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THE KONTOROVICH - LEBEDEV TRANSFORMATION
ON SOBOLEV TYPE SPACES

SEMYON B. YAKUBOVICH

ABSTRACT. The Kontorovich-Lebedev transformation
(KLP@) = [ Kle)f ()i, o € Ry
0

is considered as an operator, which maps the weighted space L,(R+;
w(T)d7), 2 < p < oo into the Sobolev type space S;"*(R;) with the
finite norm

N oo 1/p
k app—1
el gy e, = <§j | 1Ak dx) < oo,
k=070

where a = (ag, @1,...,an),ar € R,k =0,...,N, and A, is the differ-
ential operator of the form
d | du
Agu =2° —r— |z —
u =z u(x) . {xdm}’

and A® means k-th iterate of A,, A% = u. Elementary properties for
the space Sév "*(R+4) are derived. Boundedness and inversion properties
for the Kontorovich-Lebedev transform are studied. In the Hilbert case
(p = 2) the isomorphism between these spaces is established for the
special type of weights and Plancherel’s type theorem is proved.

1. INTRODUCTION

The object of the present paper is to extend the theory of the Kontorovich-
Lebedev transformation [8], [11]

(KLf)(x) = /0 " Kin(a) f(r) dr, (1.1)

on the so-called Sobolev type spaces, which will be defined below. In the
following, x € R4+ = (0,00), K;;(z) is the modified Bessel function or the
Macdonald function (cf. [1], [8, p. 355]), and the pure imaginary subscript
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(an index) i7 is such that 7 is restricted to Ry. The function K, (z) satisfies
the differential equation
2
ZQ% + zfl—: — (2 +vHu=0. (1.2)
for which it is the solution that remains bounded as z tends to infinity on
the real line. The modified Bessel function has the asymptotic behaviour
(cf. [1], relations (9.6.8), (9.6.9), (9.7.2))

Ko () = (27;)1/2 e [1+0(1/2)], 2 — o0, (1.3)

and near the origin
K (z)=0 (z—‘Re”‘) , 20, (1.4)
Ko(2) = O(log 2), = — 0. (1.5)

Meanwhile, when x is restricted to any compact subset of Ry and 7 tends
to infinity we have the following asymptotic [11, p. 20]

2\ /2 — 2T
— e sin{ —+7log— —7|[1+0(1/7)], T— 0.
T 4 x

(1.6)
The modified Bessel function can be represented by the integrals of the

Fourier and Mellin types [1], [8], [11]

Kir(z) = (

o0
Kl,(ac)—/ e~ cosh v u du, (1.7)
0
N
Kow)= 5 (2) / =T lgp, (1.8)
o \2) J,

Hence it is not difficult to show that for positive values of z and 7 K;;(z) is
real-valued and infinitely times differentiable. We also note that the product
of the modified Bessel functions of different arguments can be represented
by the Macdonald formula [1], [6], [11]

1 [ —i(uztndie du
Kir(2)Kir (y) = 2/0 e 2( v >KZ (u); (1.9)

In this paper we deal with the Lebesgue weighted L,(R;w(z)dz) spaces
with respect to the measure w(x)dx with the norm

171l = ( s If(ar)\pw(x)dar> e (1.10)

1 flloo = ess sup [ f(x)]. (L.11)
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In particular, we will use the spaces L,, = Lp(R+;:n”p_1d:n), 1 <p<

oo, ¥ € R, which are related to the Mellin transforms pair [7], [8], [9]
fM(s) = / f(z)z* e, (1.12)
0
1 V41400
flz) = 22/ fM(s)z™%ds, s=v +it, z > 0. (1.13)
T Jy—ico

The integrals (1.12)- (1.13) are convergent, in particular, in mean with re-
spect to the norm of the spaces Lo(v —ioco, v+ioco;ds) and Le(Ry; 22~ tdz),
respectively. In addition, the Parseval equality of the form

/Oo f(2)[222 Yy = — /OO M+ it) Pt (1.14)
0 2m —o0

holds true.

As it is proved in [12], [13], the Kontorovich-Lebedev operator (1.1) is an
isomorphism between the spaces La(R.y; [t sinh 7] ~'d7) and Lo(Ry; 2~ tdx)
with the identity for the square of norms

& de 7% [ dr
20T _ T 2 4T
| wep@pE =5 [Ciror—t—
and the Plancherel equality of type
o — dx 7w [ —  dr
KL KL — = — _ 1.1
| wneEm@ T =5 [ )

where f,g € Lo(Ry;[rsinh 7]~ d7). We note that the convergence of the
integral (1.1) in this case is with respect to the norm (1.10) for the space
Ly(Ry; 27 tdx).

However, our goal is to study the Kontorovich-Lebedev transformation in
the space S,],V’Q(RJF), 1 < p < 0o, which we call the Sobolev type space with
the finite norm

N 1/p
lgem, = (3 [ 1taranran) e
k=0

Here a = (ag, 1, ...,an), ax € R,k =0,...,N, and A, is the differential
operator (1.2), which has eigenfunction K, (z) with eigenvalue —v% and can
be written in the form

d | du
Agu = zPu(z) — T [:de] , ALK, = —12K,(x). (1.18)
As usual we denote by A” the k-th iterate of A;, A% = u. The differential
operator (1.18) was used for instance in [4], [16] in order to construct the
spaces of testing functions to consider the Kontorovich-Lebedev transform
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on distributions (see also in [10]). Recently (see [15]) it is involved to in-
vestigate the corresponding class of the Kontorovich-Lebedev convolution
integral equations.

In the sequel we will derive imbedding properties for the spaces Sév “(Ry)
and we will find integral representations for the functions from S;)V “(Ry).
Finally we will study the boundedness and inversion properties for the
Kontorovich-Lebedev transformation as an operator from the weighted L,-
space Ly(R;w(z)dx) into the space Szﬁv’a(RJr). When p = 2,a = 0 we will
prove the Plancherel type theorem and we will establish an isomorphism for
the special type of weights between these spaces.

2. ELEMENTARY PROPERTIES FOR THE SPACE SIJ,V’O‘(RJr)

Let ¢(x) belong to the space C§°(R.) of infinitely differentiable functions
with a compact support on R;. Hence taking (1.18), we integrate by parts
for any twice continuously differentiable function v € C?(R ) and we derive
the following equality

| u@ae = [ o) (2.1)

Now if furthermore we suppose, that for any ¢ € C§°(R4) and some locally
integrable function v € Lj,.(R4) it satisfies

| @ = [T o@en

then subtracting these equalities we immediately obtain

| = o)) o)
0

x
Consequently, via Du Bois-Reymond lemma we find that v(z) = A,u almost
everywhere in Ry. Equality (2.2) is used to define the so-called generalized
derivative v(x) for the function u(z) in terms of the operator A,. A k-th
generalized derivative can be easily defined from (2.1). Indeed, for any ¢ €
C3°(R4) we have that Ay¢ € C°(Ry) and we will call vg(z) € Lip(R4) a
k-th generalized derivative for u € Lj,.(Ry) (vi(z) = A¥u) if it satisfies the

equality . p - i
X X
/ wmﬂ¢=/‘w@ww>. (2.3)
0 z 0

=0. (2.2)

x
Further, from the norm definition (1.17) and elementary inequalities it fol-
lows that there are positive constants C7, Cy such that

N

0o 1/1) N ) l/p
Cq Z (/0 |A’;u|px°‘kp_1da:> < (Z/o ]A§u|pxakp_1dx>
k=0

k=0
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1/p

N o0
<Gy < / ]A];u\pxakplda:> : (2.4)
k=0 /0

Hence by (1.10) we have the equivalence of norms

N N
k k
Gy Z ||A UHLP(R_;,_;zakpfldx) < ||u||SZ])V’O‘(R+) < Cy Z HA u||Lp(R+;xakp*1dx)‘

k=0 k=0
(2.5)
In order to show that Sf,v’a(RJr), 1 < p < oo is a Banach space we take a
fundamental sequence uy, (), i.e. ||up — um||SN,a(R+) — 0, m,n — oo. This
P

will immediately imply that
[[un — umHLaO,p — 0,

1A u, — Afupl|r,, , =0, k=1,..., N,

when m,n — oo. Since spaces Ly p, k= 0,1,..., N are complete, there are
functions vg € Lag.p, Uk € Lq, p such that

[un = vol[Lag , = 0, (2.6)

|A*u, = vellL,, , — 0, k=1,...,N, (2.7)

when n — oo. If we show that vy is a k-th generalized derivative of vy then

we prove that the sequence u,, converges to vy € SI],V “(R4) with respect to
the norm (1.17). In fact, from (2.6), (2.7) for any ¢ € C§°(R+) we have the
limit equalities

, & dx o dx
i [ un(@)e@) = [ i) o)
n—oo Jq x 0 x
o d o d
lim Ak, gp(x)—x = / v () (p(a:)—x
n—oo [ x 0 z
But on the other hand,
o d o0 d o d
lim Ak, (p(:p)—x = lim up () Agcp—x = / vo(x) Af;(p—x.
n—0o0 /o T n—0oo Jq i 0 x

Therefore invoking (2.3) we get v (z) = A¥vg and we prove that So"*(Ry)
is a Banach space.

For the space Sy (R.) we establish an imbedding theorem into Sobolev’s
weighted space oW (Ry; 277~ !dx) with the norm

00 . 1/p
! —_
r|u|ow,;<R+;m_ldx):< /0 ()P dx> |

Indeed, we have the following result.
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Theorem 1. Let 1 <p< oo, a=(2—3,—0), 8> 0. The imbedding
SERL) C oW (Ry; a7 1)
18 true.

Proof. Appealing to the classical Hardy’s inequality [2]

| [ s

where 1 < p < oo, > 1 we put f(x) = Agu/z, r=pFp+1, 3 >0 and we
have the estimate
T A p 1/p
/ 2 dx)
o ¢

o0 1/27 e e}
(/ \Amu]px_ﬁp_ldx> > const. (/ Pl
0 0
00 T p 1/p
= const. </ x— 1 / tu(t)dt — zu'(x) dx)
0 0
x P 1/p
/ tu(t)dt da;) ]
0

00 1/p 00
> const. [ (/ A |u'(x)‘pdx) —(/ g1
0 0
Thus we get
o) 1/1? 0 1/p
(/ 2P1=A)-1 ‘u'(w)‘p d:c) < const. { (/ |Axu]px_ﬁp_1dx>
0 0
o0 z P 1/p
+ </ g~ Ppl / tu(t)dt dm) } (2.9)
0 0

Invoking again Hardy’s inequality (2.8) to estimate the latter term in (2.9)

it becomes
x P 1/p 00 1/p
/ tu(t)dt dw) < const. (/ 2Py () P da:) .
0 0

o
(/ o1
0

Combining with (2.9) and (1.17) we obtain

0 1/P 0 1/p
(/ 2P(1=0)—1 ‘u’(w)‘p da:) < const. { (/ |Axu]pxﬂp1dx>
0 0

o0 1/p
p(2-0)-1 P
+ (/0 x lu(x)| da:> ] < const.\|u||sz17,a(R+),

where a = (2 — 3, —f), § > 0. Theorem 1 is proved. O

p

dx < const./ 2P| f(x) P dx, (2.8)
0

Our goal now is to derive integral representations for functions from the
space Sp"*(R4). For this we will use a technique from [14]. Precisely,
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let us introduce for any u(z) € L,,, v € R and € € (0,7) the following
regularization operator

wsine [ Ki((z? 4 y? — 2zycose)/?)
ueAe) = ™ Jo (

2157 —drgeoseyz LWy @ >0 (210)

We are ready to prove the Bochner type representation theorem.
We have

Theorem 2. Let u(x) € L,,, 0<v <1, 1 <p<oo. Then
u(zx) = liH(l) ue (), (2.11)
E—

with respect to the norm in L, ,. Besides, for 1 < p < oo the limit (2.11)
exists for almost all x > 0.

Proof. We first show that (2.10) is a bounded operator in L, , under con-
ditions of the theorem. To do this we make the substitution y = z(cose +
tsine) in the corresponding integral and it becomes

() xrsine /°° Ki(zsinevt? +1)
ue(x) =

: T —cote t2 + 1
Hence owing to the generalized Minkowski inequality and elementary in-

equality for the modified Bessel function zK;(z) < 1,2 > 0 (see (1.7)) we
estimate the norm of the integral (2.12) as follows

1 [ dt .
luellza, < = | grgllul(cose + tsine)ln,,,
cote

u(z(cose +tsine))dt.  (2.12)

™

1 *  (cose +tsine)™
= 7HuHLu,p / tQ 1 dt
™ —cote +

sing [ coshv§
= d¢, 0<rv <l
lull.., T / cosh& — cose 3 v ’

where we have made the substitution e = cose+tsine in the latter integral.
However, via formula (2.4.6.6) in [5] we find accordingly,

. 0 L . B .
sme/ cosh v§ d = 8111(1/'(77 £)) <14 s'mya
m Jo cosh& —cose sin v sin v
<1+ '7”/ =C,),, O<v<l.
sinvm

Thus for all € € (0, 7) we get
HU&‘HLV@ S CVHuHLu,p' (213)
Further, by using the identity

1/°° dt _1 €
™ 7c0t€t2+1_ ™
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and denoting by

R(z,t,e) = xsineV/t?2 + 1K, (xsiney/t2 + 1) (2.14)

we find that
1 t -
ue—ull,, < — / o 1"u(-(coszﬂ—tsins))R(-,t,e)—<1—§) u‘ .
—cote
1 t -
< p / mH [u(-(cos5+tsin€)) - (1 — %) u} R(-,t,s)‘ s
—cote

o

1 dt 7

+—— m”“[R(',taff)—l]HLu,p = Ii(e) + I2(e).

—cote

But since [1]

ek (2)] = —2Ko(x),

and zK(x) — 1, x — 0 we obtain the following representation

sine(t2+1)1/2
R(z,t,e) — 1= —/ yKo(y)dy.
0

Hence appealing again to the generalized Minkowski inequality we deduce

i i zsine(t241)1/2 p 1/p
D(e) = / di /pr—l / Ko()dy ) [u(z)Pdz
2\€) = P 2 ) Yyholy)ay
0

—cote
Y * w
< K 2P u(x pdx) d
T T—c /t t2+1 /0 yKo(y) (/y/(sins(t2+1)1/2) ute)l ’
—cot e
) 00 i o0 1/p
< L [ a [T (evEra) ([ o) as
m™—E£ 0
—cote £

sine

S ([ e ) (foror)

£

sine

< - i - /OO dt/oﬁﬁf(o (5\/152 + 1) <7:L"’p_1]u($)]pdm> 1/pd§

—cote 3
sine
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1 7 d o0 00 1p
+7r —€ / 2 _i 1 /0 fKo(f)d§</1 xyp_lfu(x)]pdx)

—cote Ve
81//2 00 ) vy oo -

< i, / (2 +1)5dt / 17 Ko (€)de
=& —00 0

T /oox”p_1|u(:v)|pd:v Up— il e"/?0(1 — v)]|ul|
T —€ %f Cr—¢ Lo

oo 1/p
-l-(/ x”pl\u(m)\pdx> ) —0, e—0,0<v<l.

Concerning the integral I; we first approximate u € L,,(R;) by a
smooth function ¢ € C§°(R4). This implies that there exists a function

¢ € C3°(Ry) such that [|f — ||z, < € for any € > 0. Hence since the
kernel (2.14) R(z,t,¢) <1 then in view of the representation

o(z(cose + tsine)) — ¢(x)

cose+tsine d cose+tsine
= / oo [elay)l dy = / z¢' (zy)dy.
1 Y 1

In a similar manner we have

o0
1 dt . .
Li(e) < - / 211 [|u(-(cose 4 tsine)) — gp(-(coss+tsm€))HLyyp
—cote
1 [ at -1
€
-l—; / 752+1Hg0(-(cos.€—Hfsins))— <1_7r> u i
—cote vp
o0 o0
< I 1 / (cose + tsine)Vdt n 1 / dt ™
U — — - — U
- PllLvs 241 T 2+1 LA— L
—cote —cote VP
1 o d cose+tsine
t
/ —v—1
— _— d
+HSO |’L1+u,pﬂ_ / t2 + 1 /1 y y’
—cote

o0
€ 10| L14, |1 — (cose + tsine) ™|
< (Cv+ Dllu=ellz,, + ullvp + — = T dt.

—cote
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The latter integral we treat by making the substitution ef = cose + tsine.
Then it takes the form

o0
1-— tsine)™” e inh
/ |1 — (cose + tsine) ‘dt:sins/ sinh v¢
t2+1 o cosh& —cose

—cote

h
= s1nz—:(/ / > coslsnlz —yfose d¢ < sins<log(cosh§ —cose) |§
° sinh v¢ . 1. _9€
s < -
+/1 cosh€ — 1 d§> <sine [log (2 sin 2) —i—A,,] ,
where

° sinhw¢
A,,—1+/1 md£,0<y<l.
Thus we immediately obtain that lim._, I;(¢) = 0. Therefore by virtue of
the above estimates lim. .o ||us — u[|z,, = 0 and relation (2.11) is proved.

In order to verify the convergence almost everywhere we use the fact
that any sequence of functions {p,} € C§°(R4) which converges to u in
L, p-norm contains a subsequence {¢y,, } convergent almost everywhere, i.e.
limy o0 ¢n,. () = u(x) for almost all x > 0. Then we find

1 7 . e\t dt
lue(z) — u(x) Sw/ u(:c(cosa—i—tsma))R(x,t,e)—(1—7T> u(z) o]
—cote
<17|(( +tsine)) (2( +tin))|i
S u(x(cose sin e ©n, (T(COSE sin € 211
—cote
17 . dt
o [ lem(atcose + tsine) — on (@] 5
—cote
1 T e\ ! dt
+; on, () R(z,t,€) — 1—; u(z) o
—cote
= Jle(x) + JQE(.%') + J35(x).
But,
17 ! dt
€
<z ()= (1-2
@< [ fewo - (1-2) |5
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17 dt
b [ @) (RGte) - 11 57
—cote
00 X /2
e ‘u(x)‘ xsine(t2+1)1 dt
<lpw (@) —u@) + S+ 22 [ [ yEo(y)dy|
—cote
< im0 — (o) + Sfuto)] + T f e aptan [y i)y
—00 0

(1 —v)e¥z”

lu(z)] =0, 0<v <1,
T—€

= ln, (@) = u(@)] + Zfux)] +

when € — 0, k > kg for almost all z > 0. Similarly,

1 o cose+tsine dt
/
—cote !
oo
x Tivi 1 / .y dt
< —su T 1 — (cose +tsine
oy Sy 0 y)|_60t6| ( I b

€
<sine|log( 27 sin™2 = | + A, isupy“’”kp;l (xy)],
2 iz >0 k
which tends to zero almost for all x > 0 when € — 0. Meantime, by taking
1 <p<oo,q= Lt for any e > 0 such that ||u — ¢n,l|L,, <€ for k> ko
we have

—v o0 . (1_1,)_1 1/q
r7V[|lu — on,llL,, < / (cose + tsine)? dt>

Ne(@) < (2 + 1)

msinl/Pe
—cote

o () gq(l—u)—ldg 1/q
<z 5sm€</0 (52—2§coss+1)q) .

But the latter integral can be treated in terms of the Legendre functions [1]
appealing to relation (2.2.9.7) from [5]. This gives the value

0 fq(l_y)_ldf
/0 (€2 — 2 cose + 1)4 -
sine\ /274 T(q(1 — v))T(q(1 +v)) _1/a-
- ( 5 ) T(q+1/2) T2 P

(—cose).
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When £ — 0+ we have
o0 q(1-v)—1 _
/ - gOITNE (g 1/2) o,
0

2 —2¢cose+ 1)1 - T'(q)
Thus
Jio(z) < const. z7Ve/1 -0, e — 0,z >0
and we prove Theorem 2. ([

Appealing to Theorem 2 we will approximate functions from SIJ,V “(Ry)
by regularization operator (2.10). Indeed we have

Corollary 1. Operator (2.10) is defined on functions from Sév’a(R+) with
a=(a,aq,...,an), 0<ap <1, k=0,1,...,N and 1 < p < co. Besides
u(zx) = hr% ue (), (2.15)

E—>

with respect to the norm in SéV7a(R+).

Proof. Indeed, taking some function u € SIZ,V ““(R4) we then choose a se-
quence {p,} € C°(R4), which converges to w. This immediately implies
(see (2.6), (2.7)) that A%y, — Aku, n — co with respect to the norm in
Loy p, E=0,1,..., N, respectively.

Defining by

(2) xsins/oo Ki((z% 4 y? — 2zy cose)/?)
€Tr) =
Pen T Jo (22 + y2 — 2xy cose)l/2

on(y)dy, >0, (2.16)
we employ the relation (2.16.51.8) in [6]

/ Tsinh((7m — e)7) Kir () Kir (y)dT

0

T . Ki((z®4y? — 22y cose)/?)
= —xysine
2 (22 + y? — 22y cose)l/?

, z,y>0,0<elm

and we substitute it in (2.16). Changing the order of integration by the
Fubini theorem we find

2 [ o0 dy

penle) = 5 [ rsinh(x - 0)Kir() [ Kielwpaly) L.

™ Jo 0 Y
Meantime, we apply the operator A% k = 0,1..., N (1.18) through both
sides of the latter integral. Then via its uniform convergence with respect
to x € (z0, Xo) C Ry and by using the equalities (see (1.18)) AXK; (z) =
7K (x), (2.1) we come out with

9 o = d
Abpen=2 /O rsinh((7 — £)7) Kin () /0 T%Kﬁ(y)%(y)?ydf



KONTOROVICH - LEBEDEV TRANSFORM 223

2 oo . [e.¢] i dy
=— Tsinh((m — e)7) Kir () KiT(y)Aygon—dT.
™ Jo 0 Y
This is equivalent to
A — xsine /°° Ki((z? +y? — 2zycose)'/?)
premn T Jo (2 4+ y2 — 22y cose)1/2

A’;cpndy.

Hence

AI:ZSDa,n— (Aku)a =

xT

AZ(pn — Algu} dy

xrsine /"OKl((yv2 +y? — 2xy cose)/?)
™ Jo

(22 4+ y2 — 22y cose)1/2

and due to (2.13) we have that lim,, ., A%y, ,, = (A¥u). with respect to the
norm in L, , for each € € (0, 7). By Theorem 2 we derive that

H(Aku)E — Aku‘

—0, e—>0,k=0,1,...,N.
Loy, p
If we show that almost for all z > 0 (A%u). = Afu., k =0,1,2,..., N then
via (2.5) we complete the proof of Corollary 1. When k£ = 0 it is defined
by (2.10). At the same time according to Du Bois-Reymond lemma it is
sufficient to show that for any ¢ € C5°(R4)

[ [t~ ] e = o
0 x
We have
/0 ) [(A’;u)s - Aius} w;m)dx = /O b [(A];u)e _ A’;wan] %”Ef) e
- /OO [AI;SDE’TL B AI;UE} o do = /OO [(Af?u)s - AI;‘PE,"} ¥ dr
0 xT 0 x

00 Ak
+/ [Pen — Ue] xwdm.
0 X

Now as it is easily seen the right-hand side of the last equality is less than
an arbitrary 06 > 0 when n — oco. Thus we prove (2.17) and we complete
the proof of Corollary 1. O

3. THE KONTOROVICH - LEBEDEV TRANSFORMATION IN SéV’O‘(R+)

Our goal in this section is to establish the boundedness of the Kontorovich-
Lebedev transformation (1.1) as an operator KL : Lao(Ry;wa(7)dr) —
Sév (R4 ), where the measure wq(7)d7 will be defined below. Finally, we

will prove the Plancherel theorem and an analog of the Parseval equality
(1.16) when o, =0, £k =0,1,..., N.
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We begin with the use of the following inequality for the transformation
(1.1), which is proved in [13]
3/29-2v—1

/O (LA @) e < T 2

oo
/ P02y +ir) 2dr, v > 0,
" (3.1)
It gives the boundedness for the Kontorovich-Lebedev transformation as
an operator KL : Lo(Ry;|'(2v + i7)|?dr) — L, 2. Moreover, when v —
0+ it attains equality (1.15) where the measure (see in [1]) |T'(iT)|*> =
7 [rsinh 7]~
Let f € La(Ry4;wqa(7)dT), where the weighted function w,(7) is defined
by
N

27201 AR (20, 4 i7) |2
— 73/2 K >0,k=0,1,...,N. (3.2
wa(r)=m kzzo 2o+ 1/2) ;g >0, 1,...,N. (3.2)

Considering a sequence { f,}22,, where

o) = L) T e [%,n} :
0, if 7 ¢ [ﬁ, n] ,
and using the asymptotic formula (1.6) with Schwarz’s inequality we find
that integral (1.1) for (K Lf,,) exists as a Lebesgue integral for any n. More-
over, since K;,(z) is analytic in the right half-plane Rez > 0 (cf. in (1.7))
and integral (1.1) is uniformly convergent on every compact set of R4, we
may repeatedly differentiate under the integral sign to obtain

A’;KLfn:/ Ag’;KiT(;c)f(T)dT:/ 7 Kir(x) f(r)dr, k=0,1,...,N.
1/n

1/n
(3.3)
Hence, invoking (3.1), (1.17) we deduce

N 0 1/2
1K Lfollgyem,) = (Z/O yAf;KLfnpxzak-ldx)
k=0

n 1/2
< ( / If(T)IQwa(T)dT> s - (3.4)
1/n

Meanwhile, we easily see that ||f — fullr, (R, wa(r)ar) — 0, when n — oo.
Moreover, from (3.4) we have

HKLfn - KLmeSéV’O‘(RJr) < an - meL2(R+;wa(T)d’T) - 07 n,m — oQ.

Therefore the sequence {KLf,} converges to a function g(x) € Sév “(Ry),
which we call the Kontorovich-Lebedev transformation (K Lf)(z) of f. Thus
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integral (1.1) can be continuously extended on the whole space Lo(Ry;
wq(7)dT). Tt is understood as a limit

n

g(x) = (KLf)(z) = lim Ki-(z)f(r)dr (3.5)

n—oo 1/n

with respect to the norm (1.17) and it represents a bounded operator KL :
Lo(Roy;wa(r)dr) — S3“(Ry). Indeed, we pass to the limit through in-
equality (3.4) when n — oo to obtain

HKLfHSé\’v“(RJr) < Hf‘|L2(R+;wa(T)d7)‘

The case a = 0 corresponds to the Plancherel type theorem, which will
establish an isometric isomorphism between the corresponding Ls- spaces.
Indeed, in this case we easily have from (3.2) that

) = a2 1 — AN+
wWolT) = 5 ( 1

3.6
- 7'4)7' sinh 77’ (3.6)
Theorem 3. Let f € Lo(Ry;wo(7)dT), where the weighted function wy is
defined by (3.6). Then the integral (3.5) for the Kontorovich-Lebedev trans-
form converges to (K Lf)(x) with respect to the norm in the space SéV’O(RJr);

and
2 dx
fulr) = 7r27'smh7r7//nK” (x)(KLf)(x)— . (3.7)

converges in the mean to f(1) with respect to the norm in Lay(Ry;wo(7T)dT).
Moreover, the following Plancherel identity is true

N [e9)
Z/ ARKLf AkKLh— / fr 1_T (N:l) dr
k=00

T Tsinh 77’

(3.8)

where f,h € Lay(Ry;wo(7)dr). In particular,
’|KLfH§éV70(R+) = ||f”%2(R+;wo(’r)dT)
that is

dx 1— AN+ gy
Z/ |AFKLfP— :/ () — : . (3.9

T 7sinh 77

Finally, for almost all T and x from R the reciprocal formulas take place

(KLf)(z) = / / Kir(y) f(T)dy dr, (3.10)

2 (1 —7*)sinh7r d y N+ dy dx
f0) = / [ vk S L@

(3.11)
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Remark 1. When N = 0 we immediately obtain Plancherel identities (1.15),
(1.16). Relations (3.10), (3.11) become then reciprocal formulas for the
Kontorovich-Lebedev transformation in Lo- space with respect to the weight
T [rsinhwr] ! (see [11], [12]).

Proof of Theorem 3. Let f € La(Ryi;wo(7)dr). Taking a sequence as in
(3.3), which converges to f we find that 2% f,, (1) € Lo (R; %[7’ sinh 7r7] 1
dT) for all k = 0,1,...,N. Hence from (3.3) via Parseval’s equality (1.15)
we obtain

00 dx 7T2 00 ,7_4k—1
AFKL 2:/ 2 dr, k=0,1,...,N.
/0 | Az K L fnl T 2 Jo [ fn(7)] sinh 77 T T

Making elementary summations we immediately arrive at the equality (3.9)
for f,. Moreover passing to the limit we get that (3.9) is true for any
f € La(R4;wo(7)dr). Further, taking z > 0 we easily have

/O%,(KLJ‘}L)(y)dy:/Ooo /Ox Kir(y) fu(7)dy dr.

Hence we prove that

tim [ (KLf) )y = / (KL )y = / - / " Kir(y) f(r)dy dr.

n—oo 0
(3.12)
The latter integral with respect to 7 in (3.12) is absolutely convergent and
therefore exists in Lebesgue’s sense. Indeed, with Schwarz’s inequality we
derive (cf. in [11], [12], see (1.6))

/0‘”‘/; Kir(y)dy'lf(T)\dT

< Fl LRy w0 (r)dr) </0

/0 (KLfn)(y)—(KLf)(y)] dy’ < const.||f = full Ly (R swo(r)ar) = 0, n— 00

2 g >1/2<
0.
wo(T)

/0 " Kir(y)dy

Consequently,

and we prove (3.12). Differentiating with respect to = almost for all z > 0
we arrive at (3.10).

In the meantime with the parallelogram identity we easily derive from
(3.9) the Parseval equality (3.8). In particular, putting

, ify €0, 7],
hy) =40 Y 0.7]
0, ifye(r,00),
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we have that h € Ly(Ry;wo(7)dr). Further, we find for the sequence {f,}
that

N S L . T 4(N+1) dy

DY A S ALY T o dy/ T

=0 0 0 simn my
(3.13)

On the other hand we show that the left-hand side of (3.13) is equal to

N o0 T dx
> / AkKLf, Ak / ykiy (2)dy—
k=0 0 0

o0 T — y4(N+1) dx

= / (KLfn)(fE)/ — o Ky@ydy—. (3.14)
0 0 Y r

Indeed, via (1.18) (k=1,2,...,N) we have

o0 T d o0 T d
/ AFKLf, A / YKy (2)dy - — / AuK Dby / P Ky )y ™
0 0 € 0 0

where ¢y, ,(T) = 72k f,,(7) and the relation KLy n(x) = Az K Lapg_1 5, holds.
Then we use (2.1) and we integrate by parts to obtain

/ A KLpy_1 5, / y%“Ki()dydﬁ
0 0
dzx

_ / K Lt 1n(2) / K )y
0 0

where the integrated terms are vanishing due to the following limit equalities

lim 2L (K L1 n(x )]/ y* K, (x)dy = 0, (3.15)
z—{0} dx 0
d [T opp , _
xE?l}KLd]k 1n(z )md:c/o YT Ky (x)dy = 0, (3.16)

for all k =1,2,...,N. To verify (3.15), (3.16) when x — oo we appeal to
the relation [1]
d

7 K(w) = i (2) = 7K (2) (3.17)

and we employ the asymptotic formula (1.3). In the case + — 0 we employ
the definition of the Macdonald function K, (x) through the modified Bessel
function I,(x) [1]

™

K (z) = (@) — L) (3.18)

2sinmu
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where

x/2)2m+u 6ulogac i (I/2)2m+u

v _
Tulw) = mZ:U ElT(m+p+1) 20T (p+1) m(m+p+1) (3:.19)

m=1
Hence putting p = iy we substitute the right-hand side of the latter equality
(3.19) into (3.18) and then we use this expression together with relation
(3.17) to treat integrals with respect to y in (3.15), (3.16). Namely, with
the integration by parts we derive the following asymptotic relations

/0 y2k+1Kiy($)dy — O<

2
10gm> +o(z%), ©z — 0,

YU () dy = /0 P iy Ky (2) — 2Ky (2)] dy

— 1 2
_O<logx> +o(z%), = —0.

Thus it tends to zero, when z — 0. Meanwhile since

xr—
d.fL' 0

n 7.2(k—1)

KL 10(x) = / Wf(ﬂ

1/n

k=D, (x)f(T)dr —/
1/n
] n 2(k-1) )

x T(iT)e T8 qr 4 / f(rD(—iT)ei™ 8% dr 4+ o(2?), x — 0,
1/n

we have that KLyy_1,(z) — 0, £ — 0 via the Riemann- Lebesgue lemma
for the Fourier transform of integrable function. In a similar manner we get
that x% [KLYg_1pn(x)] — 0,  — 0 and therefore relations (3.15), (3.16)
are verified. Continuing this process of elimination of the operator A, we

come out with

2171'7'

| KL [ AR @

= [ KL [ AR @y

0
dzx

:...:/ KL%n(@/ y UK (o) dy—
0 ’ 0 v

_ / “(KLE) @) / ’ y4k+1Kiy(x)dyd§.
0

0

Hence making elementary summations we establish (3.14). Combining with
(3.13) we find

00 T 1 — AN+1) dx
/ (KL (x) / Ly (e dy ™
0 0 1—y x
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4(N+1) d
/ Fuly - y_ (3.20)

sinh 7y

Passing to the limit through (3.20) when n — oo and differentiating with
respect to 7 we arrive at the reciprocal formula (3.11), where the correspond-
ing integral exists in the Lebesgue sense, since it is not difficult to show (cf.
(3.15), (3.16)) that for each 7 >0

T 1 — y4V+D O(Ky(x)), ifx>x9>0,
/ yKiy(2) =5 5—dy = 1 ;

-y O(logaj>7 if xt — 0,
and therefore it belongs to Lg 2.

Conversely, let g(x) € Sév ’O(R+) be an arbitrary function. Taking a
sequence {p, 100, € C§°(Ry), which converges to g with respect to the
norm in Sév ’O(R+) and denoting I, the least segment which contains the
support of the function ¢,, we observe that the corresponding formula (3.11)
will take the form

2 (1 —7%)sinh7r d ytVHD) dy dx
ulr) = S e | vt e

(3.21)
Differentiating under the integral sign in (3.21) with respect to 7, which is
indeed possible, we obtain

2
sp(T) = ﬂ_TSlnh?TT/I Kir(z)pn(x )dj (3.22)

But returning to Corollary 1 in Section 2 we see that functions ¢, and their
generalized derivatives A¥p, may be represented in terms of the regular-
ization operator (2.10). Hence as a consequence of this fact we have the
expansions

9 [ d
Agpen(®) = 7T2/0 7sinh((m — £)7) Kir (z) /In Kw(y)Aywn(y)gydT,

(3.23)
where Aﬁgog,n — Ak, e — 0 with respect to the norm in the space Sév’a
(R4+) via Corollary 1 for all £ =0,1,..., N. However, via Lemma 2.5 from
[11] with (1.18), (3.22) we can pass to the limit in (3.23) when ¢ — 0
pointwisely for all x > 0 to get

Aigpn(x) = 2/ TSinhﬂ'TKiT(ﬂS')/ KiT(y)Aygpn(y)@dT
0 I Yy

2
2

% okt dy
— 2/ T smhm’KiT(az)/ Kir(y)on(y)—dr
™ Jo In Y
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_ / TR () ()
0

Thus we obtain that A%y, (z) = (K Ldy ,)(x), where dy ,(7) = 725, (1), k =
0,1,...,N. In particular, we have ¢, (z) = (KLs,)(x). Further, via Corol-
lary 2.1 from [11] functions A%, (), di.,(7) satisfy the Parseval equality
(1.15) for the Kontorovich-Lebedev transform. Making elementary summa-
tions we derive then equality (3.9), which is written in the form

dx 1— AN+ gy
Ak, 2= = — 2 : 24
Z/ | ”‘ / [5n(7)] 1—-7% rsinhnr (3:24)

Hence for m,n — oo we find

[I5m — Sn”Lg (Ryswo(r)dr) — = [lm — Qanivé\hO(R”_)O'

Therefore the Cauchy sequence {s,} converges to a function s(7) € La(R;
wo(7)dr). Passing to the limit through (3.24) when n — oo we derive the
corresponding identity (3.9) for functions s(7) and its Kontorovich-Lebedev
transform g(z), which can be written by formula (3.10). In a similar manner
we write (3.11) for this pair. In particular, defining

_)g(z), ifxe [%,n} ,
gn(x) = {0, ifx ¢ [%,n} ,

and differentiating with respect to 7 we write it in the form (3.7), namely

2 " d
rn(7) = 7 sinh 77 /1/n K,-T(x)g(a:)%, (3.25)
where 7, (7) is convergent to r(7) when n — oo due to (3.24). We will finally
prove that 7(7) = s(7) almost for all 7 € Ry. Indeed, integrating through
equalities (3.22), (3.25) with respect to 7 we obtain

T 9 [ [T dy da
/ sn(y)dy = — / / ysinh my Ky (2)pn(2) , (3.26)
0 ™ Jo 0 z
T 2 [ [ dy dx
/ m(y)dy = — / / y sinh 7y Ky () gn () : (3.27)
0 ™ Jo 0 T

where we change the order of integration by Fubini’s theorem. In a similar
manner as above we verify that for each 7 > 0 the function

/ ysinh my Ky (z)dy € Lo .
0

Therefore with the Schwarz inequality we show that integrals with respect
to x in (3.26), (3.27) exist in a Lebesgue sense. Further, due to the following
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imbedding
Lo(Ry;wo(T)dr) C Lo <R+; [T sinh 777]71 dT) C Ly ([0, 7])

we have that r,, 7, sp, s € L1 ([0, 7]) and left-hand sides of (3.26), (3.27) rep-
resent continuous functionals. Moreover taking into account the convergence
gn — g,n — oo by virtue of (1 18) and since

dx
g — onlo., = (/ R

one can pass to the limit through (3.26), (3.27) similar to (3.12) to derive

/0 dy—/ /TySmhwszy( )g(z )dywdx’
/0 T(y)dy:ﬂ/o /0 ySinhﬂ—sz’y(.%')g(.x)dymdx'

Finally equating left-hand sides of latter equalities and differentiating with
respect to 7 we conclude that r(7) = s(7) almost everywhere on R. The-
orem 3 is proved. O

4. ON THE BOUNDEDNESS IN SZ])V’O‘(R+), p>2

In this final section we will interpolate the norm of the Kontorovich-
Lebedev transformation (1.1) as an operator KL : L,(Ry; ppo(T)dr) —
SpP(Ry), where 2 < p < co. The weighted function p, () will be in-
dicated below. In the case p = oo we understand the norm in the space
SN*Ry) as (see (1.17))

1/p
il = o (3 [t tae)

From the equivalence of norms (2.5) we immediately derive that

N N
Cr Y NN ARy o < lullgyem, ) < Co D llARUl 10 s (4:2)
k=0 k=0

where the norm in L, o is defined by (see (1.10), (1.11))

) 1/p
[ f]|L, o = esssup |z’ f(z)| = lim </0 ]f(:):)]px”p_ldx> ) (4.3)

p—0o0

We begin to derive an inequality for the modulus of the modified Bessel
function |Kjr(x)|. We will apply it below to estimate the L, oo-norm for
the (KLf)(x). Indeed, taking the Macdonald formula (1.9), we employ the
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Schwarz inequality and invoke (1.8) with relation (2.16.33.2) from [6] to
obtain

1 [ 22
K2 (z) == / e 2w Ky (u)—
0

Hence we get

o P\ b b i 2 2 gl

|Kir ()] < /820 =3/ <F(V+1/2)> D +im)| 22K, (2v/22).
Invoking inequality 7 Kg(x) < 20711(B),8 > 0 (see (1.8)) we derive an
inequality

2| Ko ()| < 2@ =9AD120) |0 (v + i) |V2, 2,0 > 0. (4.5)
Thus from (1.1), (1.11), (4.5) we find that

z”|(KLf)(x)] < ||f||oo93”/0 | Kir (z)|dT
< 2(2”_5)/4T1/2(V)Hf|\oo/ ID(v + i)Y 2dr = Cy | flloo
0
where C,, > 0 is a constant

oo

C, = 2v=5)/4p1/2() / ID(v + ir)[V2dr, v> 0.
0

Therefore via (4.3) we obtain that the Kontorovich-Lebedev transformation

is a bounded operator KL : Loo(R4;dT) — L), o of type (00, 00) and

K LS]|Ly,00 < Cullflloo- (4.6)

v,00 —

But inequality (3.1) says that this operator is of type (2,2) too. Conse-
quently, by the Riesz-Thorin convexity theorem [3] the Kontorovich-Lebedev
transformation is of type (p,p), where 2 < p < oo i.e. maps the space
Ly(Ry; |T(2v +i7)|2d7) into L, . Moreover for 2 < p < oo we arrive at the
inequality

[e.9]

/Oo (KLf)(z)|P 2P~ tdx < Bp,,,/ |f(D)PID(2v +i7)|?dr, v >0, (4.7)
0 0
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where we denoted by B, , the constant

Pp/Q—I(V) 00 p—2
B _ 3/20—(3-p/2)v—5p/4+3/2 / r 12 '
Y214 Q0 F(QI/ + 1/2) 0 ‘ (V + 2/"6)’ H
Hence by the same method as in previous section we prove an analog of the
inequality (3.4). Thus we obtain

HKLfHSIJ)VvD‘(RJr) < HfHLp(Rpr,a(‘r)dT)? (48)

where

N
ppua(,r) = Z BP,OékTQkp’F(Qak + ’L.T)Pa ap>0,k=0,1,...,N.
k=0
In particular, we have pa o (7) = wa(7) (see (3.2)). So the boundedness of the
Kontorovich-Lebedev transformation (1.1) is proved. Finally we show that
for all > 0 it exists as a Lebesgue integral for any f € L,(Ry; pp.o(7)dT),
p > 2. Indeed, it will immediately follow from the inequality

/0 Ko (@) £(7)] dr < 1111, s imy 2

o) 1/q D
([T IRt n ey inan) = P
0 p—1

and from the convergence of the latter integral with respect to 7. This is
easily seen from (1.6) and the Stirling asymptotic formula for gamma-functi-

1.1) ay 44
ons [1] since the integrand behaves as O(eﬂq(f’ 2>7'Z(1 ) g),r — +00.
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