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REPRESENTATION OF POLYNOMIALS OVER FINITE
FIELDS WITH CIRCULANTS

AMELA MURATOVIĆ

Abstract. Representation of polynomials over complex fields is well
known. In this paper a similar representation is given for polynomials
of degree less than q−1, over finite fields. The results are theorems that
characterize the centralizer of the circulant of a permutation polynomial,
and a formula for the calculation of the determinant of the circulant as
the product of the determinants of the polynomials defined on the cosets
of some multilpicative subgroup.

1. Introduction

Let p be a prime, n be a positive integer and q = pn. Let Fq be a Galois
field of order q. Every mapping Ψ : Fq −→ Fq can be represented by a
unique polynomial f ∈ Fq[x] of degree less or equal to q − 1. The induced
polynomial is given by formula

f(x) =
∑
c∈Fq

Ψ(c)(1− (x− c)q−1) (1)

or by the Lagrange interpolation formula. We say that polynomial is in
normalized form if aq−1 = 0 and if the polynomial is monic. Note that
mapping induced by the polynomial g(x) = ax + b is a bijection. Every
polynomial can be reduced to the normalized form by composing it with a
suitable linear polynomial. Many properties such as the cardinality of the
codomain are preserved with this composition. Here we are interested in
the representation of the polynomials, of the degree less or equal to q-2,
with circulant matrices. Let polynomial f(x) =

∑q−2
i=0 aix

i be defined on the
field Fq. Consider the distinct elements b1 = 1, b2, . . . , bq−1 of the field Fq

different from zero. Let V = V (b1 = 1, b2, . . . , bq−1) be the Vandermonde
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matrix,

V =


1 1 . . . 1
b1 b2 . . . bq−1

b2
1 b2

2 . . . b2
q−1

. . . . . . . . . . . .

bq−2
1 bq−2

2 . . . bq−2
q−1

 .

It is known that V is a regular matrix. Associated with the polynomial
f there is the corresponding (q − 1)× (q − 1) circulant

A = A[ao, a1, . . . , aq−2] =


a0 a1 . . . aq−2

aq−2 a0 . . . aq−3

. . . . . . . . . . . .
a1 a2 . . . aq−2 a0

 .

2. Preliminaries

Note that (A)i,j = a[q−1−i+j] mod (q−1) = a(j−i) mod (q−1) and (V )i,j = bi−1
j .

We have

(AV )ij =
q−1∑
k=1

(A)i,k(V )k,j =
q−1∑
k=1

a(k−i) mod q−1 bk−1
j

=
q−1∑
k=i

ak−i b
(k−i)+(i−1)
j +

i−1∑
k=1

a(q−1)+(k−i) b
(q−1+(k−i))+(i−1)
j

=
q−1−i∑
t=0

atb
t+(i−1)
j +

q−2∑
t=q−i

atb
t+(i−1)
j = bi−1

j

q−2∑
t=0

aib
t
j = bi−1

j f(bj)

for all i, j ∈ {1, 2, . . . , q−1}. Thus AV = V ·Diag
{
f(b1), . . . , f(bq−2)

}
for all

i, j ∈ {1, 2, . . . , q − 1}. Denote Df = Diag
{
f(b1), f(b2), . . . f(bq−1)

}
. Then

V −1AV = Df . Use of circulant matrices over finite fields is known. Here
we mention two results which follow from the last formula:

Theorem of Kenig-Radosh: A polynomial of the degree less than q − 1
has r nonzero roots if and only if the rank of the corresponding circulant is
q − 1− r (see [1]).

Rausnitz criterion: A polynomial f(x) is a permutation polynomial if and
only if the deg(f(x)) < q − 1 and the det(A− λI) = λq−λ

λ−a0
, (see [3] and [4]).

Also, in the case of complex fields, the representation by circulants poly-
nomials over the complex roots of the unit element, is well known (see [2]).
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3. The main results

Here we want to make a similar representation for finite fields and use
this result to make new characterization for permutation polynomials. Con-
sider now the polynomial f(x)|F ∗q , where F ∗

q = Fq − {0}. Note that the
polynomials f(x) and g(x) induce the same mapping on F ∗

q if f(x) =
g(x) mod (xq−1−1), and so we can consider polynomials of degree less than
q − 1.

The set
R =

{
f(x)|F ∗q |f(x) ∈ Fq[x], deg f(x) ≤ q − 2

}
can be equipped with ordinary addition and multiplication defined as

(f ∗ g)(x) = f(x) · g(x) mod (xq−1 − 1),

where · is ordinary multiplication of polynomials. Thus (R,+, ·) is a com-
mutative ring with identity. Also (B,+, ·), where B is set of diagonal
(q − 1) × (q − 1) matrices over field Fq, is the a commutative ring with
identity. The mapping f −→ Df , R −→ B, is a homomorphism of rings.
Denote

C =
{
A|A ∈ Mq−1×q−1(Fq), A is circulant

}
.

The mapping
A −→ V −1AV = Df

is also a homomorphism of rings. Thus the following theorem holds

Theorem 1.
(R,+, ·) ' (D,+, ·) ' (C,+, ·)

and so the corresponding circulants are representations of polynomials over
finite fields.

Also we should mention that the Rausnitz criterion implies that the
characteristic and minimal polynomials of the circulant corresponding to
the permutation polynomial are the same.

The following result gives a new characterization of permutation polyno-
mials over finite fields.

Theorem 2. Let f(x) =
∑q−2

i=0 aix
i be a polynomial and let A be its corre-

sponding circulant. Then, f(x) is a permutation polynomial if and only if
the centralizer Z(A) of A is commutative and in that case Z(A) = C.

Proof. Assume that f(x) is a permutation polynomial. For any B in Z(A),
BA = AB. Then

(V −1AV )(V −1BV ) = (V −1BV )(V −1AV ) ⇒
Df (V −1BV ) = (V −1BV )Df ⇒
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((Df (V −1BV ))i,j = ((V −1BV )Df )i,j ⇒
f(bi)(V −1BV )i,j = (V −1BV )i,jf(bj).

If i 6= j, then f(bi) 6= f(bj). The equality above implies that (V −1BV )i,j =
0. But then (V −1BV ) is a diagonal matrix, which implies that B is circulant.
Thus Z(A) ⊆ C. But since all polynomials commute with f , all circulants
commute with A and we have C ⊆ Z(A) and thus C = Z(A) and Z(A) is
commutative.

Suppose now that f(x) is not a permutation polynomial. We want to
show that Z(A) is not commutative. First assume that f(bi0) = f(bj0) for
some i0 6= j0, bi0 , bj0 ∈ F ∗

q . Define the matrix B1 = (βi,j), where βi,j = 1 if
i = j or, if i = i0, j = j0, and 0 otherwise.

Then

(DB1)i,j = f(bi)(B1)i,j =


f(bi), for i = j,

f(bi0), for i = i0, j = j0,

0, otherwise.

Since, f(bi0) = f(bj0), and f(bi) = f(bj), we have DB1 = B1D. Similarly,
the matrix C1 = (γij) defined by

γij =


1, if i = j,

1, if i = j0, j = i0,

0, otherwise,

commutes with D. But

(C1B1)i0,i0 =
q−1∑
k=1

(C1)i0,k(B1)k,i0 =
q−1∑
k=1

(C1)i0,kδ
k
i0 = (C1)i0,i0 = 1

and

(B1C1)i0,i0 =
q−1∑
k=1

(B1)i0,k(C1)k,i0 = (B1)i0,i0 · 1 + (B1)i0,j0 · 1 = 2

thus C1B1 6= B1C1. Define B = V −1B1V and C = V −1C1V . Then B,C ∈
Z(A) but BC 6= CB so Z(A) is not commutative. Note that for the case
when f(0) = f(b) and all other values of f are distinct the degree k, of the
polynomial f , satisfies

|Vf | ≤ q −
⌈q − 1

k

⌉
where dme denotes the smallest integer ≥ m. Thus,

q − 1 ≤ q −
⌈q − 1

k

⌉
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what implies that k = q − 1 and this is a contradiction. �

The calculation of determinants of the large order is long, so the fol-
lowing theorem gives a formula for the determinant expressed in terms of
determinants of smaller order.

Theorem 3. Let f(x) =
∑q−2

j=0 ajx
j be a polynomial in Fq[x], q = pn.

Denote the determinant of the corresponding circulant matrix by Cq−1(f(x)).
Let k|q−1. Denote by S = {x

q−1
k : x ∈ F ∗} the subgroup of the multiplicative

group Fq−{0} = F ∗. Let rj, j = 1, 2, . . . , q−1
k be representatives of the cosets

of S. Consider the polynomials

fj(x) =
k−1∑
i=0

(
air

i
j + ai+kr

i+k
j + ai+2kr

i+2k
j + · · ·+ ai+b q−1

k
cr

i+b q−1
k

c
j

)
xi

and denote the determinant of the corresponding k×k circulant by Ck(fj(x)),
for j = 1, 2, . . . , q−1

k . Then

Cq−1(fj(x)) =

q−1
k∏

j=1

Ck(fj(x)).

Proof. Let rjS be a fixed coset of S in F ∗
q . For all elements in bl ∈ rjS,

l = 1, 2, . . . , k there is unique sl ∈ S such that bl = rjsl. Then for fixed l,

f(bl) =
k−1∑
i=0

aib
i
l =

q−2∑
i=0

air
i
js

i
l

=
k−1∑
i=0

(
air

i
j + ai+kr

i+k
j + ai+2kr

i+2k
j + · · ·+ ai+b q−1

k
cr

i+b q−1
k

c
j

)
si
l

=
k−1∑
i=0

aj
is

i
l = fj(sl).

Let s1, s2, . . . , sk be all distinct elements in S, and V = V (s1, s2, . . . , sk)
be the Vandermonde matrix. Let Aj be the circulant k × k matrix of the
polynomial fj(sl). Then (A)j

i,j = a′[k−i+j] mod k = a(j−i) mod k and (V )i,j =
si−1
j . We have

(AV )i,j =
k∑

t=1

(Aj)i,t(V )t,j =
k∑

t=1

aj
(t−i) mod k st−1

j

=
k∑

t=i

aj
t−i b

(t−i)+(i−1)
j +

i−1∑
t=1

aj
k+(t−i) s

(k+(t−i))+(i−1)
j
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=
k−i∑
t=0

aj
t s

t+(i−1)
j +

k−1∑
t=k+1−i

aj
t s

t+(i−1)
j

= si−1
j

k−1∑
t=0

aj
i st

j = si−1
j fj(sj)

for all i, j ∈ {1, 2, . . . , k}. Thus similarly as before

V −1AjV =Diag
{
fj(s1), fj(s2), . . . , fj(sk)

}
=Diag

{
f(b1), f(b2), . . . , f(bk)

}
.

Thus
det(Aj) = Ck(fj(x)) =

∏
b∈rjS

f(b) =
∏
s∈S

fj(s).

Finally

Cq−1(f(x)) =
∏

s∈F ∗q

f(s) =

q−1
k∏

j=1

( ∏
b∈rjS

f(b)
)

=

q−1
k∏

j=1

Ck(fj(x)).

�
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