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CHARACTERIZATIONS OF
MEASURABILITY-PRESERVING ERGODIC

TRANSFORMATIONS

HUSE FATKIĆ

Abstract. Let (S, A, µ) be a finite measure space and let φ : S → S
be a transformation which preserves the measure µ. The purpose of this
paper is to give some (measure theoretical) necessary and sufficient con-
ditions for the transformation φ to be measurability-preserving ergodic
with respect to µ. The obtained results extend well-known results for
invertible ergodic transformations and complement the previous work of
R.E. Rice on measurability-preserving strong-mixing transformations.

1. Introduction

The aim of this paper is to present characterizations of measurability-
preserving ergodic transformations of a finite measure space which are based
on the ergodic concepts in measure set-theoretic form and the well-known
results for invertible and ergodic measure-preserving transformations (see,
e.g., [1], pp. 14–21 and [11], Ch. 1).

Suppose (S, A, µ) is a finite measure space. A transformation φ : S → S is
called: (i) measurable (µ - measurable) if, for any A in A, the inverse image
φ−1(A) is in A; (ii) measure-preserving if φ is measurable and µ(φ−1(A)) =
µ(A) for any A in A; (iii) ergodic if the only members A of A with φ−1(A) =
A satisfy µ(A) = 0 or µ(S \ A) = 0; (iv) (strong-) mixing (with respect to
µ) if φ is µ - measurable and

lim
n→∞

µ
(
φ−n(A) ∩B

)
=

µ(A)µ(B)
µ(S)

(1)
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for any two µ - measurable subsets A,B of S. We say that the transformation
φ : S → S is invertible if φ is one-to-one and such that φ(A) is µ - measurable
whenever A is µ - measurable subset of S.

If φ is a strong-mixing transformation of a finite measure space (S, A, µ),
then, as is well-known, φ is both measure-preserving and ergodic. Further-
more, if φ : S → S, in addition (to being strong-mixing on S with respect
to µ), is invertible, then (1) is equivalent to (the well-known result):

lim
n→∞

µ
(
φn(A) ∩B

)
=

µ(A)µ(B)
µ(S)

(2)

for any µ - measurable subsets A,B of S.
Investigations have shown, however, that many important consequences

of (2) persist in the absence of invertibility (see [8] and [9], § 11.2 - 11.4)
and/or the property of strong - mixing (see [10], [5] and [6]). The following
result (the most useful result of these investigations for the goals of this
paper) is due to R.E. Rice ([8], Theorem 1):

Theorem A. Let φ be a strong-mixing transformation on the normalised
measure space (probability space) (S, A, µ). If φ is forward measurable, i.e.,
if φ(A) is µ - measurable whenever A is µ - measurable subset of S, then for
any µ - measurable subsets A,B of S,

lim
n→∞

µ
(
φn(A) ∩B

)
= µ(B) lim

n→∞
µ
(
φn(A)

)
. (3)

Theorem A has many consequences which are of interest because of the
extreme simplicity of both their mathematical and physical realizations.
These consequences have great relevance in the discussion of the recurrence
paradox of Statistical Mechanics (see [3], [4], [7], [9] and [10]). It is therefore
interesting to investigate how the conclusions of Theorem A must be modi-
fied when the forward measurable transformation φ (i.e., the transformation
φ which preserves µ - measurability) is assumed to have properties weaker
then strong-mixing. In this direction we consider a case when the forward
measurable transformation φ is assumed to have measure-preserving and er-
godic properties. Such transformations we will call measurability - preserving
ergodic transformations. Note that these transformations are generalizations
of the invertible ergodic transformations ( they are not necessarily one - to
- one).

An example of a measurability - preserving ergodic transformations which
is not invertible is given by φ(x) = {2x} (the fractional part of 2x) on the
half - open unit interval S : = [0, 1), where A consist of the Borel subsets
of S, with Lebesgue measure for µ. In this case we have φ

(
[0, 1

2)
)

= S and
therefore it is not generally true for noninvertible ergodic transformations
that µ

(
φ(A)

)
= µ(A), even when φ(A) is measurable.
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In the sequel we give a full treatment of the class of all measurability-
preserving ergodic transformations of a finite measure space, giving their
characterizations which also extend well-known results for invertible ergodic
transformations and represent the corresponding analogues of the above re-
sult (3) of Rice for measurability-preserving strong-mixing transformations.

2. Main results

We begin with the consideration of a very general and subtle (measure
set-theoretic) characterization of measurability-preserving ergodic transfor-
mations, which represents the corresponding analogue of well-known results
for ergodic transformations (not necessarily invertible and not necessarily
having the property of being measurability-preserving) (see [1], pp. 14, 19,
30–32, 36–38; [2], pp. 11–16 and [11], pp. 19–40).

Definition 1. Suppose that (S, A, µ) is a finite measure space.
(a) A transformation φ : S → S is measurability-preserving (preserves µ -

measurability) if, for any A in A, the image φ(A) is in A.
(b) We say that φ : S → S is a measurability - preserving ergodic trans-

formation if φ is measurability-preserving and ergodic measure-preserving.

Theorem 1. Let (S, A, µ) be a finite measure space and let φ : S → S be a
transformation which preserves the measure µ and µ - measurability. Then
the following statements are equivalent:

(i) φ is ergodic.
(ii) The only members B of A with µ

(
B 4 φ(B)

)
= 0 satisfy µ(B) = 0

or µ(S \B) = 0 (where 4 is the symbol for the symmetric difference
of sets).

(iii) For all A ∈ A with µ(A) > 0 we have µ
(⋃∞

n=1 φn(A)
)

= µ(S).
(iv) For all A,B ∈ A with µ(A) > 0 and µ(B) > 0 there is a positive

integer n such that

µ
(
A ∩ φn(B)

)
> 0.

Proof. (i) ⇒ (ii). Let B in A and µ
(
B 4 φ(B)

)
= 0. For each n in the set

of natural numbers N(= {1, 2, 3, . . . }) we have

φ(B)4 φ−n
(
φ(B)

)
⊆

n−1⋃
i=0

[
φ−i

(
φ(B)

)
4 φ−(i+1)

(
φ(B)

)]
=

n−1⋃
i=0

[
φ−i

(
φ(B)

)
4 φ−1

(
φ(B)

)]
and hence µ

(
φ(B)4 φ−n

(
φ(B)

)
≤ nµ

(
φ(B)4 φ−1

(
φ(B)

))
.
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However, since µ
(
B 4 φ(B)

)
= 0, it follows that µ

(
φ(B) \ B

)
= 0 and

hence µ
(
φ(B) \ φ−1(φ(B))

)
= 0 (because φ−1

(
φ(B)

)
⊇ B implies φ(B) \

φ−1
(
φ(B)

)
⊆ φ(B) \B ). Since

φ−1
(
φ(B)

)
=

[
φ−1

(
φ(B)

)
\ φ(B)

]
∪

[
φ(B) ∩ φ−1

(
φ(B)

)]
,

φ(B) =
[
φ(B) \ φ−1

(
φ(B)

)]
∪

[
φ(B) ∩ φ−1

(
φ(B)

)]
and µ

(
φ−1(φ(B))

)
= µ

(
φ(B)

)
, we have µ

(
φ−1(φ(B)) \ φ(B)

)
= 0, whence

µ
(
φ(B)4 φ−1(φ(B))

)
= 0.

Therefore
µ
(
φ(B)4 φ−n(φ(B)

)
= 0 (4)

for each n ∈ N0(= {0, 1, 2, 3, . . . }).
Let E : = lim sup

n→∞
φ−n

(
φ(B)

)
. By (4) we have

µ
(
φ(B)4

∞⋃
i=n

φ−i(φ(B))
)
≤ µ

( ∞⋃
i=n

(
φ(B)4 φ−i(φ(B))

))
≤

∞∑
i=n

µ
(
φ(B)4 φ−i(φ(B))

)
= 0

(5)

for each n ∈ N0. Since the sequence
(⋃∞

i=n φ−i
(
φ(B)

)
: n ∈ N0

)
is de-

creasing and µ
(⋃∞

i=n φ−i
(
φ(B)

))
= µ

(
φ(B)

)
for each n ∈ N0, we have

µ(E) = µ
(
φ(B)

)
. Also we know that

φ−1(E) =
∞⋂

n=0

[ ∞⋃
i=n

φ−1
(
φ−i(φ(B))

)]
=

∞⋂
n=0

[ ∞⋃
i=n

φ−(i+1)(φ(B))
]

=
∞⋂

n=0

[ ∞⋃
j=n+1

φ−j(φ(B))
]

= E.

Thus we have obtained a set E with φ−1(E) = E and µ
(
φ(B)4 E

)
= 0.

By ergodicity of φ we must have µ(E) = 0 or µ(S \ E) = 0 and hence
µ
(
φ(B)

)
= 0 or µ

(
S \ φ(B)

)
= 0, whence µ(B) = 0 or µ(S \ B) = 0 since

µ
(
φ(B)4B

)
= 0.

(ii) ⇒ (iii). Let A in A with µ(A) > 0 and let B =
⋃∞

n=1 φn(A). Then
we have φ(B) ⊆ B ⊆ φ−1(φ(B)), whence by µ

(
φ−1(φ(B))

)
= µ(φ(B)),

µ(φ(B)) = µ(B). Therefore µ
(
B 4 φ(B)

)
= 0, and hence by (ii), µ(B) = 0

or µ(B) = µ(S). However, we cannot have µ(B) = 0 because φ(A) ⊆ B and
µ
(
φ(A)

)
= µ

(
φ−1(φ(A))

)
≥ µ(A) > 0. Therefore µ(B) = µ(S).

(iii) ⇒ (iv). Let A,B ∈ A with µ(A) > 0, µ(B) > 0. By (iii) we
have µ

(⋃∞
n=1 φn(B)

)
= µ(S) so that 0 < µ(A) = µ

(
A ∩

⋃∞
n=1 φn(B)

)
=
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µ
(⋃∞

n=1 A ∩ φn(B)
)
. This implies that µ(A ∩ φn(B)) > 0 for some positive

integer n.
(iv) ⇒ (i). Suppose that A in A and φ−1(A) = A. If 0 < µ(A) <

µ(S), then µ(S \ A) > 0. Next, from φ−1(A) = A it follows that φ(A) =
φ
(
φ−1(A)

)
⊆ A, whence φn(A) ⊆ A for all n ∈ N. Hence 0 = µ

(
A∩(S\A)

)
=

µ
(
φn(A)∩ (S \A)

)
for all n ∈ N, which contradicts (iv). This completes the

proof of Theorem 1. �

Remark 1. Since
⋃∞

n=N φn(A) = φN
(⋃∞

m=0 φm(A)
)

for every natural num-

ber N and, by (ii) ⇒ (iii) in the proof of Theorem 1, µ
(
φ
(⋃∞

n=1 φn(A)
))

=

µ
(⋃∞

n=1 φn(A)
)
, it follows that we could replace (iii) in Theorem 1 by the

statement “For every A ∈ A with µ(A) > 0 and every natural number N
we have µ

(⋃∞
n=N φn(A)

)
= µ(S)”. Consequently we could replace (iv) in

Theorem 1 by “For every A,B ∈ A with µ(A) > 0, µ(B) > 0 and ev-
ery natural number N there exists n > N with µ

(
A ∩ φn(B)

)
> 0”. The

statement (iii) in Theorem 1 may be restated as follows: In the case of a
measurability-preserving ergodic transformation φ : S → S (i.e., in the case
of a measurability-preserving ergodic dynamical system with discrete time
(S, A, µ, φ)), for any measurable set A(A ⊆ S) of positive measure, the orbit
{φn(A)}∞n=0 is the entire phase space S with the exception of a set of zero
measure.

Following the previous characterization, another useful characterization
of the measurability-preserving ergodic transformations is given by the next
theorem, which extends the above result of Rice (i.e.,Theorem A) from
strong-mixing transformations on a normalised measure space to ergodic
measure-preserving transformations of a finite measure space and also gener-
alizes well-known results for invertible (ergodic or mixing) transformations.

Theorem 2. Let (S, A, µ) be a finite measure space and let φ : S → S be a
transformation which preserves the measure µ and µ - measurability. Then
φ is ergodic if and only if

lim
n→∞

1
n

n−1∑
i=0

µ
(
A ∩ φi(B)

)
=

µ(A)
µ(S)

· lim
n→∞

µ
(
φn(B)

)
(6)

holds for all A,B ∈ A.

Proof. (i) Suppose φ is ergodic. Then from the Birkhoff ergodic theorem
(cf. [11], Theorem 1.14, p. 34) one can deduce

lim
n→∞

1
n

n−1∑
i=0

χA

(
φi(x)

)
=

µ(A)
µ(S)

a.e.,
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where χA denote characteristic function of A ∈ A, whence, integrating over
B ∈ A and applying the dominated convergence theorem yields

lim
n→∞

1
n

n−1∑
i=0

µ
(
φ−i(A) ∩B

)
=

µ(A)µ(B)
µ(S)

(7)

for all A,B ∈ A because χA

(
φi(x)

)
= χφ−i(A)(x). Since

φ−n
(
A ∩ φn(B)

)
= φ−n(A) ∩ φ−n

(
φn(B)

)
⊇ φ−n(A) ∩B (8)

for all subsets A,B of S and every natural number n, it follows that (because
φ preserves measure µ), for all A,B ∈ A,

µ
(
A ∩ φn(B)

)
= µ

(
φ−n(A ∩ φn(B)) ≥ µ

(
φ−n(A) ∩B

)
. (9)

Next, by (7) and (9), for every non-negative integer k and every A,B ∈ A
we have

lim inf
n→∞

1
n

n−1∑
i=0

µ
(
A ∩ φi(B)

)
= lim inf

m→∞

1
m + k

m+k−1∑
i=0

µ
(
A ∩ φi(B)

)
= lim inf

m→∞

1
m + k

m−1∑
j=0

µ
(
A ∩ φk+j(B)

)
= lim inf

m→∞

1
m

m−1∑
j=0

µ
(
A ∩ φj(φk(B))

)
≥ lim

m→∞

1
m

m−1∑
j=0

µ
(
φ−j(A) ∩ φk(B)

)
=

µ(A)
µ(S)

µ
(
φk(B)

)
. (10)

From
φ−1

(
φn(B)

)
= φ−1

[
φ(φn−1(B))

]
⊇ φn−1(B)

we have, for all n ∈ N,

µ(S) ≥ µ
(
φn(B)

)
= µ

(
φ−1(φn(B))

)
≥ µ

(
φn−1(B)

)
, (11)

whence we obtain that the sequence
(
µ(φn(B))

)∞
n=1

is bounded and non-
decreasing. Thus the limn→∞ µ

(
φn(B)

)
exists. Now, using (10), for all µ -

measurable subsets A,B ⊆ S, we have

lim inf
n→∞

1
n

n−1∑
i=0

µ
(
A ∩ φi(B)

)
≥ µ(A)

µ(S)
lim

k→∞
µ
(
φk(B)

)
. (12)

Since A was an arbitrary µ - measurable subset of S, (12) must hold with
A replaced by its complement, S \A. Hence

lim inf
n→∞

1
n

n−1∑
i=0

µ
(
(S \A) ∩ φi(B)

)
≥ µ(S \A)

µ(S)
lim inf
k→∞

µ
(
φk(B)

)
.
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Consequently, since

µ
(
A ∩ φi(B)

)
= µ

(
φi(B)

)
− µ

(
(S \A) ∩ φi(B)

)
,

we have

lim sup
n→∞

1
n

n−1∑
i=0

µ
(
A ∩ φi(B)

)
= lim

n→∞
µ
(
φn(B)

)
− lim inf

n→∞

1
n

n−1∑
i=0

µ
(
(S \A) ∩ φi(B)

)
≤ lim

n→∞
µ
(
φn(B)

)
− µ(S \A)

µ(S)
lim

n→∞
µ
(
φn(B)

)
=

(
1− µ(S \A)

µ(S)

)
lim

n→∞
µ
(
φn(B)

)
=

µ(A)
µ(S)

lim
n→∞

µ
(
φn(B)

)
.

This taken together with (12) gives (6).

(ii) Conversely, suppose the Cesàro convergence property (6) holds. Let
φ−1(B) = B, B ∈ A. Put A = S \B in (6). Since φ(B) = φ

(
φ−1(B)

)
⊆ B,

we have, for all j ∈ N,

φj(B) ⊆ φj−1(B) ⊆ B (13)

and hence lim inf
n→∞

1
n

∑n−1
i=0 µ

(
A ∩ φi(B)

)
= 0, whence (6) yields

either µ(S \B) = 0 or lim
n→∞

µ
(
φn(B)

)
= 0.

If µ(S \B) 6= 0, then it follows from (11)∗ and (13) that, for all n ∈ N,

0 ≤ µ
(
φn(B)

)
≤ µ(B) ≤ µ

(
φn(B)

)
holds and hence limn→∞ µ

(
φn(B)

)
= 0 implies µ(B) = 0 and Theorem 2 is

proved. �

Corollary 1. Let (S, A, µ) be a probability space and let φ : S → S be an
invertible measure-preserving transformation with respect to µ. Then φ is
ergodic if and only if

∀(A,B ∈ A)
1
n

n−1∑
i=0

µ
(
A ∩ φi(B)

)
→ µ(A)µ(B), as (n →∞). (14)

Proof. If φ is invertible, then µ
(
φn(B)

)
= µ(B) for any B ∈ A and any

n ∈ N. Now since µ(S) = 1, the convergence property (14) follows from (6)
and the corollary is proved. �

∗The property (11) holds, not only for ergodic transformations, but also for all trans-
formations φ which preserve the measure µ and µ - measurability.
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Remark 2. It follows at once from the proof of Theorem 2 that, for every
ergodic transformation φ of the probability space (S, A, µ) which preserves
µ - measurability, the following inequality holds for all A,B ∈ A:

lim inf
n→∞

1
n

n−1∑
i=0

µ
(
A ∩ φi(B)

)
≥ µ(A)µ(B). (15)

Namely, since now µ(S) = 1, putting k = 0 in (10) gives (12).

Corollary 2. Let (S, A, µ) be a probability space and φ a transformation on
S that is ergodic with respect to µ. Then:

(i) (Sempi [10]). For all A,B in A, one has

lim sup
n→∞

µ
(
φ−n(A) ∩B

)
≥ µ(A)µ(B). (16)

(ii) If, in addition, φ preserves µ - measurability, then

lim sup
n→∞

µ
(
A ∩ φn(B)

)
≥ lim sup

n→∞
µ
(
φ−n(A) ∩B

)
≥ µ(A)µ(B) (17)

for all A,B ∈ A.

Proof. The property (16) follows from (7), and property (17) follows from
(7) and (9), since µ(S) = 1 for the probability space (S, A, µ) and since

lim inf
n→∞

an ≤ lim inf
n→∞

1
n

n−1∑
i=0

ai ≤ lim sup
n→∞

1
n

n−1∑
i=0

ai ≤ lim sup
n→∞

an

for every sequence (an) of real numbers. �

3. Final comments

There is considerable evidence (see the proof of Theorem 2) to support
a conjecture that our results for measurability - preserving ergodic trans-
formations (i.e., for measurability - preserving ergodic dynamical systems
with discrete time) can be extended to measurability - preserving ergodic
dynamical systems with continuous time (see [2], pp. 6–26).

Next, notice that some of our results (in measure set-theoretical form) can
be expressed in functional form (giving a characterization of ergodicity in
terms of a unitary operator on the Hilbert space L2(S, A, µ) or in terms of the
induced operator on the Banach space Lp(S, A, µ), (p ≥ 1)). This is useful
when checking whether or not examples have the measurability-preserving
ergodic properties (see [1], pp. 14, 19, 30–38 and [11], pp. 19–40).

Theorem 2 also motivates the following conjectures (open problems).
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Problem 1. Let (S, A, µ) be a normalised measure space and let φ : S → S
be a transformation which preserves the measure µ and µ - measurabili-
ty. Prove or disprove: If limn→∞ µ

(
φn(A) ∩ B

)
= µ(B) limn→∞ µ

(
φn(A)

)
holds for all A,B ∈ A, then φ is strong-mixing (i.e., prove or disprove that
the converse statement of Theorem A / Theorem 1 in [8] / holds).

Problem 2. Let (S, A, µ) be a finite measure space and let φ : S → S be a
transformation which preserves the measure µ. As usual, if, in addition,

lim
n→∞

1
n

n−1∑
i=0

∣∣∣µ(
φ−i(A) ∩B

)
− µ(A)µ(B)

µ(S)

∣∣∣ = 0

holds for all A,B ∈ A, then φ is called weak-mixing with respect to µ (see
[11], pp. 39–52; and also [5] and [10]). Does Theorem 2 remain valid when
“ergodic” is replaced by “weak-mixing” and “the Cesàro convergence property
(6)” is replaced by “the strong Cesàro convergence property

lim
J(A,B) 63n→∞

µ
(
A ∩ φn(B)

)
=

µ(A)
µ(S)

· lim
n→∞

µ
(
φn(B)

)
,

where J(A,B) is the subset of N0 of density zero”?
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