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ON SOME DOUBLE WEIGHTED FRACTIONAL
INTEGRAL INEQUALITIES

MOHAMED BEZZIOU, ZOUBIR DAHMANI AND AMINA KHAMELI

ABSTRACT. In this paper, we establish new double weighted results of
Chebyshev inequalities involving the Riemann-Liouville fractional inte-
gral operator with respect to another measurable, increasing, positive
and monotone function. In particular, some recent results are deduced
as some special cases.

1. INTRODUCTION

We consider the double weighted Chebyshev functionals [3, 4]:
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where f and g are two integrable functions on [a, b] and p and ¢ are positive
integrable functions on [a,b]. If p = ¢ then T'(f, g,p) = % T(f,g9,p,q), and if f
and g are synchronous on [a, b], then we have T'(f, g,p) > 0,7(f,g,p,q) > 0.
Recently, K.M Awan et al. proved the following very intersting result [1]:
If ¢ is an absolutely continuous function on [a,b] and p is a positive and
integrable function on [a,b], with (¢/)? € L*[a,b], then it yields that:

T(p,p,p)< / [/ dt/ tp(t)dt— / dt/am tp(t)dt} [gp’(x)]2da;,
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b
P(b) = / p(t)dt.
Very recently, M. Bezziou et al. established the following result [2]:

Theorem 1.1. Suppose that ¢ : [a,b] — R is an absolutely continuous
function and p : [a,b] — Rt is an integrable function. If (¢/)* € L'[a,b],
then for all a > 0, we have

b
IEp(B)I2pe*(b) — (I2pe(b))* < / H(z) [¢(2))? do,
with ¢
H(z) = % [I;lbp(b) /

where I is the Riemann-Liouville fractional integral.

x xT

(b— 1) p(t)dt —I%p(b) / Kb — 1) p(t)dt | |

a

Then, using another method, Z. Dahmani and M. Doubbi Bounoua proved
the result [7]:

Theorem 1.2. Let ¢ : [a,b] — R be an absolutely continuous function,
p: [a,b] — R an integrable function and (¢')* € L'[a,b]. Then, for all o > 0
and x €la,b], we have:

. & (pg? — ! « T 2o 1 = 704712
g e 00)@) — [ 0@ < s [ P 0P
with
Pa(t) =g | 5 ante) [ o)l = )* My = 1290 | )= 9) e

where I is the Riemann-Liouville fractional integral.

Many researchers have been concerned with the functionals (1.1) and

(1.1). For more details, we refer the reader to [8, 9, 10, 11, 13, 14] and the
references therein.
The main purpose of this paper is to establish some new inequalities for (1.1)
by using the Riemann-Liouville fractional integrals with respect to another
measurable, increasing, positive and monotone function h. Our results allow
us to generalize some very recent results of the paper [2].

2. PRELIMINARIES

We recall two definitions and some properties that will be used in this
paper. We have:

Definition 2.1. ([6]) The Riemann-Liouville fractional integral operator of
order a > 0, for an integrable function f defined on [a,b] is given by
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1 t
ITf(t) = m/a (t—7)"f(r)dr, a>0, a<t<b,
Lft) = f@).
We have, for a > 0, 8 > 0, the following property
ISIf(8) = IS0 f (8),
which implies
IS f () = IRIS f (2).
Definition 2.2. ([12]) The Riemann-Liouville fractional integral operator
of order a > 0, for an integrable function f defined on [a, b] , with respect to
another measurable, increasing, positive and monotone function h on (a, b]
and h (t) having a continuous derivative A’ (t) on (a,b) is defined as

1 t
I((l)ihf (t) = m/ (h (t) — h(T))a_l h, (T)f(T) dT, o > 0, a<t< b.
Remark 2.3. If we take h () = x in the Definition 2.2, we obtain Definition
2.1.
3. MAIN RESULTS
We begin by proving the following result:

Lemma 3.1. Assume that h is a measurable, increasing, positive and mono-
tone function on (a,b] and h(t) having a continuous derivative h'(t) on
(a,b), g : [a,b] = R is a continuous function on [a,b] and p,q : [a,b] — RT
are positive integrable functions. Then, for all a > 0, we have

[L2np(®0)] [T2nb (a9) (0)] + [12a(0)] [I240 (pg) (B)]

— [12xbp(®)] [12), (a9) (0)] — [124ba(D)] 15 (pg) (B)]  (3.1)

B 1 b a * a—1y/
- 9 / [Iavhbp(b) / (h(b) —h(t)* "R (t) q(t)dt

150 [ 0) — )W (1) a0t (o () do

Proof. Suppose that f : [a,b] — R is a continuous function on [a, b] . We can
write

(10 (0)] [T (afg) (0)] + [T 4a(b)] 15 (pfg) (b)]
— I3, (f) (0)] 12, (ag) (0)] = [Lg4 (af) (B)] [T5 (pg) (b)]

b b
= rzto» (R (B) = B ()™ (R (B) = (1)) "I (s) p(s)
<h! (£) q(t) [(f(s) = f(t)) (g(s) — g(t))] dsdt.
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Therefore,

(1)) [T (afg) (0)] + [T a(b)] [1g (pfg) (b)]
— [15 (0f) ()] [Ig1 (ag) (0)] — [I (af) (B)] [Ig (pg) (b)] (3.2)

_ ; b _ a—1 _ a—1y7 s s
i AGCELC A QURIOR OIS
<H (t) a(t) (F(s) — F(2)) ( / g/(w)dx) dsdt

Using the condition a <t < x < s < b, we observe that
(I (®0)] [Iay (afg) (0)] + [I54a(D)] [Ig (pfg) ()]

— 1w () )] [I5 (a9) (0)] = [I5 (af) (0)] [I84 (pg) (b)]
1

b T
— [ 6 - new @
b
x / (h(b) = h(s)*T" (F(s) = F(@&)) I (s) p(s)dsdt| (¢ (2)) da.
The particular case when f(z) = x allows us to write
[Zenp®)] 154 (a9) ()] + [154a(0)] [151D (pg) (V)]

= [L2nbp®)] 15 (a9) (0)] — [151ba(b)] [134 (pg) (b)]

_ %/@b Uj(h(b)—h(t))“‘lh’ (t) q(t)

b
X / (h (b) — h(s))* (s — t)h' (s) p(s)dsdt (¢'(2)) da

- w7/ b [ﬁ / (B () = B () (s) spls)ds
< [ ) - n o) @ atode
w7/ ()~ B ()W () pls)is (33
></ax(h(b)—h(t))a_lh’(t)tq(t)dt (¢ (2)) da.
To conclude, we use (3.2) and (3.3). O

Based on the above lemma, we prove the following theorem.

Theorem 3.2. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
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on (a,b), ¢ : [a,b] — R is an absolutely continuous function and p,q
[a,b] — RT are positive integrable functions. If (<,0’)2 € L'(a,b], then for all
a > 0, we have

(18 ,p(0)] [124, (a9°) (0)] + [IS4a(D)] [1S) (pe?) (b))
—2 [Ifi“h (pcp) (b)] [Iéi‘h (qcp) (b)] (3.4)
< ( *,bp(0) () (1) g(t)dt

- a,hp(b)/ t(h (b) = h()* "N (t)Q(t)dt> (¢ (2))* da.
Proof. Using Definition a2.2 and Lemma 3.1, we have
I3,a(0)I8 ), (pe®) (0) + 15, p(0)Ig, (907) (b) — 217, (pp) (D) I3, (ap) ()
= robs S0 J2(h (B) = B ()7L (A (B) = h ()21 () p(s)
X () q(t) [p(s) — (t)]* dsdt
= oty Ju S (B () = ()7 ( (B) = B (£)*7 R (s) p(s)
< (1) g(t)(s — 1)? (2220 dsat.

Hence,
12,a(0) 12, (p?) (b) + I2,p(0) IS, (¢07) (b) — 212, (pg) (VIS (g) (b)
= totay Jo Sy (R (B) = B (5)27 2 (h (b) = B (£))*7H (5) p(s)
XH () q(t)(s — )2 [L2D ] " dsdt.

Thanks to Cauchy-Schwarz inequality (see [5]), it yields that
18,4018, (p?) (0) + I2,p(0)I), (g?) (b) = 212, (pe) (D)1, (ap) ()
= totay Ju Jo (B (B) = 1 ()27 ( (b) = h (£)* ' (5) p(s)
B! () q(t) (s — 1)? (Mf dsdt (3.5)

< pbs S 20 (B) = ()2 (B (b) — B (£)° ! (5) pls)
1\ 2
B (£) q(t)(s — 1)? (U DK (¢ (@) de)? > dsdt

< gy o o (0 (B) = o ( ))a—1<h<b>—h<>>a—1h'<>p<s>

xh' (t) q(t)(s —t) (ft )dsdt
Finally, using (3.1) and (3.5), we get (3.4). O
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Corollary 3.3. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b), ¢ : [a,b] — R is an absolutely continuous function and q is a
positive integrable function on [a,b]. If (¢')? € L'[a,b], then for all o > 0,
we have

OO 1 (0) ) + [1290)] (12 () 0]

=215, () 0)] 155 (a9) (0)]

1 ’ e’ ¢ _ a—1y/ _ (h (b) —h (a))a
< o e o - ner e - FE=HOE
« / Hh (B) — h ()2 (1) q () dt| (¢ (2))” d.
Proof. We apply Theorem 3.2 with p(xz) =1,z € [a,]]. O

Corollary 3.4. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h (t) having a continuous derivative h' (t) on
(a,b), ¢ : [a,b] = R is an absolutely continuous function. If (¢')?* € L'[a,b]
and p is a positive integrable function on |a,b], then for all « > 0, we have

12,0018, (92) () + LR 12, (52) (6) 2] 12, (00)(B)][ 12, (2) 0)]
< s Jo [I2bp(b) [ (h (b) — B (£)2 W (¢) dt
—Igp(b) [ t(h (b) — h (£))°71H (t) dt] (¢ (x))? da.
Proof. In Theorem 3.2, we take q(z) =1,z € [a, b]. O

Corollary 3.5. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h (t) having a continuous derivative h' (t) on
(a,b), ¢ : [a,b] = R is an absolutely continuous function. If (¢')* € L'[a,b],
then for all a > 0, we have

W (15 (¢7) )] = [12 () () (3.6)
L e [ w1y (h(b) — ()"
= QF—@/G <Ia,hb ’ (h(b) —h () 'R (t)dt — Tern

x / ’ t(h(b) — h (£))* K (¢) dt> (¢ (2))* da.

Proof. By Theorem 3.2, we take p(x) = ¢(x) = 1,z € [a,b] in (3.4), we
deduce (3.6). O

Another main result that needs to be proved is the following theorem:
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Theorem 3.6. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and f,g : [a,b] — R are two absolutely continuous functions on
[a,b], p,q : [a,b] = R are integrable. If (f')?,(¢')* € L'[a,b], then for any
a > 0, we have

|18 ()15 hafg(b) + Ig La(b) IS fg(b)

— ( a,hpf( ) (I8hag(®)) — (I¢haf®)) (I8npg(b))]
1

b X
a7 ([ 2w [0 =y w0 s
1) [ @) = h @) Oato)i] ()" i)

“(/ b 1200 [ (00— b 0 O atoyt

IN

N

[N

) [ @) - n@F T g (/0) )
Proof. We can prove tlilat

| 2w (D)5 h (afg) (0) + I2a (D) I3, (pfg) (b)

—Iéi‘h (pf) (0) 155 (a9) (b) (Tnaf (0) (1apa (b))

< e ( / / ()~ h ()™ W () pls)
< (00 ()~ FO)° dsdt)é
([ [ nm-nen me -n w6
xh'() aft) (g5) — 9(1)? dsdt)é

< < / / ()~ h ()™ W () pls)

oo ([ e dx> o)
« / / (B (B) — B () (h (8) — B () I (5) p(s)
x B (t) q(t) (/ts g'(x)dx>2 dsdt) ’
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< PJM[LbQEQmao—h@WP%%@M@w
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X
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/Zwﬂo—hww*ﬂamamﬁ(fmnz}

[ ([ so0r-norw

b

[ @ =@ @t~ [0 0) 1) (9)p5)ds

a

X

X

1
2

x / ’ t(h(b) — b (£)* K (1) q(t)dt> (¢'(x))? dm}
Theorem 3.6 is thus proved. O

Corollary 3.7. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and f,g : [a,b] — R are two absolutely continuous functions. If
(f’)2 ) (g’)2 € L'a,b] and q is a positive integrable function on [a,b], then
for any a > 0, we have

O ot + a0
— (I8 S 1) (I2099(0)) — (hwxn(amw»'

.__</’{hg/ £)1 1 () g(t)dt

—@ﬁ%ﬁﬁ——/“umw—hmwlw<>@ﬁ]wwm%m)

x(/ 120 [ (00— 1 0) 1 (9 alt)a

N

0 . / ;
——?@;qy—ﬂlumw—h@» (s atot] (o) d) "
Proof. We apply Theorem 3.6 with p(xz) =1,z € [a,b]. 0

Corollary 3.8. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
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on (a,b) and f,g : [a,b] — R are two absolutely continuous functions. If
(f’)2 ) (g’)2 € L'a,b], and p is a positive integrable function on [a,b], then
for any a > 0, we have

1205 Fo(6) + E = 1 g0

(12 F ) (Ing®) — (18I (B) (12w (®)) \

< ﬁ ( / ’ {f;fhbpw) / () — h ()2 (1) dt
—12p(0) / “Hh () — B () (1) dt] (F(@))ds)*

<(/ b 1200) [0 (0) = ()0 1)

— 150 [ 000) = n @)1 W] (0)7 )
Proof. In Theorem 3.6, we take ¢(x) = 1,z € [a,b]. 0

Corollary 3.9. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and f,g : [a,b] — R are two absolutely continuous functions. If
()2, (¢)?* € L'a,b], then for any a > 0, we have

‘%Iﬁf 9(b) = (L) ( ahg<b>>\

< (/[ b [ @) @) 0 ar (3.7

—(h(lli)(;—fia/ t(h (b) — h(£)* " H (¢t )dt} (f’(g;))de)§

([ e 0w

—%/ t(h(b)—h(t))“‘lh’(t)dt] (9/(@))"dr)".

Proof. We take p(z) = q(x) = 1,z € [a,b] in Theorem 3.6 we get (3.7). O

In the case of one nondecreasing function, we prove the following result:

Theorem 3.10. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
n (a,b) and g be a nondecreasing function on [a,b], f be an absolutely
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continuous function on |a,b] and suppose that p,q are positive integrable
functions on |[a, b] If f" € L*]a,b], then for any a > 0, we have

18w p(0) I3 fg(b) + 15 5q(D) IS, fg(b)

- a,hpf( ) hq9(b) — Ignaf (b)Ig,pg(b)] (3-8)

Hff;!;o |:[¢(117hbp(b) /:(h (b) = h (1) H (t) q(t)dt — Igp(D)

IN

< / xt(h(b)—h(t))"_lh’(t)q(t)dt] / ' o ()
Proof. We have
118 hp(D)Ig 1 fg(b) + I 4q(b) IS pfg(b)
—I“hpf D)1 ,ag(b) — Ignaf(0)1g,pg(b)|

- o / / 0 ) — B () ()P (1) ()
(£() ~ (1) (9(s) — g(t))] dsd
1 jo- a—1y/ /
< = / / L (6) = B (0)* 7 () (s (8) (1)
\(fft\ (s~ ) os) — g(8) dst
< ) () — B ()R () (s (8) a1
X (s —1t) </ '(x )dx) dsdt
< Wiz [ 0w - oy @awd - 120
x b
« / t(h(b)—h(t))a_lh’(t)q(t)dt] / J (2)dz.
Theorem 3.10 is thus proved. O

Corollary 3.11. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)

n (a,b) and g be a nondecreasing function on [a,b], f be an absolutely
continuous function on [a,b]. If f' € L*[a,b] and q is a positive integrable
function on [a,b], then for any a > 0, we have
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‘Mfﬁmg(b) + 1o na(0)15n fg(b)

I'a+1)
I B9 ) — I3 ) ahg<b>' (39
|f ||oo joLpy (h(b) — h(a))"
< [ahb/ W () ate)ar — P
x b
X / t(h(b) — h (£))* ' (1) q(t)dt} / J (z)dzx.
Proof. We take p(z) =1,z € [a,b] in (3.8), we deduce (3.9). O

Corollary 3.12. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and g be a nondecreasing function on [a,b], f be an absolutely
continuous function on [a,b]. If f' € L*[a,b] and p is a positive integrable
function on [a,b], then for any a > 0, we have

12,02 fo(b) + LA PO pe oty e, f6)1%a0(b)

IF'la+1)
< W (!j)‘” [I;;hbp(b) [t =ney e @i - 1) 610)
T b
« / Hh (b) — h ()W (1) dt} / J (2)da.
Proof. We take ¢ (x) =1,z € [a,b] in (3.8), we deduce (3.10). O

Corollary 3.13. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)

n (a,b) and g be a nondecreasing function on [a,b], f be an absolutely
continuous function on [a,b]. If f' € L*®[a,b], then for any a > 0, we have

‘(h (b) = h(a)®

T(atl) 134 fa(b) — 15, f(D)I559(D)

(3.11)

(h(b) = h(a)®
I'(a+1)

a1t [0 = no) w0 -
T b
X / t(h(b) — h(t))*h (t)dt} / J (z)dzx.

Proof. We take p(z) = ¢ (z) =1,z € [a,b] in (3.8), we deduce (3.11). O

The main result corresponding to the case of two monotonic functions is
given by the following theorem.
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Theorem 3.14. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and f,g : [a,b] = R be two absolutely monotonic functions on |a, b]
and g is non decreasing on [a,b] . If f', g € L*®|a,b], then for any positive
integrable functions p,q defined on |a,b], we have

118 p (D) 15 hafg(b) + Ig La(b) IS, pfa(b)
- Iﬁ,hpf( )5 hag(b) — I8 haf (b)Ig,pg(b)] (3.12)
1 ]|ool|9'[loo

< Wl o) [0 @) = i) 0 ey
~2088p0) [ 40(8) = 1 ()W (€) alt)de
+I20) [ EB0)—h @) (gt
Proof. We have,
|18 ()15 hafg(b) + IgLa(b)Igpfg(b)
—Iahpf b)Ig,q9(b) — Ig,qf (b)I5,pg(b)]
1 a—1171 /
AL ) )R () pl)H (1) (1)
< [(£(s) — F(1)) (g(s) — g(t))) dsdt
1 a—111 /
o | / (0 (0) )" () (1))
'f f(t) 9(8)—9(0

s—t
Hf HOOHg HOO/ / (h(b) _h(t))a—l
><h'( ) ()R (1) q(t)(s — t)*dsdt

W leliglle [ 20 [ -
WPl oty [ 0) = )"0 gt

~202p(0) [ Hh )~ )W (@) ale)ds

IN

(s —t)dsdt

IN

IN

+IE0) [ 00 - nr T )]
Theorem 3.14 is thus proved. O
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Corollary 3.15. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and f,g: [a,b] = R be two absolutely monotonic functions on |a, b]
and g be a non decreasing on [a,b]. If f',g" € L>®[a,b] and q is a positive
integrable function on [a,b], then for a > 0, we have the inequality

() 1 12 afol0) + 200200

——&J@ﬂ&gmw—zﬁﬂﬂwﬁzmm\ (3.13)

Vel e [ g2 [0 ey 1 coma-ti
< Wl e [0 @) iy () attye

—2I5 b /x t(h(b) — h(t))*IH (t) q(t)dt

+W /ax t2(h(b) — h(t))a—lh/ (t)q(t)dt} .

Proof. We take p(z) =1,z € [a,b] in (3.12), we deduce (3.13). O

Corollary 3.16. Assume that h is a measurable, increasing, positive and
monotone function on (a,b] and h(t) having a continuous derivative h' (t)
on (a,b) and f,g : [a,b] — R be two absolutely monotonic functions on |a, b
and g be a non decreasing on [a,b]. If f',g" € L®[a,b] and p is a positive
integrable function, then for a > 0, we have

o) + O R ra)

—&M@mm@—mwwmwwﬂ

1 lolle s [ o w - .
< UERs (o) [0 0) = )0 0 e~ 23,0000

a

X / ’ [t(h(b) = h(£)* 'K (¢) + 15 ()t (h (b) — h ()" (t)] dt | .

Proof. Tt just take ¢ (x) = 1,z € [a,b] in the Theorem 3.14. O
Remark 3.17. :

1) Taking p (z) = g (z) and h (z) = x in Theorem 3.2, we obtain Theorem
3.1 of [2].

2) Taking p (z) = ¢ (z) =1 and h(x) = z in Corollary 3.3 and Corollary
3.4, we obtain Corollary 3.1 of [2].

3) Taking p () = ¢ (z) and h () = z in Theorem 3.6, we obtain Theorem
3.2 of [2).
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4) Taking p (z) = ¢ (x) and h () = = in Theorem 3.10, we obtain
Theorem 3.3 of [2].

5) Taking p () = ¢ (x) and h () = z in Theorem 3.14, we obtain Theorem
3.4 of [2].
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