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ON A ZAREMBA’S CONJECTURE FOR POWERS

TAKAO KOMATSU

ABSTRACT. A conjecture of Zaremba says that for every m > 2 there
exists a reduced fraction a/m such that its simple continued fraction has
all its partial quotients bounded by 5. This conjecture is proved with all
partial quotients bounded by 3 for m being c - 2"-th power of 7 where
n>0and ¢c=1,3,5,7,9,11. A more general case is considered.

1. INTRODUCTION

Let m > 2 be an integer and let a be an integer with 1 < a <m — 1 and
ged(a, m) = 1. Suppose that the simple continued fraction expansion of the
rational number a/m is given by

a

— =1[0;a1,az2,...,ap],

m
where ay, ag, ..., a, are the partial quotients and a; > 1 (1 <i < h). We
define

a

K (—) = max(a, ag,...,ap).
m

For the purpose of this definition we take a; > 1 to guarantee the unique-
ness of the continued fraction expansion, but later on we will also allow
ap = 1.

A conjecture of Zaremba [5, pp. 69 and 76] states that for every m > 2
there exists a reduced fraction a/m such that K(a/m) < 5. In 1986, Nieder-
reiter [2] proved that for m being powers of 2, 3 and 5, there exists an integer
a with 1 < a <m —1 and ged(a, m) = 1 such that K(a/m) < 3. In 2002,
Yodphotong and Laohakosol [4] proved that for m being powers of 6, there
exists an integer a with 1 < a < m — 1 and ged(a,m) = 1 such that
K(a/m) < 5. Nevertheless, K(a/m) < 3 is conjectured except for m = 6.

2000 Mathematics Subject Classification. 11A55.
This research was supported in part by the Grant-in-Aid for Scientific research (C)
(No. 15540021), the Japan Society for the Promotion of Science.



10 TAKAO KOMATSU

In this paper we shall prove that for m = 7¢?" (n > 0; c¢=1,3,5,7,9,11)
there exists a reduced fraction a/m such that K(a/m) < 3. A more general
case is considered.

2. FOLDING’S LEMMA AND ITS APPLICATION

The following famous result is called Folding’s Lemma. See [1] or [3,
Proposition 2]. This is also useful in this paper.

Lemma 1 (Folding’s Lemma). If p,/q, = [ao;a1,a2,...,a,] and b is a
nonnegative integer, then
p )"
qf (b(Jrl))q% = lagyar,az,...,an, b+ 1, —ap, —an_1,...,—az, —a1]
= [(10; ai,az,...,0n, ba 17 Ap — 17 Ap—1y--- ,CLQ,CLl] .
Remark. If b = 0 or a,, = 1, then the convenient rule [...,¢,0,d,...] =

[...,c+d,...] ([3, Proposition 3]) is applied.
Theorem 1. Ifa/m =[0;1,1,a3,...,an_1,2|, then

—_1)h
w:[O;1,1,&3,...,ah_1,3,1,ah_1,...,03,2]
m
and
— (=1~
w:[0;1717a37"'7a’h—171737ah—17'"7a372]‘
m

Corollary 1. Ifa/m =[0;1,1,as,...,an—1,2], then we have

2§K<ﬁ) SK(”wi ):K(mz(mail)il)

m m?2 mi

K (m4(m2(ma$81) +1)+ 1) _

% (m2n_1a ¥ 2Em? P T  em? + 1)
- = ,
m

Proof of Theorem 1. Put n =h, a9 =0,a1 =azs =1, ap, =2 and b =0 in
Folding’s Lemma. Then we have
a (=1

— + 5
m m

[07 17 1,@3, <o 7ah717270a 17 17ah717 ..., 03, 17 1]
= [0;1717a37"')ah—173111ah—17"'7a372]'

Another expression can be obtained by considering the different form,
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a/m = [0;1,1,as,...,ap_1,1,1]. Put n = h+1, a9 =0, a1 = ag = 1,
ap, = apy+1 = 1 and b = 0 in Folding Lemma. Then we have

a (_1)h+1

7+72 = [O;1>17a37'"aah—lv1717071>O>1>ah—11'"7a37171]
m m
= [0;17176137'"aah—17173aah—17-'-7a372}'
It is clear that gcd(ma+1,m?)=1and 1 <ma+1<m?—1. O

3. MAIN RESULTS AND EXAMPLES

Theorem 2. For any nonnegative integer n there exists a positive integer
a with 1 <a < 7" and ged(a,7*") =1 such that K(a/7*") < 3.

Proof. We start from the fractions

5

- = [0;1,2,2

7 [ ? ) ) ]7

30

= = 0;1,1,1,1,2,1,2].

7

Since 30/7% = [0;1,1,a3,...,a5_1,2] with a; < 3 (3 < i < h—1), by
Corollary 1 we have the desired result. O

One can see the further details without difficulty. We apply Theorem 1
to 30/72 to obtain that
7230+ (—1)T 1469
74 T

= [0; ]‘7 ]‘7 ]‘7 17 27 17 37 1? 1? 27 17 1’ 2]

and
72.30— (=17 1471
74 = 74

= [0;1,1,1,1,2,1,1,3,1,2,1,1,%].
13
We apply Theorem 1 again to the latter fraction 1471/7%. Then we have
741471+ (—-1)'® 3531870
78 T
=10;1,1,1,1,2,1,1,3,1,2,1,1,3,1,1,1,2,1,3,1,1,2,1, 1, 2]

and
741471 — (-1)'3 3531872
78 G
=1[0;1,1,1,1,2,1,1,3,1,2,1,1,1,3,1,1,2,1,3,1,1,2,1,1,2] .

In a similar manner, we apply Theorem 1 to one of two expressions to
obtain the reduced fractions A/7'¢ such that K(A/7'%) < 3. By repeating
the process we have the result.
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Now, we start from e.g.

199
F = [O;17172717111a171717172]7
9861
75 = [O’ 1’ 1’2727 1a ]-a ]-a ]-a2a ]-a27 1727 ]-7 1’2] ’
475635
77 =1[0;1,1,2,1,2,1,1,1,1,1,3,2,1,1,1,2,1,2,1,2,1, 2],
23670145
T = [Oa 171,27271a152a17
2,2,1,1,1,1,1,2,1,1,1,1,2,1,2,1,1,2,1,1, 2],
1141612802
T = [O’ 1)1?27172a1a251527]—717

2,2,2,2,2/1,1,1,2,1,1,1,2,1,2,1,1,1,1,1,2,1, 2]

and so forth, then apply to each of them Theorem 1, yielding K (a/7°%") < 3

for any nonnegative integer n and ¢ = 3,5,7,9,11, respectively. It is not

difficult to continue to check the validity for concrete odd numbers c.
Notice that there exists no reduced fraction a/77 satisfying K (a/77) < 2.

4. A MORE GENERAL CASE

Since Theorem 1 with Corollary 1 does not restrict the denominator to
only 7, we can choose the denominator as powers of any integer greater than

1. If we can find an initial fraction of the form
a
ﬁ = [0;1717a37"'7ah—172]7
where a; < 3 (3 <i < h—1), then for any nonnegative integer n there exists
a positive integer a with 1 < a < N°?" and ged(a, N©2") = 1 such that
K(a/N¢?")<3.Ifa; <4 (3<i<h-—1), then K(a/N°?") < 4. If q; <5
(3<i<h—1),then K(a/N¢2") < 5.

Conjecture. Let N be an integer with N > 2. For a positive integer n
there exists a positive integer a with 1 < a < N?" and ged(a, N?") = 1 such
that K (a/N?") < 3.

It is easy to see that this holds for N = 2,3, ...,2052 and so forth. Unless
N = 6,20,28,38,42,54,90,96, ..., this holds for any nonnegative integer
n. In fact, K(a/m) > 4 (m = 20,28,38,42,90,96, 156,164,216, 228, 252,
318, 336, 350, 384, 386, 442, 508, 558, 770, 876, 922,978,1014, 1155, 1170, 1410,
1450, 1692, 1870, 2052, ... ) and K(a/m) > 5 (m = 6,54,150) for any posi-
tive integer a such that each fraction is reduced. It is unknown if we can
say something more about such a sequence of numbers m.
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It has been unknown whether there are infinitely many m’s such that
K(a/m) = 4 and/or what the largest m satisfying K(a/m) = 5 is if it
exists.
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