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TWO EXPONENTIAL FORMULAS FOR a-TIMES
INTEGRATED SEMIGROUPS (a € RT)

FIKRET VAJZOVIC AND RAMIZ VUGDALIC

ABSTRACT. In this paper X is a Banach space, (S(t)),, is non-degene-
rate a—times integrated, exponentially bounded semigroup on X (a €
RT), M > 0 and wo € R are constants such that [|S(t)|| < Me“°" for
all t > 0, 7 is any positive constant greater than wg, I' is the Gamma-
function, (C, 3) — lim is the Cesaro-3 limit. Here we prove that

T
n+1
lim FL/(T—S)‘**l (”“) R (nTH,A)mds:S(T)m,

n—oo (a) S
0

for every x € X, and the limit is uniform in 77 > 0 on any bounded
interval. Also we prove that

Y tiw
_L o )\tR()‘aA)x
S(t)mfzm,(C,ﬁ) WILH;O / e dA,
y—iw

for every x € X, 8> 0and t > 0.

1. INTRODUCTION

Once integrated exponentially bounded semigroups of operators on a Ba-
nach space were introduced and investigated in [1], [2], [3], [7] and studied by
Arendt, Kellermann, Hieber, Thieme and many others. The n—times inte-
grated exponentially bounded semigroups of operators, n € N, on a Banach
space were introduced and investigated in [4] by Neubrander. The a—times
integrated exponentially bounded semigroups of operators, a € R™, on a
Banach space were investigated in [9] , by Mijatovi¢, Pilipovié¢ and Vajzovié.
Some exponential formulas for Cy—semigroups of operators on a Banach
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space X are given and proved in [6]. These formulas are the motivation for
our further analysis.

2. PRELIMINARIES FROM THE THEORY OF a—TIMES INTEGRATED
SEMIGROUP (v € RT)

We refer to [9] for the notion of a— times integrated semigroups (o € R™T).
We denote by X a Banach space with the norm ||| ; L(X) = L(X, X) is the
space of bounded linear operators from X into X.

Definition 2.1. Let (S(t));>, be a strongly continuous family of opera-
tors in L(X) and a € R*. Then, (S(t));5 is called an a—times integrated
semigroup if S(0) = 0 and the following holds

t+s s

S(H)S(s) = F(a)[ / (t 45— 1)L S(r)dr— / (t 45— 1)L S(r)dr
t 0

for every t, s > 0. (S(t)),>( is called non-degenerate if S(t)x = 0 for all
t > 0 implies = 0. If there exist constants M > 0 and w € R such that
1S(t)|| < Me** for all ¢ > 0, then (S(t)),~, is called an a— times integrated,
exponentially bounded semigroup. B

Theorem 2.1. Let « € RT, S : [0,00) — L(X) be a strongly continuous
family, exponentially bounded at infinity (i.e. it satisﬁes S| < Me*t for
t > 0 and some constants M > 0 and w € R), and R(\) = \* foo e*/\tS
ReX > w. Then, R(\), ReX > w, is a pseudoresolvent (i.e. it satzsﬁes the
resolvent equation R(\) — R(un) = (u — A)R(AN)R(u)) if and only if

t+s s

S(t)S(s) = F(a)[/ (t4s—r)*" S(r)dr—/(t+s—r)a1 S(r)dr
t 0

for every t, s > 0.

Let (S(t));> be an a— times integrated semigroup, a € R*. Let R(\) =

A [57 e MS(t)dt, Re A > w. Here we take the branch of the function A* for
which 1¢ := 1. Then, by the resolvent equation, Ker R()) is independent of
Re A > w. Hence, by the uniqueness theorem, R(\) is injective if and only
if (S(t));>( is non-degenerate. In this case there exists a unique operator A
satisfying (w,00) C p(A)(p(A) is the resolvent set of A) such that R(\) =
(A — A)~! for all A with Re A > w. This operator is called the generator of

(S(#)) >0 -

Definition 2.2. Let o € R*. An operator A is the generator of an a—times

integrated exponentially bounded semigroup (S5(¢)) > if and only if (a, c0)
C p(A) for some a € R and R(A, A)z = A* [ e MS(t)adt, z € X,Re X > a.



a—TIMES INTEGRATED SEMIGROUPS (a € R+) 95

The following theorems (exponential formulas) hold for Cy— semigroups
(see [6]).

Theorem 2.2. Let T(t),t > 0, be a Co— semigroup on X. If A is the
infinitesimal generator of T(t),t > 0, then

t —n
T(t)z = lim (I - A) r = lim [QR (E,Aﬂnm,
n—oo n n—oo Lt t
for every x € X, t > 0, and the limit is uniform on any bounded interval

[a,b] C [0,00).

Theorem 2.3. Let T(t),t > 0, be a Co— semigroup on X such that ||T'(t)|| <
Me“t for all t > 0 (for suitable constants M > 1 and w > 0 ). If A is the
infinitesimal generator of T(t),t > 0, then

y+iw

1
T(t)x = (C,1) — lim — / eMR(N, A) x d),
W—00 AT
y—iw

for everyx € X, t >0, v > w. Here (C,1)—lim means the Cesaro - 1 limit.
We generalize these theorems for a—times integrated semigroups (o €R™).
3. EXPONENTIAL FORMULAS FOR a—TIMES INTEGRATED SEMIGROUPS
(e € RT)
First of all, we need two lemmas.

Lemma 3.1. Let o € R. Then,

St @Y=

for alln € N and for all a € R.

Proof. Let n € N be fixed and a € R. The expression on the left side of the
equation designate with A(n). Obviously, A(n) is a polynomial of degree n
in the variable a, i.e., A(n) = >, Aja’. Using the substitution k —i = 1,
we obtain for every [ € {0,1,2,...,n}:

S (-2 (A (oE1)

k=l

_nl - k o a+k—-1-1
=72y (nk)( k1 )
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The substitution k — [ = s, leads us to the next equality

Al:(—1)”ﬁnzl(—1)8(n_ol‘_s) (a+j_1>,l6{0,1,2,...,n}.

s=0

For | = n we have that A, = (—1)". We want to prove that 4; = 0 for
1=0,1,2,...,n — 1. If we take n — [ = m, then we need to prove that

Z(—l)s< @ ><a+5—1> =0, form=1,2,...,n
~ m—s s

Consider now the Taylor’s series of the functions x* and £~¢ in a neighbor-
hood of x = 1. We have

% = ki;o (2‘) (z —1)F

and

=Y (~1)F <O‘ +: B 1> (z—1F 2€(0,2).

k=0

These series converge absolutely on the interval (0,2). Therefore, for all
€ (0,2) we have

=g g = §< )x_lkkio (“k‘l)(x_nk

(o]
= 1+Zamx—1
m=1

m —
where ap, = Y (—1)° <ma ) <a—i—3 1) . Hence, a,, = 0 for all m =

5=0 - S s

Lemma 3.2. If T is the Gamma - function, then
o
fim (DY
n—oo  nl
Proof. Let ng > a, ng € N and n > ng. Then
(n+1)Tn+1-a)
n! N

:(n;!l)a(n—a)(n—a—1)...(n0—a)I‘(no—a)

:(n—I—l)a(n—a)(n—a—1)...(n0—a)F(n0—a)

n! (n—mnp)" % (n —np)!

'n+1—-a)=1.

(n —ng)" ™ (n —ng)!
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:<”+1)a(”a)(na1)...(noa)r(noa)

n—ng (n—mnp)" "% (n — np)!

(n —mng)"™®

nn—1)..(n—ng+1)
All of the factors on the right side converges to 1 as n — oo. Therefore,
1 (03
i (D

n—oo n!

'n+1—-a)=1.
O

Theorem 3.1. Let (S(t)),5q be non-degenerate a— times integrated, expo-
nentially bounded semigroup on a Banach space X (o € RT), and let A be
its generator. Then

T
n+1
lim 1/(T—s)o‘1 ntl R LH,A xds=S(T)z,
(@) s
0

n—oo | S

for every x € X, and the limit is uniform in T > 0 on any bounded interval
[a,b] C [0,00).

Remark 3.1. In particular, for a« = 1, the assertion of this theorem was
recently proved in [8].

Proof. Tt is well known that

ROMA) =M —A) = )\O‘/e’\tS(t) dt. (1)
0
Since

d" a Ji —At _
° [)\ [esto dt] -

0
=Y (Z) (n —k)! (n “« k) (—l)k)\a_"+k/tke_’\t5(t) dt,
by putting A = ”;H, it follows from (1) that

RO Ay = kZ:O (5) m-nr(, %)

a—n+k o0
(—1)F (” + 1) /tke"?lfsu) dt.
0

(2)

S
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But,
ROV A) = (()'mRMLA), ne N, A€ p(d), 3)

and therefore from (2), and (3) it follows that

e (2SR (-0l

k=0

a—n+k o0
S(=1)F <” + 1) /tke”iltS(t) dt.
0

S

Consider now the integral

T n+1
I = 1/ (T — s)*! ntl R L—i_l?A ds
L) Jo s s

- r(u_rl(ij) Zn: <Z> (n — k)! <n “ k> (—1)* /OOO t*S(t)- (5)

k=0
T atk+1
1 n
/ (T —s)*7! <n+ > e " ids dt.
0 S

First of all, consider the inside integral Iin¢. By substituting (n + 1)% = u,
we have

T

1 a+k+1 N
Iing = /(T— 5)o! <n+ > e~ " tds
s
0
[e.e]
1
= % / (Tu — (n+ 1)t)*  uFe du.
(n+1)t/T

The substitution u — w = z gives

i e\

(n+1)t
Ting = Zo:-k: /ZQlTQ1 <z + (n—; ) > e T dz
0

o0

/zalez T2+ (n+ 1)1)* de.
0

_ (TL+ 1)T0¢—k—1
T patke(n+D)t/T

Using the binomial formula and the next property of the Gamma - function:

D(a + 1) = il (O‘Jr; - 1> T(a),
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we obtain
k (o]
_ (n + 1)Taik71 k k—i i at+i—1_—z
Iing = atho i DT 2 ; [(n+ Dt]" "' T /z e *dz
= 0
_ k k—1
_ (n+ 1Tt E\ [(n+1)t , 6
T patke(nt1)t/T Z i T I(a+1) ( )

1=0

_ (nt;kﬂzllg o i( > <a+z—1> [( ;”1’”,
Now (5), and (6) imply

I= (_nl!)n i (Z) (n —k)! (n ¢ k) (—1)F(n+ 17!

k=0

/OOO e~ (DT (1) zk: <’:> (O‘“ N 1> ( > dt

=0

n

_ (—1)"(”;; nret /Ooot gt YT g 1) kz()( )

(nfk> (_Ukiz:(lz)z <a+21—1> ((n;l) ) 0 -

. _ (n41)t
By Lemma 3.1 and (7), we obtain for a = ~*5- :

I (—=1)*(n + 1)T2! /t_ae_(n+1)t/Ts(t)(_l)n ((n + 1)t>n »

n!
0

1)nt+1lpa—n—1 7
_ (n+ ) /tn_ae_(n+1)t/TS(t)dt. (8)

n!
0

Using the substitution (n;l) = z, we have further

1ynHpa-n—1 T/ . e T\ T
=t / z o dz.  (9)
n! n+1 n+l/n+1
0
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Hence, we have that

z n+1
1 / - 1<n+1> Rl <n+1,A>ds
F s s
0

_ (n+ 1) 75( =T )d (10)
0

n! n+1
Fix € > 0 and choose ¢ € (0, T) such that for

(n+1)<1—;)<z<(n+1)<1+;), T>0, neN,

we have

H (n—l—l) - SMz|| <e, zeX.
Putforz e X, T>0,neN:
(n+1) 7 2T e
_ _S(T z n—a g, _ 11
J T S 1) S(Tx| e 2" %z = Jy + Joa+ J3, (11)
where
(n+1)(1-%) )
Ji = u / S < & > x—S(T)x| e *2" %z,
n! | \n+1 ]
0
(n+1)(1+2)
(n+1)* [ 2T | .
_ —S(T zZ n—a
Jo py _S i1)” S( )a: e 22"z,
(n+1)(1-%)
(n+1) 7 [ AT 1 o
— —S(T zZ,n—a g,
J3 py _S a1 S( ):c e 22" %z

(n+1)(1+)
We will estimate each of these integrals. We have

(1) (1-3)

o < 2D O/ HS(nzfl)x—S(T)x

e ?2" %z,

We know that (S(t)),>( is an exponentially bounded family of operators,

i.e. there exist constants M > 0 and wy € R such that ||S(¢)|| < Me“ot, for
all t > 0. Therefore,
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, (n+1)(1-%)
& wozT
1] < (nt 1) :;' ) M ||| / [6797-‘—1 + e“’OT} e 2" %z = Sy + So,

0

where
(n+1)(1-7)
1) _(1_w0T
Sl — MM HxH / e z(l ”3'1)2’”706612
n!
0
and
(n+1)(1-%)
1 (6%
8y = LD pr g et / 7220z,
n!
0
Let us estimate S;. Take z% = u. Then the integral S; becomes
(n+1-woT)(1-%)
(n+ 1)~ / _ n+1 Y p+1
Si=~——"7 M u d
! n! il ¢ n-l—l—onu n+1—wyl Y
0
(n—&-l—on)(l—%)

()M | [ e
nl(n+1—wyT)n—otl :

The function f(u) = e "u"™* (u € R) takes its maximum value at the

point u = n — «. For sufficiently large n and fixed §, n — « is greater than
(n+1—weT) (1 — %) . Note, the function f is increasing in the interval

[O, (n+1—weT) (1 — %)] . Using these facts, we obtain
(n+ 1) 1M ||=|| )
S < 1—wT)(1-—=
b= nl(n+1— wyT)n—otl (n+ woT) T

1 -we) (-] (e )™M 2] (1 - 7)
n+1—woT)(1- %)

n—a-+1

e(n—l—l—on)(l—%) n|e(

For large n, Stirling’s formula implies
e"(n+1)" M |jz| (1 - %
S1 < 5 5
n"\/2mn - e (1=7) g(l-woT)(1-7)
e () e (0 8) ]
= 14+ — 1—=)eT| .
VIr (1= 2) et " T n) Vm T)°

The function g(x) = (1 —x)e”, z € R, attains the global maximum 1 at the

point = 0. Since 0 < § < T, we have (1—%) e? < 1and [(1—%) e%}n — 0

)nfaJrl




102 FIKRET VAJZOVIC AND RAMIZ VUGDALIC

n
as n — 00. Also, "—jﬁl [(1 — %) e%} — 0 as n — o0. So we obtain that
S1 — 0 as n — oo, and the limit is uniform in 7" > 0 on any bounded
interval.

@ D(1-2
Let us estimate So = %M || ewoT fo(nJr )(1-7) e~ %],

The function f(z) = e #2""* (2 € R) takes its maximum at the point
z =n — «. For sufficiently large n and fixed J, n — « belongs to the interval

kn+”<1—;>,0%+D<l+;>}

Hence, the function f is increasing in the interval [0, (n +1) (1 — %)] . Thus,
n

n+ 1) o 0\ [(n+1)(1—2%
( n') MHxHe T(n+1) (1_T) [ ( T)]

Mz e (1= ) (n + ! [(1 B 5) ]

ol nlem T

Sy <

Using Stirling’s formula, for sufficiently large n, we obtain

Mje]| e (1= 3)" (n+ 1)+ AWK
Sy < 5 1
el T n"/2mn
M ||z]| =0T (1 £)' 7 1\"n+1 "
MU0 1Y 6 6]
o - elTT n vn T

So we obtain that Sy — 0 as n — oo, and the limit is uniform in 7" > 0 on
any bounded interval. Hence,

|Jill =0 as n— oo. (12)

Now, we will estimate the integral Js.

(n+1)(1+2)
(n4+ 1) 2T e
<~ 7 _ T z n—a
| 2| < .y S 1) S(T)x|| e *2""%dz
(n+1)(1-2)
() (14+4)
<e M e ?2" %z
n!
(n+1)(1-%)
<e W/e_zz”_adz = 5MF(n +1—a).
n! n!

0
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From Lemma 3.2 we see that lim ("Z,l)a I'(n+1—a) = 1. This implies || J2||
n—oo °
< ¢ for large n. Because ¢ is an arbitrary small number we conclude that

|2l =0 as n— oo. (13)

Let us estimate the integral Js.

[BA szm 7 HS( el >:E—S(T)x

e 2" %z

! n+1
(n+1)(1+2)
[o¢]
1 « wnzT
< MM ||| / (enOiJrl + ewOT) e 72" %z =853 + Y4,
n!
(n+1)(1+2)
where
o < T
1 _ _ %ot
S3 = MMHHUH / e (1 "*1),2"70‘612 and
n!
(n+1)(1+2)
1)« r
s0= 0yt [ e
n!

e
(n+1)(1+2)

Let us estimate S3. Take z% = u. Then the integral S5 becomes

oo
(n+ 1) / _ n+1 e R |
S3=~—"—M = - d
3 n! =l ¢ n—l—l—ngu n+1—wyT b
(n+1—woT) (1+2)
e}
(n+ )™M || g,
~nl(n+ 1 —wT)n—ot! '
(n+1-woT)(1+2)
Consider the integral
o
/ e "u" " %du.
(n+1—woT)(1+2)
We have
o0 o0
/ e "u" % u = / e tI=memmyn=agy  for 0 < n < 1.

(n+1—woT)(1+5) (n+1—woT)(1+2)
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The function h(u) = e 4"~ % u € R, has a maximum at the point u =

e—(n—a) (nia)n—a

%. This maximum equals h (%) = . Thus, we obtain

nnfa
/ e " %u = / e u(l=m) g—uny n—a g,
(n+1-woT)(1+2) (n+1-woT)(1+2)
< e_(n—a) (n _ a)n—a / e—u(l—n)du
nn—a

(n+1-woT)(1+2)

e—(n—a) (TL _ a)n—a e(n—l)(n-}-l—on)(l-&-%)

Ui ' L—n
Using Stirling’s formula, for sufficiently large n, we obtain
G < (n+ 1)n+lenM ]| e—(n—a)(n_ ) 6(7]71)(”+17WOT)(1+%)
3= nn\/%(n +1— on)n—a—i—l nn—o 1—1n

_ M ||z]| e*n® n+1\" n+1  \"ett
- (1 — n)v2rn - eA-eoD+3)0-0) \ n n+1—weT

<n — oz)na 1
n nnen(l—k%)(l—ﬁ)'

>n—a+1

: +1\@ +1
Notice that (HT) — 1, (Mw
as n — oo. S

If we can prove that n”e"(Hf)(l*") — o0 as n — oo, then S3 — 0 as
n — 00. Since

— el and (w)n_a — e @

n )

nnen(l—&—%)(l—n) _ en[lnr]-‘r(l-i-%)(l—n)]’

it is enough to choose 7 such that

0
lnn+(1+T> (1—-mn)>0.

Since, Inn = In (1 + (7 — 1)) and "2 <In (1 + (7 —1)) <7 — 1, we obtain

lnn—l—(l—i-;) (1—n)>”;1+(1+;> (1—n) = (1—n) <1+;—717>.

But, the last inequality holds for H% < n < 1. Hence, by choosing n €

T

(Hlé, 1), we can conclude that S3 — 0 as n — oo. Moreover, the limit is
T

uniform in 7" > 0 on any bounded interval.
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Let us estimate
o0

Sy = MM llz|l ewoT / e
n!
(n+1)(1+2)
If¢ € <1+15, 1) , then wne”(H%)(l_w — 00 as n — 00. Since
T
/ e ?2" %z = / e 2(1=¥) =29 n—aq,
e 1(14) m1)(1+4)
—(n—a)( _ )n—a %
€ n—a —2(1-v)
< e dz
el
() (145)
. ef(nfa) (n — a)nfa e(w—l)(”+1)(1+%)
- e -y

we conclude that
1)o —(n—a)(, _ H\n—« (¢,1)(n+1)(1+é)
(n+ ) M||$||€WOT€ (nf Oé) ) e T
nl djn «@ 1— w

Using Stirling’s formula, for sufficiently large n, we obtain

S < M ||z|| e¥oT e¥qp <n+1>a <n—a>n_°‘ 1
! (1 —)V2mn - o(1+2)(1=9) n n wnen(l—f—%)(l—d))'

We know that (nT-H)O‘ — 1, (%)nia — e % and ¢”e"(1+%)(17w) — 00, as

n — oo. Hence, Sy — 0 as n — oo, and, therefore

Sy <

|J3]] = 0 as n — oo. (14)

This limit is uniform in 7" > 0 on any bounded interval. Finally, by (11),
(12), (13), and (14) we conclude that

oo
1)« T
J:(n—i_)/[5’< i )1‘—5(T)$:|€_Zzn_adz—>0, as n — oo.
0

n! n+1

(15)

(n+1)ap(n +1—a) =1, using (10), and (15) we

n!

Since, by Lemma 3.2, lim
n—oo

T
‘ 1 i (n+1 n+1 n-+1 n+1
i - ()[R ( )] e
0

obtain
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= lim (n+1) /S( T )x-e_zz”_adz:S(T)x,
0

for every x € X, and this limit is uniform in 7" > 0. O

Definition 3.1. Let f(w) be a function on [0,00) with values in a com-
plex Banach space X, such that for every A > 0, e f(w) € L ([0,00), X)
(L ([0,00), X) is the space of linear bounded functions from [0, co) into X).
Then, for 8 > 0, the Cesaro-/3 limit of the function f(w) as w — oo is defined
as follows

w—00 T—oo TB

T
(C,3) — lim f(w):= lim 5/ T — W)’ fw) dw.
0

The next result is well-known (for example, see [6] ).

Theorem 3.2. If for some a > 0 : (C,«) — lim,, .o f(w) = a, then for
every 8> a (C, ) — lim,_,o f(w) = a.

Lemma 3.3. Let 0 < <1 and s > . Then

1
M
/ (1 — )" sin(su)du < —51 (My — some constant).
s
0

Proof. Obviously,

sin(1 —v)s

15 dv

1
/ (1 —u)’ sin(su) du =
0

—=sins

vl pi—6

S O —

1
cos(vs) d coss/ sin(vs
-8
0

Therefore, it is sufficient to prove that

1 1
cos(vs) K sin(vs) Ko
/ 5 and / 1)17/8 dv S 87,
0 0

where K7 and K5 are some constants.
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Both of these integrals can be estimated in a similar manner. Therefore,

we estimate only f ! S;n ©s) Ju. We have

1 ( ) /s ko—1 (k+1)7/s 1 ) ( )
SImm(vs Sln Sln SImm(vs

/ e dv:/ ) dv +Z / ) do + / o5 v,

0 0 k=1 km/s korm/s

(16)

where kg is a natural number such that ko—” <1< M Since

1
sup 35/ (1 —w)?~Lsin(su) du| < oo,
s€(0, 7] 9

it is enough to assume that s > 7 and that kg is an odd natural number.
Obviously,

1 1 (ko+1)m/s
sin(vs)d - dv < dv < 1 T
18 = )18 = V1B = NTB
o/ s kom/s kom/s ( s

Hence, it follows that

Similarly,

(Z)ﬂ. (18)

Further, we have

ko—1 (k+1)7/s 1 w/s

. ko . km
sin(vs) sins (v + =F
> / T dv =) /(k 1_,3) dv
k=1 ke /s v k=1 79 (U + ?ﬂ—)
/s
ko—1
— ( 1)kz/ Slnlg;lrjsi ﬂd
k=1 (v+ %)



108 FIKRET VAJZOVIC AND RAMIZ VUGDALIC

Therefore we have

. _ _1 k
Z / sml(_vs) dv = / sin(vs) (7)_ dv.
=8 ( + lﬂr)l &
k=1 k7r/s 0 k=1 S
Now we will estimate the sum Zko ! ( Jf;i))kl, 5. Clearly
- (—F | ZO: 1 - 1
= (v+ %’r)l_ﬁ i L(v+ (20 + 1)%) -8 (v+ (20 + 2)%)
where ig = kOQ_ 3.

)

Using Lagrange’s mean value formula we obtain (for some 6 € (0,1) ) :

k’o—l %0

T 1
= ]_— —_
( B)s; (v+ @i+ 1)T +6m)>"

g(l—ﬁ)gz !

((22 +1)5)*”
T\ B-1 1
== (E) ; (2i +1)2-5

<a-m (D" 2(2”11)2_5

This inequality combined with (19) gives

(—1)%
el CRAL S

oy (1 (vs) B 1
SIn(vs T
<a-p (= S
; / oi-p ) = ﬂ)<s) Z%(zz'ﬂ)?—ﬂ

The assertion of our lemma now follows from (17) and (18).

O

Theorem 3.3. Let (S(t)),~, be an a— times integrated, exponentially boun-

ded semigroup defined on a Banach space X (o € R"). Let M > 0 and wy €
R satisfy ||S(t)]| < Me*t, for allt > 0. Let 0 < B < 1. If v > max(wp, 0),

x € X andt > 0, then we have

y+iw
_ 1 . AtR()\,A)ZU
S(t)x = 27TZ,(C’,ﬂ) wh—{go / e e dA,
y—iw

and the limit is uniform in t on any bounded interval |a,b] C [0, 00).
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Proof. Let v > max(wp, 0). By Definition 3.1, for any fixed z € X, t > 0
we have

y+iw
1 . v BN A)z
o (O 0) = Jim [ e e dA
y—iw
5 7 1T RO A)
T M o p£—1 - At ) X
_Tlg]go Tﬁ/(T w) dw2m, / e dX (20)
0 y—iw
g 17 R(y + ir, A)
_ ; + T T
—lim 2 [ (T — ) dw— [ Orimt T T,
Py Tﬁ/( w) dwo /e i
0 —w

We interchange the order of integration and obtain the expression :

0 T
, e Ry +im, A)x 1
1 (yim)t A LT 20 27 g / T —w)P?1d
700 2778 /6 (v +ir) )T n
=T -7
T _— T
T /e(%if)tw dr/(T —w)? N dw
(v +ir)e
0 T
1 O B R T, A
A 5 (e
=T
r 5 R(y+ir, A)
T ; y+aT,A)x
1— =) eyt AT A" g
* / ( T) € (v + 1) T
0
Because % = [ e~ (39 (s)ads, we obtain
T o0
lim 1 / 1- lul ﬂe('H”)th/e(7+i7)85(3)$ ds =
T—o0 2T T
T 0

o0

T
B . A
i - [ / (1 _ ’TT‘ T g / e~ OHNS (S(s)x — S(t)a) ds
- T

0

T 00
B . .
+ S(t)x/ <1 _ ‘;J) e('Y'f’ZT)th/e_('Y'f‘ZT)SdS] ) (21)
-T

0
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We will prove that the limit given in (21) equals S(¢)x. If we put

-T

and

o0

T
%
I = / (1 — T> e(rHiT) th/ (v+ir)s

-T 0

— o y+iT —(y+iT)s — o
L /(1 T> e dT/e ds /(1 T> i dr,
0

S(s)x — S(t)z) ds,

then, it suffices to prove that Iy — 27 and Iy — 0, as T — oco. We have

T

A 7| e(YF+iT)t A
T 1T
= 1— = =/ (1
h /( T) PR /<
T 0

€(7+7:T)t

7')5
T v +aT v — 1T

(y—iT)t
¢ ] dr

B 2~ cos(Tt) + 27 sin(7t)
— et _T il
=e /(1 T) d

72_’_7-2
0

Now we will show that
T

/ 57’81n Tt
T v +7’2
0

and
T

/(1 7') cos(
T) ~ +7'2

0
as T — oo. Let J(T

7sin(7t) dr and J —

fo (1 o *)ﬁ

T.

/TSID (1t)
_ dr
VT

(22)

/ cos(
0

oo Tsin(Tt
md

2+2

Fix n > 0 and after that select an natural number Ny such that for all

N,N’ > Ny the following relation holds :

2+2

N 7 sin(7t) n
T dT’ < 3. Then we

obtain ’foo 7sin(rt) dT‘ < 4 for every N > Np.

If T'> Ny, then we have
No

1) - [ (1= 7)oy

No

_/Tzln(Tt) dr
VT

0

T

T\B 7 sin(7t)
dT+/(1 T) e

No

/OOT sin(7t) d
— | ——dr.

2
S (23)

No
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Further, we have

No 5 No
TblIth TSlnTt
T) - J| < (1_7>
- <| [ (- 7 S - [T
0 0
[ srsin(rt) | | Trsin(re)
T Tsin(7t Tsin(7t
1——) —d —2dT7|. 24
* /( T) 2 +/72+r2 T 24
0 0

The function f(7) = (1 — %)5 is decreasing on the interval [Ny, T']. There-
fore, by the second mean value theorem of integral calculus, we obtain

’ B 7 sin(rt No\? [ rsin(rt
/(1'3 Tsin(rt) 1()(/ﬁmﬁ>m,

T) ~2+712 T ~v2 + 72
No No

where § € [Ny, T]. Then we have

’ B 7 si No\?| frs
/(1 B 1) T sin(7t) gl = (1 No /TSln(Tt) dr
T) ~2+ 712 T v2 + 12

0 0

This, together with (24) shows that

No
T\P T sin(7t) 2n
_J< 1——) —1| =2 )
sz [0 5 ) a2
0

for T' > Ny. Further, it follows that

No

@) -a< | (1_;)5_1'. W .
L
IRCEEe
0
No\*] [ lrsinGre)| 2
<P_<L_T> //w+ﬁ“+3~
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It is clear that 1 — (1 — %)ﬁ — 0 as T' — oo. Therefore, one can find
To > Ny such that
No
- (1_No>ﬂ / Tsin(rt)| 1
T v2 + 72 3

0

for every T' > Ty. Hence, for every T > Ty we have |J(T) — J| < n. Because
n > 0 is an arbitrary real number, we conclude that J(T) — J as T — oc.
By the same method, it can be proved that

T 00
B
/ (1 - 1) cos(r?) dr — / cos(r?) dr as T — oo.
T/ 2 +712 72+ 72
0 0
It is well known that
o0 o0 .
/’ycos(Tt) dr— Tt and /Tsm(Tt) P -
,-YQ + T2 2 ,},2 + 72 2

Therefore,

T v2 + 12 T

oo o0 .
gt /’)/COS(Tt) ir 4 / T sin(7t) drl = ox
v2 + 72 72 + 72
0 0

as T — oo. Now we will show that

T
5 :
I — evt/ (1 _ T\P 2ycos(tt) + 27 sin(rt) i
0

T 9]
B : .
[2:/ (1 — |TT|) e(w—l-lT)th/e—('yHT)s (S(s)z—S(t)x)ds — 0as T — oo.

We interchange the order of integration and obtain

%) T
CHy
I = /eV(ts) (S(s)x — S(t)x) / <1 - |TT‘) et dr ds.
0

For any € > 0 we can find 6 = §(¢), 0 < d < 1 and 0 < ¢ < t, such that
|S(s)x — S(t)z|| < e forall s € [t -0, t+0]. Now, Iy = Ji(T) + Jo(T) +
J3(T), where

t—4

J(T) = / =9 (S(s)z — S(t)z) ds /T (1—|TT|>ﬁe”<t—S>dT,
0 -T
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t+5 T 3
Jo(T) = / =) (S(s)a — S(t)z) ds / <1 _ ‘;’) ¢im(t=5) g
t—6 -T
o0 T
J(T) = [ et B N s
3(T) = / e (S(s)z — S(t)x)ds / <1 T > e dr.
t+6 -7
It is straightforward to see that
t 1
Jl(T):/eW[S(tU x— S8 2T/ (1 —w)? cos(oTu)du do,
0 0
and
T 1
Jl(T):2/e¥ [S(t—— / (1 — w)”? cos(su)du ds.
5T 0
Use integration by parts to obtain fo (1 — u)” cos(su)du. We obtain
T . 1
J(T) = Qﬁ/eWTS S(t- T)Sx —St)e / (1 —u)’ Lsin(su)du ds.
oT 0

Now Lemma 3.3 gives |J1(T)| < LM, ;77: sii—ﬁﬁ , for some constants L and

M; . From here it directly follows that J;(7) — 0 as T' — oo. Let us estimate

t+5 T ,
JQ(T) = / e’Y(t—S) (S(s)x — S(t)lﬁ) ds / <1 _ |;’) eiT(t_s)dT.
16 i

Obviously,

0 1
Jo(T) = /eW [S(t—o)x — S(t):E]QT/ (1 — w)? cos(oTu)du do,
—0 0

0 1

Jo(T) = [ €7 [S(t — o)z — S(t)2]2T [ (1 — u)” cos(oTuw)du do
/ /
1) 1

Jo(T) = [ €7 [S(t+ o)z — St)z]2T | (1 —w)” cos(oTw)du do.
/ /
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Further, we have

5T 1
s S
JQ(T):2/6T [S(t—f) ds/l—u cos(su)du
0 0
i S(t—# S(t ;
= 2,8/6’;“5 (- T)Sx —St)e ds/(l — )" sin(su)du
0 0
[ aS(t-s)z—SMr , |
= 2ﬂ/eWTs (t=7)z—SW)e ds/(l — )Pt sin(su)du
s
0 0
i S(t— 7 S(t /
+ Qﬂ/eWTS (- T)Sx —St)e ds/(l — )P sin(su)du
1 0

and

1 1
/eWT ds/ (1 —u)’ sin(su)du
0 0

1 1
—S(t
/6’;“ ) ( )xH ds/(l — )P sin(su)du <e - K1,
S
0

0

where K is a suitable constant independent of €. Namely, the last expression
can be bounded above by eTe fol ds fol (1 — u)’ ' udu, while ||S (t—2)z—
S(t)z|| < ¢ and ‘M‘ <u.

Using Lemma 3.3, we obtain

5T (s St 1

/6’;"3 (t—#)z -5 ds/(l — )"V sin(su)du
s

1 0

TS (t S(t)z|| M '

</e}s ki ()$H—1ds<€ Ml‘maxew"/ <e- Ky,

s sP o€[0,1] si+h

1 1

where K5 is a constant independent of €.

Similarly, it can be proved that ‘ JQ(T)H < e- K3, where K3 is a constant

independent of e. Hence, ||J2(T")|| < e- K, where K is a constant independent
of €.
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Furthermore,
0 T
J3(T) = /e'Y(ts) (S(s)x — ds/ (l T) et =S) gy
t+6 -T
0o 1
= /e—w [S(t+o)x — 2Td0'/ (1 — )’ cos(oTu)du
é 0
00 1
_as S
—2/6 T{S(t—kf) /1—u cos(su)du
oT 0
S(t /
= Qﬁ/ -T * ) - / (1 — u)’ Lsin(su)du.
0

Then Lemma 3.3 implies
oo [o.¢]
19501 <28 [ e~ Fomen () as < san [ g
! oT
(for some constants S and M; ). Now we see that J3(T) — 0 as T — oo.
Hence, Is — 0 as T — oo , and the proof is completed. From the proof

of the theorem one can see that the limit is uniform in ¢ on any bounded
interval [a,b] C [0, 00) . O

Theorem 3.2 and Theorem 3.3 imply

Corollary 3.1. Let (S(t));5q be an a— times integrated, exponentially bo-
unded semigroup on a Banach space X (o € RT) . Then, for every 3 > 0,
v > max(wp,0) , z € X andt >0 :

y+iw
A
S(t)r = 5 (C’ B) — lim e)‘tw dA.
y—iw
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