SARAJEVO JOURNAL OF MATHEMATICS
Vol.1 (14) (2005), 243-250

REPRESENTATION THEOREMS FOR INTEGRATED
SEMIGROUPS

RAMIZ VUGDALIC

ABSTRACT. In this paper (S(t)),-, is an exponentially bounded inte-
grated semigroup on a Banach space X, with generator A. We present
some relations between an integrated semigroup and its generator A, or
its resolvent.

1. INTRODUCTION

The theory of integrated semigroups of operators on a Banach space
were introduced and developed during the last twenty years by Kellermann,
Arendt, Thieme, Hieber, Neubrander and many other mathematicians (for
example, see [1,2,4,5,6,8,10,12]). Representation theorems for Cyp— semi-
groups of operators on a Banach space are given and proved in [7]. Some of
these theorems were also proved by others authors (for example, see [3, 11]).
The motivation for further investigation is Hille’s first exponential formula
and the Laplace inversion formula for Cp— semigroups.

2. PRELIMINARIES FROM THE THEORY OF INTEGRATED SEMIGROUP AND
SOME APPLICATIONS

The theory of a—times integrated semigroups (« > 0) was introduced by
Hieber in [4, 5, 6]. Some results were obtained also in [9]. Denote by X a
Banach space with the norm ||-||; L(X) = L(X, X) is the space of bounded
linear operators from X into X.
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Definition 2.1. (in [9]) Let (S(t)),~, be a strongly continuous family of
operators in L(X) and a € R*. Then, (S(t)),>q is called an a—times inte-
grated semigroup if S(0) = 0 and the following is true.
t+s s
S(H)S(s) = F(la) [/ (t+5— 1)L S(r) dr —/(t +s— )l S0 dr

t 0
for every t, s > 0. (S(t));>o s called non-degenerate if S(t)x = 0 for all
t > 0 implies x = 0. If there exist constants M > 0 and w € R such that
1S(@t)|| < Me“t for allt >0, then (S(t)),>q s called an a—times integrated,
exponentially bounded semigroup.

Theorem 2.2. (in [9]) Let « € R*; S : [0,00) — L(X) be a strongly contin-
uous, exponentially bounded at infinity (i.e. it satisfied ||S(t)|| < Me*t for

t >0 and some constants M >0 and w € R), and R(\) = \* [ e S(t)dt,
0

ReX > w. Then, R(\), ReX > w, is a pseudoresolvent (i.e. the resolvent
equation R(A) — R(p) = (n— A)R(AN)R(w)) if and only if for every t, s >0 :

t+s s
1
S(t)S(s) = F(a)[/ (t+s—r)*"1S(r) dr—/(t+s—r)a_15’(r) dr|.
t 0
Let (S(t));>q be an a—times integrated semigroup, a € R™. Let
R\, A) = \* / e MS(t)dt, Rel > w.
0

Here we take the function A“ for which 1% := 1. Then, by the resolvent
equation, Ker R()) is independent of Re A > w. Hence, by the uniqueness
theorem, R(\) is injective if and only if (S(t)),~ is non-degenerate. In this
case there exists a unique operator A satisfying (w, o0) C p(A) (p(A) is the
resolvent set of A) such that

R(\) = (M — A)~" for all A with Re A > w.
This operator is called the generator of (S(t));>¢ -
Definition 2.3. (in [4, 5, 6, 9]) Let o € RT. An operator A is the generator
of an a—times integrated, exponentially bounded semigroup (S(t));>q if and

only if (a,00) C p(A) for some a € R and

[e.e]

R\, A)x = )\O‘/e_’\tS(t)x dt, =€ X, Rel> a.
0
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In [4] the author considered the initial value problem w'(t) = Au(t),
u(0) = up, for a differential operator A with constant coefficients on the
function spaces X = LP(R") (1 < p < o0), Co(R™), BUC(R™) or Cy(R™).
He asked whether the given operator A generates a Cp—semigroup or an
integrated semigroup on X. In [6] it is proved that , under suitable hypothe-
ses, every homogeneous differential operator on LP(R™)" corresponding to
a system which is well-posed in L?(R")V, generates an a—times integrated
semigroup on LP(R™)V (1 < p < oo) whenever a > n|1/2—1/p|. For
some special systems of mathematical physics, such as the wave equation or
Maxwell’s equations, this constant can be improved to (n —1)[1/2 —1/p|.
In [9] it is shown that suitable differential operators generate a—times inte-
grated semigroups for € (1/2,1). In [2] local k—times integrated semigroup
(k € N) is defined as a solution v € C ([0,7); D(A)) N C' ([0, 7); X) of the
(k+1)—times integrated Cauchy problem v'(t) = Av(t)+ (t*/kz, v(0) =0
(xe X, 7>0).

3. REPRESENTATION THEOREMS FOR INTEGRATED SEMIGROUPS

Here we give two results. The first theorem gives a representation formula
for once integrated semigroup. The motivation for this theorem is the well-
known Hille’s first exponential formula for Cy—semigroups(see [7, Theorem
10.4.1.], [3, Theorem 1.2.2.], [11, Theorem 8.1.]). We need the following
lemma.

Lemma 3.1. (in [3]) For N >0 and u > 0 we have

k

_ U u
e Y G<w

|k—u|>N
The proof of this lemma is given in [3, Lemma 1.2.1.(a)].

Theorem 3.2. Let (S(t)),~, be a once integrated, exponentially bounded
semigroup on a Banach space X with generator A. Then for x € X and
t > 0 we have

o0

s<t>x=hlgg+21; (,j) APTS () 1)

n=

with the limit existing uniformly with respect to t in any finite interval [0, T .
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Proof. 1t is known that for all z € X and all ¢, s > 0

S

S(t)S(s)r = / [S(t+r)x — S(r)z]dr
0
t+s

_ /S(r).rdr—/tS(r)mdr—/SS(r)xdr
0 0 0

¢
and A [ S(r)zdr = S(t)z — tx. Therefore,
0

AS*(h)z = A {ZS(T)JU dr —2 /Oh S(r)x dr] = S(2h)x — 2S(h)z.
Also,

A%2S3(h)z = A[AS?*(h)] S(h)z = AS(2h)S(h)x — 2AS(h)z

3h 2h h
.y [ / S(r)z dr — / S(r)z dr — / S(r)wdr] — 2[S(2h)e — 28(h)a]
0 0 0

= S(3h)x —35(2h)x + 3S(h)x.

Induction implies that for every n € N we have

n—1 n
AT (e = (1) <k> S[(n — k)h] .
k=0

Therefore,

- [25(@@« + % <2>2 S(2h)z + % (2)3 S(3h)z 4 - ]
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Hence, we need to prove that

o0

S(t)r = lim e F nz 1 <t>n S(nh)z, = € X. (2)

h—0Tt t n! h

The family (S(t)),> is exponentially bounded, i.e. there exist real constants
M and w such that [|S(t)|| < Me*t for all ¢ > 0. Thus, we have

_1 > 1 t n _t > 1 t wh n_ uh -1

By the inequality

t ot t
< Zevh < w _ <
S e _h—i—t(e 1) (0<h<1)
the norm of e~ % Z 1 (£)" S(nh) is uniformly bounded by MeT(e*=1) for
O<t<TandO<h§1 We have for every x € X :
1 " — 1 "
H ) —e l:n 15 (2) S(nh)x|| = e T;)n! (2) [S(t)x —S(nh)x]
D
where .
Z —e % (L I|S(t)x — S(nh)x||
1 n! \ h
|n—£|§h7%
and
— e LY s S(nh
=t S (1) ISt - Stnal.
‘nf%|>h7%

Hence, in ) ; we put natural numbers n such that ’n - %‘ < hfg, in),
we put natural numbers n such that ‘n — %‘ >h75. Fixz € X and T > 0.
Let

e(0) =sup{||S(t)x — S(s)z||: 0<¢t, s<T, |t—s| <d}.
If [n — L] < B35, then ||S(t)z — S(nh)z|| < £(h3) and 3, < e(h5). Because
S(t)x is a strongly continuous function, e(h%) —0ash—0".
Therefore  ; — 0 as h — 0.
Let us estimate now ) .

S, < MeE o] Y n,<h> (et—i—eh).

g8
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By Lemma 3.1., e w > 2%(%)n§%h%:th%7and
|n—%|>h7§
_t L/t o\ ¢ L/t on\"
2 a(e) <t 2 o

[n—t|>n~% | £ ewn| >3

< 4t D3,

Therefore, >, — 0 as h — 07. Hence, (2) holds, and also (1), uniformly
with respect to ¢ in any finite interval [0,77]. O

In [13] it is proved that for an a—times integrated semigroup S(¢) (a €
R*) and any 3 > 0 the following holds

y+iw
B 1 wBRA Az
S(t)x = (C,B) wh—>n(§0271'2 / e e dA.
Y—iw

(x € X,t > 0,7 > max(0,wyp)), where (C,3) — lim denotes the Cesaro-3
limit defined as in [7].
The next theorem shows that classical convergency holds for x € D(A).

Theorem 3.3. Let (S(t));>q be an a—times integrated, exponentially boun-

ded semigroup on a Banach space X (a € RT), and let A be a generator of
(S())ys0- Let M >0 and wy € R be constants such that ||S(t)|| < Me~o!
fort > 0. Then for allx € X, t >0 and v > max(0, wq)

/ 1 RO A
— At
/S Jods = lim — / —ira I (3)
0 y—iw

Also, for allx € D(A), t >0 and vy > max(0,wp)

y+iw
S()z = lim —— / M EA AT (4)

w—00 27 P
y—iw

Proof. Fix any v > max(0,wp), x € X and t > 0. Then

y+iw 7+zw

o1 RN Az / / s
WILH;OQM, / e \ita d)\ = u.)ll};o s dA S(s)zds.
v—w y—iw
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We interchange the order of integration and obtain the expression :

17 R
wan;om/S(s)xds / 3 d\ =
0 y—iw
t 1 Ytiw At—s) ’H_iwe)\(tfs)
:/S(s)xdswlingom / d)\+/S xdsL}LIEOZ—m / y dA.
0 Y—iw y—iw
It is well-known that for v > 0 it holds :
Y+i00
1 e 1, forz>0
— —d\ =
2mi ) A 0, forz<O0.
Y—100

t
Therefore, the limit above equals [ S(s)z ds. Hence, (3) holds.
0
It is known that for x € D(A) and ¢t > 0 it holds :

S(t)x = F(oi—l)x + /S(S)Ax ds.

Here I' denote the Gamma-function. From (3) we have for 4 > max(0, wp) :

y+iw
o 1 R(\, A) A
S S lim — At 2T L)
S = ot tlngg [ ¢ ame ®

y—iw

Because of R(A, A)Az = (A — A" (A= X+ X)z = AR(\, Az —

we have :

Y+iw
e 1 vMARN A)r —
e = ———x + lim — T N e A
S = ot Aoy / e
y—iw
THw ytiw ( )
e 1 e 1 R\ A)x
[F(a—i— 1) weo2mi / A1+adk]x+w5&2m /6 o
y—iw y—iw
For allt >0
Y+iw
1 et 1 t“
lim — d\=L""! = :
w0 271 / Ao [AHa] T(a+1)
y—iw

Here L~! denote the inverse Laplace transform. Therefore, for t > 0 :
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i.e.
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y+iw
1 A
S(t)r = lim — / e/\tmd)\,

w—00 2774 A
y—iw

(4) holds. O
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