q) means
tmn, which are defined by

1 m n
= Zzqukxjk, m,n=0,1,2... . (1.3)
Pn@n J=0 k=0

We say that the sequence zji is statistically summable (N, p, q) to L if
st-lim t,,, = L, that is,
li !
MN oo (M + 1)(N + 1)

{m <M and n<N:l|tm, —L| > e} =0

(1.4)
Our goal is to find conditions under which st-lim ¢,,, = L implies that
st-lim z;, = L.
The concepts of statistical limit inferior and limit superior of a sequence
of real numbers was introduced by Fridy and Orhan [3]. We recall that if
« = st-liminfy_, ., pg is finite, then for every oy < «,

: < _
A (k< npp <on}] =0 (1.5)
and for every as > «,
1
1 <n: . .
A [k < npp <an}| #0 (1.6)

The latter statement means that either the limit does not exist, or the limit
exists and is greater than 0. If (1.5) is satisfied for every real number a;,
then we set st—limy_,oo pr = st-liminfy_, o pr := +oo. If (1.6) is satisfied
for every real number ag, then we set st-liminfy_,, pp := —o0.

The dual statement for 8 := st-limsup;_,,, px can be formulated analo-
gously.

2. NEW RESULTS

First, we consider sequences (xj;) of real numbers and give one-sided
Tauberian conditions.
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Theorem 1. Let p := {pj};io, and q = {qr} e be two sequences of non-
negative numbers such that pg > 0, go > 0 and

P
st—lim inf % >1 and st-liminf O,

m n

>1 forevery A>1, (2.1)

where A\p, = [Am], A, = [An], and let (z;) be a sequence of real numbers,
which is statistically summable (N, p, q) to a finite number L. Then (k)
is statistically convergent to the same L if and only if the following two
conditions hold: for every e > 0,

1
£ 1i ){ <M <N :
juf imsup oy = M and
1 >\7TL >\7L
_ Z Z p]qk Tjk — xmn) < _6} =0 (2 2)
(P)\m Pm)(Q/\n Qn j 1 k=t 1
and
inf limsu ! H <M and n < N :
04A< pn e (M + (N + 1)U = =
x i Y Piqk(Tmn — Tjr) < —e}‘ =0. (2.3)
(Br— Po)@u = @r) 2=, 2

Remark 1. Conditions ( 2) and (2.3) are independent of one another. We
show this but - by the simplicity - in one dimensional case and let p; = 1.
Then (2.2) and (2.3) can be replaced by

A
o 1 1 m :
o gy {m <20 3 30 @mam <=0 02)
j=m+1
and
£ i ! H <M ! i( ) < } 0
inf lim P R _ —0.
0<A<1 M_S,ipM—i-l = m—Am . Tm = Lj) = €
j=Am+1
(2.3")

We construct a statistically not convergent sequence (x;) such that (z;) is
statistically summable to zero and condition (2.2’) is satisfied but (2.3’) is
violated. Let the sequence (x;) given by

1 ifP—14+1<j5<?
zji=1Q —1 ifj=1012+1,
0  otherwise.
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Then z; = {1, =1, 1, 1, =2, 0, 1, 1, 1, =3, 0, 0, 1, 1, 1, 1, —4, ... }.
It is clear that st-liminfz; = 0 and st-limsupz; = 1. Therefore z; is
not statistically convergent. It is easy to check that (x;) is statistically
summable to zero. (Even more is true, (z;) is (C,1) summable to zero.) On
the other hand, by virtue of Lemma 4 [see the one dimensional case], we
have for every A > 1,

Am

1
st—lim sup m E (I'] — fEm)
m .
j=m+1
A
1 m
= st-lim PV g xj — st-liminf z,, = 0,
m M

while for every 0 < A < 1,

m

1
st—lim sup — Z (Tm — xj)

m=Am G=Am+1
1 m
= st—lim sup z,,, — st—lim m | Z zj =1.
Jj=Am+1
Remark 2. It is easy to check that conditions (2.1) imply (1.2).

Remark 3. If conditions (1.1), (1.4) and (2.1) hold, then we necessarily have

1 Am An

st—lim — Qn) Z Z ijk(xjk - xmn) =0 (2'4)

(P>\m - Pm)(QAn j=m+1k=n+1

for every A > 1, and

' 1 m n
st-lim P = PO =00 Z Z Pk (Tmn — k) =0 (2.5)

J=Am+1 k=An+1

for every 0 < A < 1.

Following Schmidt [8], we say that a double sequence (z,1) is statistically
slowly decreasing with respect to the first index if, for every € > 0,

1
inf lim su m<M and n <N :
A>1 M,NHOIZ (M +1)(N+1) H - =
in, (i = Tmn) < —e}|=0. (2.6)
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We say that (zj;) is statistically slowly decreasing in the strong sense with
respect to the first index if (2.6) is satisfied with

1 . — in place of i o — . 2.6’
. g}lﬁr&m(%k Tmk) in p . f}gﬂm(%” Tmn) (2.6")
n<k<Ap

Analogously, we say that () is statistically slowly decreasing with re-
spect to the second index if, for every e > 0,

1
inf lim su
A>1 M,NHOI; (M + 1)(N + 1) }

{mSM and n < N :

ngiﬁn}\n(xmk — Tmn) < —€}| =0; (2.7)
and (i) is said to enjoy this property in the strong sense if (2.7) is satisfied
with

mg;igr}\m(xjk — Zjp) in place of ng%lgn)\n(:cmk — Tnn)- (2.7)
n<k<An

Remark 4. Tt is not difficult to check that (2.6) implies

1
.
09A<1 1N (M + 1) (N +

1)|{m < M and

<N: i —Zjp) < —€;| =0
mE N (= am) < e} =0
and vice versa. The same equivalence hold in the case of (2.7) and in the
cases where (2.6) and (2.7) are meant in the strong sense (that is, in the cases
when (2.6) is modified by (2.6’), and (2.7) is modified by (2.77)). Taking into
account that for the expression in (2.2), we have

1 A A
(Pr,, = P ) (@x, = Qn) > D Pie(@ir = )

j=m+1 k=n+1

> min (z;x — 4+ min (Tpmr —
= m<j§/\m( Jk mk) n<k§/\n( mk mn)
n<k<Ap
and an analogous one for the corresponding expression in (2.3). The follow-

ing corollary is an immediate consequence of Theorem 1.

[ee)

Corollary 1. Let p := {pj}j:07 and q = {qr}r be two sequences of
nonnegative numbers such that po > 0, qo > 0 and conditions in (2.1)
are satisfied, and let (xj) be a statistically slowly decreasing sequence with
respect to both indices and, in addition, in the strong sense with respect to
one of the indices. Then

st-lim t,,,,, = L implies st-lim z;, = L.
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Second, we consider sequences (xj;) of complex numbers and give two—
sided Tauberian conditions.

Theorem 2. Let p := {pj}]o.io, and q := {qi} ney be two sequences of non-
negative numbers such that po > 0, go > 0 and conditions in (2.1) are
satisfied. Let (xj;) be a sequence of complex numbers which is statistically
summable (N, p, q) to L. Then (x;1) is statistically convergent to the same
L if and only if one of the following two conditions holds: for every e > 0,
either

1
inf lim sup m < M and

A>1 M N—o0 (M—|- 1)(N + 1) ){
Am An

1
n<N: (PAm _Pm)(Q)\n 00 Z Z pj(lk(%‘k — Tmn)

j=m+1 k=n-+1

4=

(2.8)

or

1
.
04A<1 rn e (M + 1) (N + 1)

1
(P — P, )(Qn = Q1)

ng M and

m n

n< N : pj‘]k(xmn*xjk)‘ > EH =0.

F=AmA+1 k=An+1
(2.9)

Remark 5. Again even more is true: If conditions (1.1), (1.4) and (2.1) are
satisfied, then we necessarily have (2.4) for every A > 1, and (2.5) for every
0<A<I.

Following Hardy [4], a double sequence (z;;) of complex numbers is said
to be statistically slowly oscillating with respect to the first index if, for
every € > 0,

1
inf limsu
M1t e (M 1)(N +1

< N : iy — > =0. (2.10
SN max (- o] 2 €} =0, (210)

)HmSM and

We say that (z;) is statistically slowly oscillating in the strong sense with
respect to the first index if (2.10) is satisfied with
max |(z;p —x in place of max |(xjn —x .
max (2 — )] in place of | max |(ajn — @)
n<k<An
The statistically slow oscillation property with respect to the second index
is defined analogously.
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Remark 6. Similarly to Remark 4, condition (2.10) is equivalent to the fol-
lowing one: for every € > 0,

1
.
oL s v

< N : — x| > =0
n = Amni%‘)gim |(Zmn x]n)] = 6}‘ )

{mSM and

and an analogous equivalence holds in the strong sense, as well.

Corollary 2. Let p := {pj};io, and q = {qr},, be two sequences of
nonnegative numbers such that po > 0, qo > 0 and conditions in (2.1)
are satisfied, and let (x;;) be a statistically slowly oscillating sequence with
respect to both indices and, in addition, in the strong sense with respect to
one of the indices. Then

st-lim ¢,,, = L implies st-lim x;, = L.
In the special case of summability (C, 1, 1) when p; =1 and ¢, = 1, our
theorems and corollaries were proved in [7].
3. PrROOFS
Lemma 1. If P, and Q,, are nondecreasing sequences of positive numbers,

then conditions in (2.1) are equivalent with

P,
st-liminf —— > 1 and st-liminf G > 1 for every 0 < A < 1.

Am An
Proof. The proof is the same as in [6, Lemma 1]. O
Lemma 2. Let p := {pj};.)io, and q := {qr} ney e two sequences of nonneg-
ative numbers such that po > 0, qo > 0 and conditions in (2.1) are satisfied,
and let (z;1) be a sequence of complex numbers which is statistically sum-
mable (N, p, q) to a finite number L. Then for every A > 0,

st-lim ty,, x, = L. (3.1)
Proof. Case A\ > 1. For each M > 1, N > 1 and € > 0, we have
{fm <M, n<N:|tx,r, — Ll =€} € {m <Ay, n <Ay |tmn — L| > €},
whence we find

1
(M +1)(N+1

)HMSM,TLSN ’t)\m’)\n—L’ZE}‘

AQ
= G F DO 1)

{mg)\M,’I’LS)\N |tmn_L| ZE}l,
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: Ay+1 AM+1 I : : An+1 :
since G5 < G777 < A and a similar inequality holds for =5, Since

st-lim t,,, = L, therefore the left term of this inequality tends to zero, that
is st-lim ¢y, , = L.

Case 0 < A < 1. We claim that the same term ¢, cannot occur more than
1 4+ 12 times in the sequence ¢y » . In fact, for fixed k let p and ¢ some
( A q msy An 9 p q
integers such that
or equivalently,
J< M <Ap+1)<---<ANp+qg—1)<j+1<Ap+9q),
then
J+ANe—1)<Ap+qg—1) <j+1,

whence it follows that A(¢ — 1) < 1, that is ¢ < 1 + %

Similarly for fixed j we can prove that ¢;; cannot occur more than (1+ %)
times in the sequence ¢y, »,. Consequently,

1
(M +1)(N+1

)HWSM,?’LSN ’t)\n“)\n—L’ZEH

g LAt Ay 1
M+1 N+1 A+ 1)(Av+1)

< 3

Hmﬁ)\M,TLS)\N:

[tn — L| > e}‘

1)? 1
S()\+ )2)\2 )ng)\M,nS)\N:

A2 (Avr + 1D +1
[trmn — L| 26}’ — 0, as M, N — oo.
We used that \
Car+ DO +1) 0
(M+1)(N+1)
Therefore st-limty,, », = L.

O

The next two representations are very important in the proof of Theorems
1 and 2.

Lemma 3. If A > 1, then

Am An

1
(Pr — P) (@, — Qn) 2. D pim

j=m+1 k=n-+1

P, Qn
=l T 55 O d —tmon) ¥ 53— (0 =,
P)\m_Pm< " ) Q/\n_Qn( n)
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PrQn

t it =ty o). 3.2
P = Pa)(@a, = @) P ™t = Bt ) (3.2

If0 < A <1, then

1 m n
(P — Py, )(Qn — Q) 2. 2. Pk =

J=Am+1 k=An+1

P Qx
=t ———(tn — ——— (g — ¢
mn+Pm_P)\m(mn Am,n)+Qn_Q)\n(mn m,)\n)
P
n A @

tmn _t n _tm t B .
(Pm—P,\m)(Qn_Q/\n)( Am, An T An) (3.3)

Proof. Case A > 1. By definition

Am An
Z Z DjqkTjk =

j=m+1k=n+1
= Py, Q. A — Prn @ntrn,n — Prn@x,tm, \, + P Qntimn.
Using this, a simple rearranging gives that

1 Am An

(Pr, — Po) (@, — Qn) 2 2 P

j=m+1 k=n+1
1

=1 P - P t —1
Am, An + (P)\m _ Pm)(Q)\n _ Qn) {( AmQTL an)( Am; An )\M7n)
+ (PmQ)\n - Pan)(t)\m,)\n - tm, /\n)+Pan(t)\m,)\n _tm, An _t)\m,n+ tmn)}
Q P
=, A T m(hm,,\n — ) + T:npm(txm,An —tm,\,)
Pan
t —t —t t .

B = P @, = Q) Pt o = B - fonn)
The proof of (3.3) is similar to that of (3.2). O

Lemma 4. Let p := {pj}]o.io, and q := {qr} n— e two sequences of nonneg-
ative numbers such that po > 0, go > 0 and conditions in (2.1) are satisfied,
and let (z;1) be a sequence of complex numbers which is statistically sum-
mable (N, p, q) to a finite number L. Then for every X > 1,

1 Am An

st—lim (Pr — P)(Or — O Z Z PiqrTik = L, (3.4)

j=m+1 k=n+1
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and for every 0 < A < 1,

1 m n
st—lim (P = P ) (O — O Z Z PjqkTii = L. (3.5)

"= Am A1 k=An+1
Proof. Case X\ > 1. We use representation (3.2) and the fact that
P, 1 1

st—lim sup = st—lim sup = < 00,
Py, — Pn ];?—7:‘ —1  st-liminf ];?7;“ -1
(3.6)
due to (2.1). Similarly, we have
st—lim sup _ @ < 0. (3.7)
Q)\n - Qn

Now (3.4) follows from the statistical summability (N, p, q) of (z;)) and
from Lemma 2.

Case 0 < XA < 1. We use representation (3.3). Since by Lemma 1, we have

P, B 1

st—lim su = < 00 3.8
o Py, st-liminf Ime —1 (38)
and
. Qa
st—lim sup —— < o0, 3.9
Qn - Q)\n ( )
(3.5) follows again from the statistical summability (N, p, ¢) of (zj;) and
from Lemma 2. O

Proof of Theorem 1. Necessity. Assume that (z;;) is both statistically
convergent and statistically summable (N, p, g) of (xi) to the same number.
In case A > 1 applying Lemma 4 we get

A A
1 m n
st—lim Z Z Pik(Tjk — Tmn)
(Po = Pn) (@, = Qn) £ 2=
1 A An
= st-lim Z Z PjqrT i — st-lim zp,,
(P = Pn)(@x, = @n) £ 2=

=L—L=0as m,n— oo.

This proves (2.4). Similarly, Lemma 4 yields (2.5) for every 0 < A < 1.
Sufficiency. Assume that st-lim ¢,,, = L and conditions (2.1)-(2.3) are
satisfied. In order to prove that st-lim x;, = L, it suffices to prove that

st—lim(zpmpn — timn) = 0. (3.10)
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Case A > 1. By Lemma 3, we have

& Q
Tmn — t)\m,)\n = %%Pm(t)\m,)\n - tm,)\n) + m(b\m’)\n - t)\m,n)
PrnQn
1 Am An
) Pjw\Tjk — & 3.11
(P)\m - Pm)(Q)\n — Qn) Z Z J k( jk mn) ( )

j=m+1 k=n+1

whence, for any € > 0,
{m <M, n<N: Typ—tr,a, > € C

m Qn
S5 I, —tma,) T a—— (I, — I,
Py, — Pm( mn) Qx, Qn( )

{mgM,ngN:

P’VTZQTL

€
+ s An — tm Ay = Daon T 1 Z*}

1 >\7'7l >\7L

(P)\m - Pm)(Q)\n - Qn) Z Z quk(xjk B wmn)

j=m+1 k=n+1

U{mSM,nSN:

S—%}::AMN&)LJBMN@Ls%n (3.12)
By virtue of Lemma 2 and (3.6), (3.7), for every e > 0, we have
1
li A =0. 3.13
VAo (O D)V 1 1) AN )] (3.13)

On the other hand, given any § > 0, by (2.2) there exists some A > 1 such
that

1
lim sup
MN—oo (M +1)(N +1)

Combining (3.12)-(3.14) gives

1
lim sup

|Bav(€)] < 6. (3.14)

H{m < M, n < N : Ty —ta,, 2, > €} < 0.

Since § > 0 is arbitrary, for every € > 0, we have

1

lim su mM,n<N: xp,—t >el| =0. (3.15

Applying Lemma 2 gives

1
li <M, n<N:Zmm—tmm >el =0 (3.1
aim (M+1)(N+1)|{m <M,n< x e} =0. (3.16)
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Case 0 < XA < 1. By (3.3), we have

Py, Qx,
Tmn — tmn = ﬁ(tmn t)\m,n) + Qn Q)\ (tmn - tm, )\n)
Py, Qx
1
+ x — X
(P~ Pro ) (@ — 53 > o =130,

j A1 k=An+1
(3.17)

whence for any € > 0

{mSM,TLSN xmn_tmng_e} c
P
{m§ M7 nSN: $(tmn_t/\m,n)+L(tmn_tm,)\n)

Py, Qx,

€
+ b = Ta,n = tm, a0, A S—*}

M SN o)

m n
€
E E ijk(xmn - xjk) < _5}
J=Am+1 k= n+1

By virtue of Lemma 2, (2.3) and (3.8), (3.9), for every € > 0, we conclude

1
i
MN oo (M + 1)(N + 1)

Hm <M, n<N: zpp—tmn < —€}| =0. (3.18)

Combining (3.16) and (3.18) yields for every ¢ > 0,

1
i
MNSoso (M + 1)(N + 1)

{m <M, n < N: |[zmy — tyn| > €} = 0.

This proves (3.10) and the proof of Theorem 1 is complete. O

Proof of Theorem 2. Necessity. Assume that (xj;) is both statistically
convergent and statistically summable (N, p, q) of (z ;) to the same number.
Applying Lemma 4 yields (2.4) for every A > 1 and (2.5) for every 0 < A < 1.
Sufficiency. Assume that st-lim t,,,, = L and one of the conditions (2.8)
and (2.9) is satisfied. In order to prove that (x;) is statistically convergent
to the same number, again it is enough to prove (3.10).

Let € > 0 be given. In case A > 1, by (3.11) we have

{m<M,n<N: |$mn—t>\m7)\n|ze}g{mSM,nSN:
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m Qn
S — —t, S — it
‘PM - Pm( s An D) Or — Qn< Ao An = D, )
Pan €
+ tm,n_tm7n_tm,n+tmn 27}
(B = P)(Qa, = @) Pt ™ it 2 =3
1
U{mSM,ngN: ik (Tjk — Tmn)
(P)‘m ) QA" j=m+1k=n+1
€ 1
> 5} = AS\/[)N(e) U ngN(e). (3.19)
Given 0 > 0, by (2.8) there exist some A > 1 such that
1 1B

By (e)] < 0.

i
Mo (M + 1)(N + 1)

In case 0 < A < 1, by (3.17) we have

{m <M, n <N : |Tmp—tmn| <€} C {mgM,ngN:

Py Qx
—_— bt — n + = tmn _tm n
‘P _P)\m( anem) + 5 an( )
Py, Qx €
= = tmn -1 n tm t Z 5
* (Pm_PAm)(Qn_Q)\n)( Ams 7)\n+ )\m7)\n) 2}
1
Usim<M,n<N: ’ Z Z ngk Tmn — x]k)‘
{ (Pm_P)\m)<QTL_Q)\n F=Am—+1 k=Xp+1
€ 2
> 5} = A2 (&) U BY, (o). (3.20)

Given 0 > 0, by (2.9) there exist some 0 < A\ < 1 such that

1 (@)
<.
msuD DV 1) By (€)] <6

By (3.19), (3.20) and Lemma 2, in either case we conclude that

1
lim sup
MN—oo (M +1)(N +1)
Since § > 0 is arbitrary, it follows that for every e > 0,

1

{m < M, n < N : |xpmn — tmn| > €} <.

li <M, n<N: —t > = 0.
MN oo (M+1)(N+1)|{m_ SN [fn = na| 2 €} =0
This proves (3.10) and the proof of Theorem 2 is complete. O
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