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ABSTRACT. This paper is a joint project with Siegfried Bocherer (Mannheim),
developing a recent preprint of Yubo Jin (Durham UK) previous works of Anh
Tuan Do (Vietnam) and Dubrovnik, IUC-2016 papers from Sarajevo Journal of
Mathematics (Vol.12, No.2-Suppl., 2016). We wish to use paragraded structures
[KrVu87], [Vu01] on differential operators and arithmetical automorphic forms
on classical groups and show that these structures provide a tool to construct
p-adic measures and p-adic L-functions on the corresponding non-archimedean
weight spaces.

An approach to constructions of automorphic L-functions on unitary groups
and their p-adic analogues is presented. For an algebraic group G over a number
field K these L functions are certain Euler products L(s,π,r,χ). In particular,
our constructions cover the L-functions in [Shi00] via the doubling method of
Piatetski-Shapiro and Rallis.

A p-adic analogue of L(s,π,r,χ) is a p-adic analytic function Lp(s,π,r,χ)
of p-adic arguments s ∈ Zp, χ mod pr which interpolates algebraic numbers
defined through the normalized critical values L∗(s,π,r,χ) of the correspond-
ing complex analytic L-function. We present a method using arithmetic nearly-
holomorphic forms and general quasi-modular forms, related to algebraic auto-
morphic forms. It gives a technique of constructing p-adic zeta-functions via
general quasi-modular forms and their Fourier coefficients.

1. INTRODUCTION

Let p be a prime number. In the present paper we wish to use graded structures
[KrVu87], [Kr80], [Vu01] on the rings and modules of differential operators and
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quasimodular forms on classical groups in order to construct p-adic measures and
p-adic L-functions on certain non-archimedean weight spaces.

Arithmetical modular forms belong traditionally to the world of arithmetic, but
also to the worlds of geometry, algebra and analysis. On the other hand, it is very
useful, to attach zeta-functions (or L-functions) to mathematical objects of various
nature as certain generating functions.

Firstly, such L-functions give a tool to link these objects to each other (express-
ing a general form of functoriality), and secondly, this approach allows in favorable
cases to obtain answers to fundamental questions about these objects; such answers
are often expressed in the form of a number (complex or p-adic).

General graded structures called paragraded [KrVu87], [Kr80], [Vu01] can be
used on the rings and modules of differential operators and quasimodular forms on
classical groups. Our purpose is to use them in order to construet p-adic measures
and p-adic L-functions on the corresponding non-archimedean weight spaces.

In the definition of M. Krasner, without the commutativity hypothesis, the struc-
ture of a graded group is determined by the underlying structure of the abstract
group, and only the homogeneous part is equipped with a partial composition, in-
duced by that of the group.

Moreover, M. Krasner introduces useful notions of graded ring and module, and
their homogeneous parts called anneid and moduloid where the suffixes eid, oid
mean that the composition structure is partial in principle. In our situation the
underlying abstract group is a certain p-adic analytic group Y of characters with
values in C∗

p which contains a subset Y class of algebraic ”motivic” points. Here
Q̄p is an algebraic closure of Qp and we fix an embedding inclp : Q̄→ Q̄p, so that
elements of Y class are identified with some characters with values in Q̄∗.

2. AUTOMORPHIC L-FUNCTIONS AND THEIR p-ADIC ANALOGUES

The main topics in this paper are automorphic L-functions and their p-adic ana-
logues.

2.1. Krasner grade components for proving Kummer-type congruences for L
and zeta-values

2.1.1. Graded groups in the sense of Krasner.

Definition 2.1. Let G be a multiplicative group with the neutral element e. A gra-
duation of G is a mapping γ : ∆ → Sg(G), δ ∈ ∆ of a set ∆ (”the set of grades of
γ”) to the set Sg(G) of subgroups of G such that G is the direct sum

G =
⊕
δ∈∆

Gδ , g = (gδ)δ∈∆.

The group G endowed with such a graduation is called a graded group, and gδ are
Krasner’s grade components of g with grade δ.
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2.1.2. Graded rings and modules.
Moreover, M. Krasner introduced useful notions of graded rings and modules.

Let (A;x+ y,xy) be a ring (not necessarily associative) and let γ : ∆ → Sg(A;x+ y)
be a graduation of its addivive group. The graduation γ will be a graduation of
a ring (A;x+ y,xy) = A and this ring will be called graded if in addition for all
ξ,η ∈ ∆ there exists ζ ∈ ∆ such that AξAη ⊂ Aζ.

It is well known that the category of graded groups, rings, modules as well as
their homogeneous parts: homogroupoids, anneids, moduloids, respectively is not
closed with respect to the direct product and the direct sum where the homogeneous
part is the direct product of the homogencous parts of the factors.

2.1.3. Krasner–Vuković’s paragraded Groups and Rings.
Since the category of graded structures (groups, rings. modules), has no prop-

erty of closure with respect to the direct sum and direct product, it was a motivation
for M. Krasner and M. Vuković to focus on this interesting problem in the theory
of graded structures and they were the first who overcome it. In this wav they dis-
covered the theory of paragraded structures [KrVu87] (see also [Vu24]), which are
at the same time a generalization of the classical graduation as defined by Bourbaki
[Bou62] and an extension of the earlier papers done by M. Krasner and its pupils.

Definition 2.2. ([KrVu87]) The mapping π : ∆ → Sg(G),π(δ) = Gδ(δ ∈ ∆), of a
partially ordered set (∆,<) that is a complete semi-lattice and inductively ordered
to the set Sg(G) of subgroups of the group G, is called a paragraduation if it
satisfies the following six-axiom system:

(i) π(0) = G0 = {e}, where 0 = inf∆;δ < δ′ ⇒ Gδ ⊆ Gδ′ .

Remark 2.1. H =
⋃
δ∈∆

Gδ is called the homogeneous part of G with respect to π.

Remark 2.2. If x ∈ H, we say that π(x) = inf{δ ∈ ∆ |x ∈ Gδ} is the grade of x.
We have δ(x) = 0 if and only if x = e. Elements δ(x), x ∈ H, are called principal
grades, and they form a set which we will denote by ∆P.

(ii) θ ⊆ ∆ ⇒
⋂

δ∈θ

Gδ = Ginfθ.

(iii) If x,y ∈ H and xy = zxy, then z ∈ H and δ(z)≤ inf{δ(x),δ(y)}.
(iv) The homogeneous part H is a generating set of G.
(v) Let A ⊆ H be a subset such that for all x,y ∈ A there exists an upper bound

for δ(x) and δ(y). Then there exists an upper bound for all δ(x), x ∈ A.
(vi) G is generated by H with the set of H-inner and left commutation relations:

◦ xy = z (H-inner relations);
◦ yx = z(x,y)xy (left commutation relations).

A group with paragraduation is called a paragraded group.
A ring A is called paragraded if its aditive group is paragraded and if for all

ξ,η ∈ ∆ there exists ζ ∈ ∆ such that AζAη ⊆ Aζ.
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2.2. Examples for p-adic groups X , and group rings

We use the Tate field Cp =
ˆ̄Qp, the completion of Q̄p, which is a fundamental

object in p-adic analysis, and thanks to Krasner we know that Cp is algebraically
closed, (see [Am75] - Théorème 2.7.1 and Lemme de Krasner in [Kr74]). This
famous result allows to develop analytic functions and analytic spaces over Cp
( [Kr74], Tate, Berkovich...), and we embed inclp : Q̄ ↪→ Q̄p.
1) Algebraically, a p-adic measure µ on X is an element of the completed group

ring A[[X ]], A any p-adic subring of Cp.
2) The p-adic L-function of µ is given by the evaluation Lµ(y) := y(µ) on the group

Y = Homcont(X ,C∗
p) of C∗

p-valued characters of X . The values Lµ(y j) on alge-
braic characters y j ∈ Y alg determine Lµ iff they satisfy Kummer-type congru-
ences.

3) Our setting: a p-adic torus T = X of a unitary group G attached to a CM field K
over Q, a quadratic extension of a totally real field F , and an n-dimensional her-
mitian K-vector space V . Elements of Y alg are identified with some algebraic
characters of the torus T of the unitary group.

2.3. An extension problem.

From a subset J = Y alg of classical weights in Y = Homcont(X ,C∗
p), via the A-

module AM of arithmetic modular forms, we wish to extend continuously a given
mapping L to the group ring A[Y ]:

L : Y alg −→
↷ DA
AM
⟲ HA

−→ Cp, y j
ℓ7→ L(y j),y j ∈ Y alg

(where HA a Hecke algebra, DA a ring of differential operators over A) in such
a way that the values L(y j) on y j ∈ Y alg are given by certain algebraic L-values
under the embedding inclp : Q̄ ↪→ Cp.
In the favorable (ordinary) case one extends L to all continuous functions C (X ,Cp),
or just to locally-analytic functions C loc−an(X ,Cp) (in the admissible case).
Advantages of the A-module AM :
1) simpler Fourier expansions (q-expansions);
2) action of D and of the ring of differential operators DA = A[D]
3) action of the Hecke algebra HA;
4) projection πα : AM α → AM α to finite rank component (”generalized eigen-

vectors of Atkin’s U-operator”) for any non-zero Hecke eigenvalue α of level
p; ℓ goes through AM α if U∗(ℓ) = α∗ℓ.

Solution (extension of L to C (X ,Cp)) is given in the ordinary case by the abstract
Kummer-type congruences:

∀x ∈ X , ∑
j

β jy j(x)≡ 0 (mod pN) =⇒ ∑
j

β jℓ(y j)≡ 0 (mod pN) (β j ∈ A).
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Such congruences imply the p-adic analytic continuation of the Riemann zeta func-
tion.

For more general L-function L( f ,s), of an automorphic form f one can prove
certain Kummer-type congruences using various Krasner grade components, with
respect to weights, Hecke-Dirichlet characters, eigenvalues of Hecke operators
acting on spaces automorphic forms (including Atkin-type Up-operators), and the
classical Fourier coefficients of quasi-modular forms.

It turns out that certain critical L-values L( f ,s), expressed through Petersson-
type product ⟨ f ,gs⟩, reduces to ⟨πα( f ),gs⟩, where gs is an explicit arithmetical
automorphic form, α ̸= 0 is a eigenvalue attached to f , and πα( f ) is the component
given by the α-characteristic projection, known to be in a fixed finite dimensional
space (known for Siegel modular case, and extends to the unitary case).

For an algebraic group G over a number field K these L functions are defined
as certain Euler products. More precisely, we apply our constructions for the L-
functions studied in Shimura’s book [Shi00].

2.4. Constructions of p-adic analogues

The Krasner-Vuković paragraded structures are mentioned, and they play a role
here similar to p-adic weights in the Kummer-Mazur and Amice-Vélu congru-
ences. In the general case of an irreducible automorphic representation of the adelic
group G(AK) there is an L-function

L(s,π,r,χ) = ∏
pv primes inK

m

∏
j=1

(1−β j,pvNp−s
v )−1

where
m

∏
j=1

(1−β j,pX) = det(1m − r(diag(αi,p)iX)),

αi,p are the Satake parameters of π =
⊗

v πv v ∈ ΣK (places in K), p = pv. Here
hv = diag(αi,p)i live in the Langlands group LG(C), r : LG(C)→GLm(C) denotes a
finite dimensional representation, and χ :A∗

K/K∗ →C∗ is a character of finite order.
Constructions use the definition of Euler factors is only for unramified primes.

Although χ only implicitly appears on the right hand side, they admit extention
to rather general automorphic representations on Shimura varieties via the follow-
ing tools:
◦ Modular symbols and their higher analogues (linear forms on cohomology spaces

related to automorphic forms)
◦ Petersson products with a fixed automorphic form, or
◦ linear forms coming from the Fourier coefficients (or Whittaker functions), or

throught the
◦ CM-values (special points on Shimura varieties),
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3. AUTOMORPHIC L-FUNCTIONS ATTACHED TO SYMPLECTIC AND UNITARY

GROUPS

Let us briefly describe the L-functions attached to symplectic and unitary groups
as certain Euler products in Chapter 5 of [Shi00], with critical values computed in
Chapter 7, Theorem 28.8 using general nearly holomorphic arithmetical automor-
phic forms for the group

G = G(ϕ) = {α ∈ GLm(K) | αϕ
t
α

ρ = ν(α)ϕ},ν(α) ∈ F∗,

where ϕ = ηn =
(

0 1n
−1n 0

)
or ϕ =

(
1n 0
0 1m

)
, see also Ch.Skinner and E.Urban [MC]

and Shimura G., [Shi00].

3.1. The groups and automorphic forms studied by Shimura in [Shi00]

Let F be a totally real algebraic number field, K be a totally imaginary quadratic
extension of F and ρ be the generator of Gal(K/F). Take ηn =

(
0 1n

−1n 0

)
and define

G = Sp(n,F) (Case Sp)

G = {α ∈ GL2n(K)|αηnα
∗ = ηn} (Case UT = unitary tube)

G = {α ∈ GL2n(K)|αT α
∗ = T} (Case UB = unitary ball)

according to three cases. Assume F =Q for a while. The group of the real points
G∞ acts on the associated domain

H =


{z ∈ M(n,n,C) | tz = z,ℑ(z)> 0} (Case Sp)
{z ∈ M(n,n,C) | i(z∗− z)> 0} (Case UT)
{z ∈ M(p,q,C) | 1q − z∗z > 0} (Case UB),

with (p,q), p+ q = n, being the signature of iT . Here z∗ = t z̄ and ¿ means that a
hermitian matrix is positive definite. In Case UB, there is the standard automorphic
factor M(g,z), g ∈ G∞, z ∈ H taking values in GLp(C)×GLq(C).

3.2. Shimura’s arithmeticity in the theory of automorphic forms [Shi00],
p-adic zeta functions and nearly-holomorphic forms on classical groups

3.2.1. Automorphic L-functions via general quasi-modular forms.
Automorphic L-functions and their p-adic versions can be obtained for quite

general automorphic representations on Shimura varieties by constructing p-adic
distributions out of algebraic numbers attached to automorphic forms. These num-
bers satisfy certain Kummer-type congruences established in different ways compo-
nent-wise for various Krasner-type components.

In order to describe both algebraicity and congruences of the critical values of
the zeta functions of automorphic forms on unitary and symplectic groups, we fol-
low the review by H.Yoshida [YS] of Shimura’s book ”Arithmeticity in the theory
of automorphic forms” [Shi00].
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Also unitary Shimura varieties have recently attracted much interest (in partic-
ular by Ch. Skinner and E. Urban), see [MC], in relation with the proof of the
Iwasawa Main Conjecture for GL(2).

3.3. Work of Yubo Jin [YJ22], [YJ23a]

Very recently Yubo Jin (Durham UK) found in [YJ22] a nice version of the
doubling method of computing special L values [YJ22] for quaternionic modular
forms leading to their p-adic interpolation in the ordinary case [YJ23b].

Also, he tackled [YJ23a] certain more general Classical Groups (algebracity
and the p-adic interpolation) of special L-values) for certain Classical Groups (in
the ordinary case) Using the techniques of Anh Tuan DO and Krasner-Vuković
paragraded structures we wish to extend this result to the general admissible case
(for the same Classical Groups).

4. CONSTRUCTING p-ADIC ZETA-FUNCTIOS VIA ARITHMETICAL MODULAR

FORMS

Here we present a new method of constructing p-adic zeta-functios based on the
use of general arithmetical modular forms on classical groups.

This method uses only algebraic numbers coming from holomorphic and nearly
holomorphic modular forms, and quasi-modular forms.

A new method of constructing p-adic zeta-functios uses general quasi-modular
forms and their Fourier coefficients. The symmetric space

H = G(R)/((maximal-compact subgroup)K ×Center)

parametrizes certain families of abelian varieties Az (z ∈ H ) so that F ⊂ End(Az)⊗
Q. The CM-points z correspond to a maximal multiplication ring End(Az).

For the group GL(2), N.Katz [Ka76] used arithmetical elements (real-analytic
and p-adic) instead of holomorphic forms. These elements correspond also to
quasi-modular forms coming from derivatives which can be defined in general
using Shimura’s arithmeticity and the Maass-Shimura operators. A relation real-
analytic ↔ p-adic modular forms comes from the notion of p-adic modular forms
invented by J. P. Serre [Se73] as p-adic limits of q-expansions of modular forms
with rational coefficients for Γ = SL2(Z). The present method of constructing p-
adic automorphic L-functions uses general quasi-modular forms, and their link to
algebraic p-adic modular forms.

4.1. Using Krasner-Vuković paragraded components for proving Amice-Vélu
Kummer-type congruences for the corresponding L and zeta-values.

Noémie Combe’s project for the CIRM Conference 2024, related to her earlier
joint work with Yu. I. Mannin on Frobenius varieties, used Eisenstein’s series and
perhaps Eisenstein’s measure. A further project after the CIRM Conference 2024
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extending Yuri Manin’s work on δ-rings and their p-adic applications comes from
the paragraded rings by Krasner-Vuković introduced in [KrVu 87] and extended
by Mirjana Vuković in Brown-McCoy and large Brown-McCoy radicals of para-
graded rings [Vu24].

Let p be a prime number. Our purpose is to indicate a link of Krasner-Vuković
paragraded structures [KrVu87], [Kr80], [Vu01] and constructions of p-adic L-
functions via distributions and arithmetical modular forms on classical groups.

Krasner’s graded structures are flexible and well adapted to various applications,
e.g. the rings and modules of differential operators on classical groups and non-
archimedean weight spaces.

4.1.1. p-adic measures via congruences.

• Proving Kummer type congruences in the form
Definition 4.1. Let M be a O-module of finite rank where O ⊂ Cp. For h ≥ 1,
consider the following Cp-vector spaces of functions on Z∗

p : C ⊂ C loc−an ⊂ C .
Then a continuous homomorphism µ : C → M is called a (bounded) M-valued
measure on Z∗

p.
Let us define a measure with given integrals.
Take a dense family of continuous functions {ϕi = ϕsi,χi} in C (Xπ,Cp) on the

p-adic space Xπ. Then Kummer says:

∑
i

βiϕi ≡ 0 (mod pN) =⇒ ∑
i

βiL∗
geom(π,si,χi)≡ 0 (mod pN).

Each ϕ ∈ C (Xπ,Cp) can be approximated by {ϕi}i, and a measure µπ(ϕ) with
given iz µπ(ϕ) = L∗

geom(π,si,χi) 1s a well-defined limit over all approximations
of ϕ.

• From bounded measures on X to admissible measures using
hπ.p = PNewton,pd/2)−PHodge(d/2)≥ 0.

Computing critical values at s = s∗, · · · ,8∗ and prove admissibility congruences
for them as follows.
A Cp− linear mapping µ : C h → M is called an h admissible M-valued measure
on Z∗

p if the following growth condition is satisfied∣∣∣∣∫a+(pv)
(x−a) jdµ

∣∣∣∣
p
≤ p−v(h− j), for j = 0,1, . . . ,h−1.

Such µ extends to C loc−an (and to Yp = Homcont(Z∗
p,C∗

p), the space of definition
of p-adic Mellin transform).

5. APPLICATIONS TO YUBO JIN L VALUES

Although we treat here only the Siegel modular case here, the results can be
extended to the general Sp- and unitary cases (UT in Shimura’s terminology).
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5.1. Towards general constructions of p-adic L-functions for unitary groups.

In the most recent version of the paper [EHLS] by Ellen Eischen, Michael Har-
ris, Jianshu Li, Christopher Skinner, a construction of p-adic L-functions for uni-
tary group in the ordinary case was completed using p-adic modular forms. Also,
the case of Hida’s families of such forms is treated using a construction of Eisen-
stein measures.
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Krasner - Vuković (in Fundam. Prikl. Mat. (in russian) 2023, T.24, No. 3, p. 23-37 it
will appear in Springer’s J. Math. Sci. in english).

[YS] Yoshida, H., Review on Goro Shimura, Arithmeticity in the theory of automorphic forms
[Shi00], Bulletin (New Series) of the AMS, vol. 39, N3 (2002), 441-448.

[YJ22] Yubo Jin, On p-adic measures for quaternionic modular forms-1.
http://arxiv.org/abs/2209.11822v1, (23 Sep 2022)

[YJ23a] Yubo Jin, Algebraicity and the p-adic interpolation of special L-values for certain clas-
sical groups. http://arxiv.org/abs/2305.19113v1 (30 May 2023)

[YJ23b] Yubo Jin, On p-adic measures for quaternionic modular forms-2.
http://arxiv.org/abs/2209.11822v2 (31 May 2023)

[YJ23] Yubo Jin, Manuscript, Grenoble, (December 2023).
[Z13] Zemel,S., On quasimodular forms, almost holomorphic modular forms, and the vector-

valued modular forms of Shimura. arXiv:1307.1997 (2013)

(Received: January 30, 2024)
(Revised: May 27, 2024)

Alexei Panchishkin
Institut Fourier
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