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GENERAL COMMON FIXED POINT THEOREMS FOR
COMPATIBLE MAPPINGS OF TYPE (C)

HAKIMA BOUHADJERA

ABSTRACT. In this note, we prove a common fixed point theorem for
four compatible mappings of type (C) satisfying an implicit relation.
This theorem generalizes, improves and extends the result of Popa [6]
and others.

1. INTRODUCTION

In 1986, G. Jungck [1] introduced more generalized commuting mappings,
called compatible mappings, which are more general than commuting and
weakly commuting maps. Several authors proved common fixed point the-
orems using the concept of compatible maps.

Further, G. Jungck, P. P. Murthy and Y. J. Cho [2] gave a generalization
of compatible mappings called compatible mappings of type (A) which is
equivalent to the concept of compatible maps under some conditions and
proved a common fixed point theorem for compatible maps of type (A) in a
metric space.

Extending type (A) mappings, H. K. Pathak and M. S. Khan [4] intro-
duced the concept of compatible maps of type (B) and they gave some
examples to show that compatible maps of type (B) need not be compatible
of type (A).

Recently, in 1998, H. K. Pathak, Y. J. Cho, S. M. Kang, B. Madharia [3]
introduced an other extension of compatible mappings of type (A) in normed
spaces, called compatible mappings of type (C) and with some examples they
compared these mappings with compatible maps, compatible maps of type
(A) and compatible maps of type (B). Further they derived some relations
between these mappings.
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The subject of the present note is to prove a common fixed point theorem
for compatible maps of type (C') satisfying an implicit relation. This theorem
generalizes, improves and extends some results of Popa and others.

2. PRELIMINARIES
Definition 2.1. Let S and T be mappings from a metric space (X,d) into
itself. The mappings S and T are said to be:
(i) compatible if
lim d(S87Tx,,7Sx,) =0,

(ii) compatible of type (A) if
lim d(8Tx,,T77x,) =0 and lim d(7Sz,,SSz,) =0,

n—o0

(iii) compatible of type (B) if
lim d(STxp, TT ) < % [ lim d(ST z,,St) + lim d(St, ssxn)}
and

—_

lim d(TSzn, SSzn) < = [ lim d(T Sz, Tt) + lim d(Tt, T’Txn)] :

n—00 2 n—oo n—00

(iv) compatible of type (C) if

lim d(STp, TT ) < % LILIEO d(STn, St) + lim d(St, SSw,)
+ lim d(St, TT:cn)]
and
lim d(T S, SS,) < é [ im d(TSe,, Tt) + lim d(Tt, TTi,)
+ lim d(Tt, San)]

whenever {x,} is a sequence in X such that lim Sz, = lim Tz, =t for
n—oo n—oo

somet e X.

It is clear to see that compatible maps of type (A) are compatible of type
(C), but the converse is not true.

Moreover, as we shall show in the following example, there exist compat-
ible maps of type (C') which are neither compatible nor compatible of type
(A) (resp. compatible of type (B)).
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Example 2.1. Let X = [1,20] with the usual metric. Define

Looife=1 1 if 2 e {1} U (7,20]
Sr=<3 fl<z<7 ; Tzx= 1x ’
. 2 fl<ax<T.
r—6 i 7<x<20

1
Let {z,} be the sequence defined by z,, =7+ —, n € N*. Then
n

Stp=x,—-6—>1=t;, Txp,=1—1=1 as n — ©
nlingo STy, — TSxp| =1#0
and it follows that S and 7 are not compatible. We have
nh_)rgo |78z, —SSxy| =1#0
which tells us that S and 7 are not compatible of type (A). We also have

1% % [lim TSz, — Tt + lim [Tt — TTacn|] -

DN |

thus S and 7 are not compatible of type (B). Further,

0< - ; [hm STy — St + lim | St — S, + lim \&-Th«n@ -

n—oo

2
3
- [nm TSz, — Tt|+ lim [Tt — TTaw,| + lim |Tt—$5xn|] —1
hence S and 7 are compatible of type (C).

The following proposition, whose proof is immediate, shows that defini-
tions (i)~(iv) are equivalent under some conditions:

Proposition 2.1. Let S and T be continuous mappings from a metric space
(X,d) into itself. Then the following are equivalent:
(i) S and T are compatible,
(ii) S and T are compatible of type (A),
(iii) S and T are compatible of type (B),
(iv) S and T are compatible of type (C).
For our main result we need the following proposition for compatible
mappings of type (C).
Proposition 2.2. Let S and T be compatible mappings of type (C) from a
metric space (X,d) into itself. Suppose that lim Sz, = lim Tx, =t for
n—oo n—oo
some t € X. Then we have the following:
(1) hm ’T’Txn = St if S is continuous at t,
(2) hm San =Tt if T is continuous at t,

(3) STt TSt and St =Tt if S and T are continuous at t.
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3. IMPLICIT RELATIONS

As in [5], we denote by F the set of all real continuous functions F' :
Rg_ — R satisfying the following conditions:
(F) : F is non-increasing in the variables t5 and tg,
(F») : there exists h € (0,1) such that for every u,v > 0 with
(Fo) : F(u,v,v,u,u+v,0) <0 or
(Fp) : F(u,v,u,v,0,u+v) <0
we have u < hv,
(F3): F(u,u,0,0,u,u) >0, Yu> 0.
The next examples of functions in F are given in [5].

Example 3.1.

1
F(t17t27t37t47t57t6) = tl - kmaX {t27t37t47 §(t5 + tﬁ)},
where k € (0,1).
Example 3.2.
F(t1,ta,t3,t4, 5, t6) = 5 — c1 max {t3,¢3, 13} — co max {tsts, tate} — cststs,
where ¢ > 0,c9,¢3 > 0,¢1 +2c3 <1 and ¢ + ¢c3 < 1.
Example 3.3.
F(tl,tg,t37t4,t5,t6) = t% - tl(atg + btg + Ct4) - dt5t6, where a > 0, b, C,d >
0,a+b+c<landa+d<1.
Example 3.4.
F(t1,ta,t3,ta, t5,t6) = 3 — atty — btitsty — ctite — dists,
where @ > 0,b,c,d >0, a+b<landa+c+d<1.
Example 3.5.
£33 + t22

F(t1,to,t3,ta, t5, tg) =13 —c—>2 90
(t1,t2,t3,t4,t5,t6) = 3 PTSy

where ¢ € (0,1).
Example 3.6.

btst
F(tlat27t3at4at57t6) = t% - at% - -

B+ +1
where a > 0,b> 0 and a + b < 1.

4. MAIN RESULTS
Now we state our first main result:

Theorem 4.1. Let §,7,7,J be mappings from a complete metric space
(X,d) into itself satisfying the conditions

(a) S(X) C J(X) and T(X) C I(X),

(b) one of §,7,Z,J is continuous,
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(¢) S and T as well as T and J are compatible of type (C),
(d) the inequality

F(d(Sz,Ty),d(Iz,Ty),d(Iz,Sx),d(Ty, Ty),d(Zz,Ty),d(Ty,Sx)) <0

holds for all xz,y in X, where F € F. Then S,7,7 and J have an unique
common fixed point.

Proof. Suppose zg is an arbitrary point in X'. Then, since (a) holds, we can
define inductively a sequence

(6) {S.Z'(),TfL'l,SZ'Q,Tl’E},...,S$2n77x2n+1,...}
such that
Yon = STon = T Ton+1, Yon+1 = 7 Topt1 = Lxop42, forn € N

Using inequality (d), we have successively

F(d(Szon, Txont1), d(Zxon, Txont1), d(Zxon, STan),
d(Txont1, T xon+1), d(Zxon, Txont1), d(T Tont1, STan))
= F(d(y2n, Y2n+1): A(Y2n—1, Y2n): d(Y2n—1: Y2n)
d(y2n, Y2n+1), d(Y2n—1, Y2n+1),0) < 0.
By condition (F7), we have

F(d(y2n, y2n+1), d(Y2n—1, Y2n), d(Y2n—1, Y2n),
d(y2n, Y2n+1), d(Y2n—1, Y2n) + d(Y2n, Y2n+1),0) < 0.
So we obtain, by (F,),
d(Y2n, yant1) < hd(y2n—1,y2n)-
Similarly, by (F1) and (Fp), one may get
d(Yan—1,Y2n) < hd(yan—2,Y2n—1)
therefore, we have by induction

d(yan, yont1) < h*"d(yo, y1)

for n € N. By a routine calculation it follows that (e) is a Cauchy sequence.
Since X is complete, sequence (e) converges, as its subsequences {Sxa,} =
{Txon+1},{Txon—1} = {Zxa2,} do, to some element z in X.

Let us now suppose that Z is continuous, so that the sequence {ZSxa,}
converges to Zz. Since Z is continuous and S and Z are compatible of type
(C), by condition (2) of Proposition 2.2, we have the sequence {SSz2,} also
converges to Zz. Using estimation (d), we have

F(d(S8Sxon, Txons1), d(ZSon, Tr2n+41), A(LST2n, SST21),
d(T xon+1, Txont1), d(TSxon, T xont1), d(JT Tont1, SSTay,)) < 0.
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Letting n — oo we have, by the continuity of F,
F(d(Zz,2),d(Zz,2),0,0,d(Zz,z2),d(z,Zz)) <0,

a contradiction of (F3), if d(Zz,z) # 0. Thus Zz = z. Further, by (d), we
have

F(d(Sz,Txopt1),d(Zz, Txont1),d(Zz,8%),
d(Txon+1, Txont1), ALz, T xont1), d(T Tont1,52)) <0

consequently, we obtain at infinity
F(d(8z,2),0,d(Sz,2),0,0,d(Sz,2)) <0

which implies, by (F}p), that Sz = z. This means that z is in the range of
S and, since S(X') C J(X), there exists a point w in X such that Ju = .
Again using condition (d), we have successively

F(d(S8z,Tu),d(Zz,Ju),d(Zz,8z),d(Ju,Tu),dZz,Tu),d(Ju,Sz))
= F(d(z,7u),0,0,d(z,7u),d(z,7u),0) <0
which implies by (F,), that z = Tu. Since J and 7 are compatible of type

(C) and Ju = Tu = z, by (3) of Proposition 2.1, 77u = 7 Ju and hence
Jz=JTu=TJu=Tz. Moreover, by inequality (d), we may get

F(d(82,T%),d(ITz,Jz2),d(Zz,8%),d(JT2,Tz),d(Zz,Tz),d(JTz,Sz))
= F(d(2,72),d(2,7%),0,0,d(2,72),d(Tz,z)) <0,
contradicts (F3), if z # Tz. Thus z = Tz = Jz. We have therefore proved
that z is a common fixed point of S,7,7 and J. The same result holds, if
we assume that J is continuous instead of Z .
Now suppose that S is continuous. Then the sequence {SZ x5, } converges
to Sz. Since S is continuous and S and Z are compatible of type (C),

condition (2) of Proposition 2.2, implies that the sequence {ZZxs,} also
converges to Sz. Using inequality (d), we have

F(d(8Zxopn, Tront1),d(ZZxon, Txont1), d(ZLxopn, STxoy),
d(Txon+1, T xon+1), d(ZZxon, T xon+1), Ad(J Tont1, STxaey)) < 0.
Since F' is continuous, then by letting n — oo, we obtain
F(d(Sz,2),d(Sz,2),0,0,d(Sz, z),d(z,8z)) <0,

which contradicts (F3) if z # Sz. Thus z = Sz, which means that z is in
the range of S and, since S(X) C J(X), there exists a point v in X such
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that Jv = z. Moreover, by (d), we can estimate

F(d(S8Zxopn,Tv),d(IZxoy, Jv),d(ZLxopn, STT2p),
d(Jv,Tv),d(ZZxopn, Tv),d(Jv,STxey,)) < 0.

Therefore, by letting n — oo we get the following,
F(d(z,7v),0,0,d(z,7v),d(z,7Tv),0) <0

and, by (F,), it follows that z = 7v. Since J and 7 are compatible of type
(C) and Jv =z = Twv , it follows from (3) of Proposition 2.2 that, 77v =
TJv and hence Jz = JTv = TJv = Tz. Moreover, by assumption (d),
we have

F(d(stna TZ), d(I$2na jz), d(Il'Qna SxQn)a
d(Tz,Tz),d(Zxey,Tz2),d(Tz,Sx2p)) < 0.

Taking the limit as n — oo yields
F(d(2,72),d(2,T7%2),0,0,d(2,72),d(Tz,2)) <0

and, by (F3), it follows that z = 7z = Jz. This means that z is in the
range of 7 and, since 7 (X) C Z(X) there exists w € X such that Zw = z.
Furthermore, estimation (d) gives

Fd(Sw,Tz),dZw,Jz),dZw,Sw),d(Jz,Tz),dZw,Tz),d(TJz,Sw))
= F(d(Sw, z2),0,d(z,Sw),0,0,d(z,Sw)) <0

and, by (F}), we have z = Sw = Zw. Since Z and S are compatible of type
(C) and Sw = ZTw = z, by (3) of Proposition 2.1, SZw = ZSw and hence
Sz = 87w = ZSw = Tz and thus z = Zz. We have therefore proved that
z is a common fixed point of §,7,7Z and J. The same result holds, if we
assume that 7 is continuous instead of S.

Now, suppose that S, 7,7 and J have another common fixed point 2z’ # z.
Then by inequality (d) we have

F(d(82,T),d(Zz,J7),d(Z2,8z2),d(TZ,T2),d(Zz,TZ),d(T%, Sz))
= F(d(z,2'),d(2,2'),0,0,d(z,2"),d(?, 2)) <0,

which contradicts (F3) if 2/ # z. Hence 2’ = z. Therefore z is the unique
common fixed point of S,7,7Z and J. O

Truly, Theorem 4.1 generalizes the work of Popa [6] and others. Indeed,
by replacing the function F' of our theorem by any function satisfying the
conditions (F7), (F») and (F3) we can obtain several corollaries. That is:
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Corollary 4.1. Let S,7,7Z and J be as in Theorem 4.1. If the inequality
A(Sz, Ty) < bmax {d(Tz, Ty), d(Tz, S2), d(Ty, Ty),

ST, Ty) + d(Ty, 50)}

holds for all z,y € X, where k € (0,1), then §,7,Z and J have an unique
common fixed point.

Proof. 1t follows from Theorem 4.1 and Example 3.1. (]
Corollary 4.2. Let §,7,7 and J be as in Theorem 4.1. If the inequality
d*(Sz, Ty) < ¢ max {dQ(I:n, Jy),d*(Zz,Sz),d*( Ty, Ty)}
+ comax {d(Zz,Sx)d(Zz, Ty),d(Ty,Ty)d(Ty,Sx))}
+csd(Zx, Ty)d(Ty,Sz)

holds for all x,y € X, where ¢; > 0, ca,¢c3 >0, c1 +2co <1 and c;+c3 <1,
then S, 7,7 and J have an unique common fized point.

Proof. Use Theorem 4.1 and Example 3.2. (]

In a similar way as in Corollaries 4.1 and 4.2, one can obtain several
corollaries using the examples given above.

Remark. If we put in Theorem 4.1 and its Corollaries Z = J = Zx (the
identity mapping on X) and also S =7 and Z = J = Zy then we can get
additional corollaries.

Now, we give an example in support our result.

Example 4.1. Let X = [0,00) with the usual metric d and define Z, J,S
and 7 : X — X by

To =22, Sy — 3 ?face[(),l) 7
z if z € [1,00)
if 1 if 1
Ja— O4 ?936[0,) 7 To— 32 ?xE[O,) '
z* if x € [1,00) z® if x € [1,00)

Clearly, S(X) = [1,00) C J(X) = {0} U [l,00) and T(X) = [1,00) C
Z(X) =[0,00) = X and only 7 is continuous at 1. Further, let {x,} be the

1
sequence in X defined by z,, = 1+ — for all n € N*. Then
n

lim Zx, = lim x% =1 and lim Sz, = lim z, = 1.
n—od n—oo n—oo n—oo
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Consequently,
0= lim [SZz, —ZZx,|
n—oo
1
<Z [nm STy — S(1)| + lim |S(1) — SSz| + lim [S(1) —szn@ =0
3 ln—oo n—oo n— o0
and
0= lim |ZSz, — SSx,|
n—oo
1
<> [lim TSy — ()| + lim [Z(1) — TTwn| + lim |[T(1) — Ssxn@ ~0.
3 ln—oo n—00 n—00

Thus, Z and S are compatible of type (C') Similarly, since 2, — 1 as n — oo,
then

lim Jz, = limz} =1 and lim 7z, = limz2 =1
n—oo n—oo n—oo n—oo

and so
0= lim |JTa, — TT | < %[ lim [Tz, — J (1),

+ lim |T(1) = T Tn| + lim [T(1) = TTa| | =0

and
1
0= lim |TJw, =TTl < 3 [ lim |7 T2, — T(1)]
+ lim |T(1) = TT2,| + lim |7(1) _jjxn@ —0.
n—od n—odo

Hence J and 7 are also compatible of type (10) Now, define F' : R?r — R by
the expression F(t1,to,ts,ty,t5,t6) = t1 — 5752. Clearly, F' € F. Moreover,
we have
d(Sz,Ty) = ’x - yQ‘
<z —9?||lz+y
=d(Zz,Jy),

for all z,y > 1. Then, F satisfies condition (d). Obviously all hypotheses of
Theorem 4.1 are satisfied and the point 1 is the unique common fixed point
of the mappings Z,7,S and 7.

As in [5], for a mapping f : X — X we denote

Fr={reX:z=f(x)}.

Y = Ja? -
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Theorem 4.2. [5] Let Z, J,S and T be mappings from a metric space (X, d)
into itself. If inequality (d) holds for all z,y in X then

(FzﬂFJ)ﬂFSZ(FIﬂFj)ﬂFT.

Now we present our second main result which is a generalization of The-
orem 4.1.

Theorem 4.3. Let 7,7 and {7T;},.n- be mappings from a complete metric
space (X, d) into itself such that
(i) T1(X) C J(X) and To(X) C I(X),
(ii) one of Z,J,71 and T3 is continuous,
(iii) the pairs {T1,Z} and {72, T} are compatible of type (C),
(iv)

iv) the inequality

F(d(Tiz, Tiy1y), d(Zz, Ty), d(Iz, Tix),
d(jy7 ,Z;-i-ly)a d(I{L’, 724—1:‘/)7 d(jya ’Z;IE)) < 0
holds for all x,y in X,Vi € N* and F € F. ThenZ,J and {7;};cn. have a

unique common fixed point.

Proof. 1t follows from Theorems 4.1 and 4.2. [l
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