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Zo-ASYMPTOTICALLY LACUNARY STATISTICAL
EQUIVALENCE OF WEIGHT g OF DOUBLE SEQUENCES
OF SETS

OMER KiSI

ABSTRACT. In this paper, our aim is to introduce new notions, namely,
Wijsman asymptotically Zz-statistical equivalence of weight g, Wijsman
strongly asymptotically Z,-lacunary equivalence of weight g and Wijs-
man asymptotically Z>-lacunary statistical equivalence of weight g of
double set sequences. We mainly investigate their relationship and also
make some observations about these classes.

1. INTRODUCTION

Theory of statistical convergence was firstly originated by Fast [6]. This
concept was extended to the double sequences by Mursaleen and Edely [14].
Lacunary statistical convergence was defined by Fridy and Orhan [7]. Cakan
and Altay [3] presented multidimensional analogues of the results presented
by Fridy and Orhan [7].

The idea of Z-convergence was introduced by Kostyrko et al. [11] as
a generalization of statistical convergence which is based on the structure
of the ideal Z of subset of the set of natural numbers. Recently, Das et
al. [5] introduced new notions, namely Z-statistical convergence and Z-
lacunary statistical convergence by using ideal. The notion of lacunary ideal
convergence of real sequences was introduced in [23].

Das, Koystrko, Wilczynski and Malik [4] introduced the concept of Z-
convergence of double sequences in a metric space and studied some prop-
erties of this convergence. Belen et al. [2] introduced the notion of ideal
statistical convergence of double sequences, which is a new generelization of
the notions of statistical convergence and usual convergence. Kumar et al.
[12] introduced Z-lacunary statistical convergence of double sequences.

Nuray and Rhoades [15] extended the notion of convergence of set se-
quences to statistical convergence and gave some basic theorems. Ulusu and
Nuray [24] defined the Wijsman lacunary statistical convergence of sequence
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of sets and considered its relation with Wijsman statistical convergence. Kisi
and Nuray [8] introduced a new convergence notion, for sequences of sets,
which is called Wijsman Z-convergence by using ideal. Recently, Ulusu and
Diindar [26] studied the concepts of Wijsman Z-statistical convergence, Wi-
jsman Z-lacunary statistical convergence and Wijsman strongly Z-lacunary
convergence of sequences of sets.

Nuray et al. [16] studied Wijsman statistical convergence, Hausdorff sta-
tistical convergence and Wijsman statistical Cauchy double sequences of
sets and investigate the relationship between them. Kisi [10] introduced the
concepts of the Wijsman Zs-statistical convergence, Wijsman Z,-lacunary
statistical convergence and Wijsman strongly Z,-lacunary convergence of
double sequences of sets and investigate the relationship between them.

Asymptotic equivalence of sequences was introduced by Pobyvanets [18];
Marouf’s work [13] was extension of Pobyvanets’s work. In 2003, Patter-
son [19] extended these concepts by presenting an asymptotically statistical
equivalent analog of these definitions and natural regularity conditions for
nonnegative summability matrices.

In [17] asymptotically lacunary statistical equivalent which is a natural
combination of the definitions for asymptotically equivalent, statistical con-
vergence and lacunary sequences was studied.

Also in [20], Z-asymptotically statistical equivalent and Z-asymptotically
lacunary statistical equivalent sequences were examined.

The concept of asymptotically equivalence of sequences of real numbers
which is defined by Marouf [13] has been extended by Ulusu and Nuray
[25] to concept of Wijsman asymptotically equivalence of set sequences. In
addition to these definitions, natural inclusion theorems are presented. Kisi
et al. [9] introduced the concept of Wijsman Z-asymptotically equivalence
of sequences of sets.

Now, we recall the basic definitions and concepts.

The upper density of weight g was defined in [1] by the formula

dy (A) = lim sup ALn)
n—o0 g(n)
for A C N where as before A (1,n) denotes the cardinality of the set AN[1,n].
Then, the family

Z,={ACN:d,(A4) =0}
forms an ideal. It has been observed in [1] that N € Z if and only if ﬁ —0
as n — oo. So we additionally assume that % -+ 0 as n — oo so that
N ¢ Z, and 7, is a proper admissible ideal of N. The collection of all such
weight functions g satisfying the above properties will be denoted by G. As
a natural consequence we can introduce the following definition.
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Definition 1.1. ([1]) A sequence {z,,} of real numbers is said to dg-statistically
convergent to x if for any given e > 0, dy (A.) = 0, where A. is the set defined
in Definition 1.3.

Savag [21] introduced new notions, namely, Z-statistical double conver-
gence of weight g and Z-lacunary double statistical convergence of weight ¢
and investigated their relationship and also make some observations about
these classes.

A double sequence = = (xj,;) has a Pringsheim limit L (denoted by P —
limx = L) provided that given an & > 0, there exists a n € N such that
|z, — L| < €, whenever k,l > n. We describe such an = (x,;) more briefly
as ”P-convergent”.

The double sequence {Ay, ;} is Wijsman convergent to A, if for each x € X

P— lim d(z,Ax;) =d(z,A) or lim d(z,Ag;) =d(z,A).
k,l—o00 k,l—oc0

In this case we write Wy — lim A ; = A.

We define d (z; Agj, Byj) as follows:
d(a;;Akj,Bkj) = d(m,Bkj) ’ it ¢ Ak] UBkj

L , ifx € Ap; U By

The double sequences {Ay;} and {By;} are Wijsman asymptotically equiv-
alent of multiple L if every € > 0, for each x € X, limy, j_,oc d (2; Akj, Brj) =
L.

The double sequences {Aj;} and {By;} are said to be asymptotically
statistical equivalent of multiple L if every € > 0, for each x € X,

1
lim — {k<m,j <n:|d(x; A, Brj) — L| > €}| =0.

m,n—00 Mn
Throughout the paper, we shall denoted by Z, be an admissible ideal of
Nz N. ~
A double sequence 8 = 0,.,, = {(k,, j,)} is called double lacunary sequence
if there exist two increasing sequences of integers (k,) and (j,) such that
ky = 0,h.=k.—k,._1 —>00asr — o0
Jo = 0, Eu:ju_ju—l — 00, a8 u —» 0.
We will use the following notation ky, := kyju, hru = hyhy and 6, is
determined by
Ly ={(k,j)  kr—1 <k <k, and ju—1 <j < ju},
qr = Gu = 2% and g = 0,7
" k‘r—l7 “ ju—l " i
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Throughout the paper, by 03 = 0,,, = {(k:, ju)} we will denote a double
lacunary sequence of positive real numbers, respectively, unless otherwise
stated.

Let 6,., be a double lacunary sequence and Zo C P (N x N) be a non-trivial
ideal.

Definition 1.2. ([27]) The double sequences {Ay;} and {By;} are Wijsman
asymptotically Zs-equivalent of multiple L if every € > 0, for each x € X,
{(k,7) € NxN:|d(z; Aj, B;) — L| > €} € Io.

. . (Th2)
In this case we write Ag; = ~

Ts-equivalent if L = 1.

By and simply Wijsman asymptotically

2. MAIN RESULTS

Asymptotically Zo-lacunary statistical equivalence of double sequnces of
sets was studied by Ulusu and Diindar [27]. It is natural question that
whether this concept will be work for Wijsman asymptotically Zs-lacunary
statistical equivalence of weight g. In this paper, we gave some answers of
this question and also we prove that Wijsman asymptotically Zs-lacunary
statistical equivalence a better tool than Wijsman asymptotically lacunary
statistical equivalence.

In this section, we define the concepts of Wijsman asymptotically Zo-
statistical equivalence of weight g, Wijsman strongly asymptotically Zo-
lacunary equivalence of weight g and Wijsman asymptotically Zs-lacunary
statistical equivalence of weight g of double sequences of sets and investigate
the relationship between them.

Definition 2.1. The double sequences { Ay, } and {By;} are Wijsman asymp-
totically Zo-statistical equivalent of weight g of multiple L if for every ¢ > 0,
0 > 0 and for each z € X,

{(m,n)GNXN: —— {k <m,j <n:l|d(x; Agj, Bij) — L| > €} > 5}612.

g (mn)
: : S(Zfa)’ : . .
In this case, we write Ay; ~ ~"" By and simply Wijsman asymptotically
Io-statistical equivalent of weight g equivalent if L = 1. The set of Wijsman
asymptotically Zs-statistical equivalent double sequences of weight g will be
denoted {S (IVLV2)9}.

For Z, = Ig , Wijsman asymptotically Zo-statistical equivalence of weight
g of multiple L coincides with Wijsman asymptotically statistical equiva-
lence of multiple L.

As an example, consider the following double sequences;
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s {(z,y) € R? : 22 + y? + 2kjy = 0}, if k and j are a square integer
ki = {1,1} ,otherwise,

and

B {(:E,y) e R?: 2?2 + 9% — 2kjy = 0},if k and j are a square integer
K41, 1) ,otherwise.

If we take Zy = Ig , since

1
m,n)E NxN:——{k <m,j <n:ld(x;Ar;,By;) — L| > ¢ 25}eIf,
fomme vy d(a: Ay, Big) — L] > €} 6 be 7]
then the double sequences {A;} and {Bj;} are Wijsman asymptotically
I,-statistical equivalent.

Definition 2.2. Let 03 = {60,,,} be a double lacunary sequence. The double
sequences {Ay;} and {By;} are Wijsman asymptotically Z,-lacunary statis-
tical equivalent of weight g of multiple L if for € > 0, § > 0 and for each
T e X,
1
{(r, u) € NXN: ——— |{(k,j) € Iy : |d(x; Ayj, B;j) — L| > €} > (5}612.
g (hrhy)
SQ(Z‘L/{/Z g

In this case, we write Ay; ~ """ By;j and simply Wijsman Z3-asymptotically
lacunary statistical equivalent of weight ¢ if L = 1. The set of Wijsman
asymptotically Zo-lacunary statistical equivalent double sequences of weight
g will be denoted {Sg (II%/Q)g}.

For I, = Ig , Wijsman Zy-asymptotically lacunary statistical equivalence
of weight ¢g of multiple L coincides with Wijsman asymptotically lacunary
statistical equivalence of weight g of multiple L.

Definition 2.3. Let 63 = {6,,} be a double lacunary sequence. The dou-
ble sequences {Ay;} and {By;} are Wijsman strongly asymptotically Zo-
lacunary equivalent of weight ¢ of multiple L provided that for every € > 0,
for each z € X,

{(r,u) ENXN:—— > |d(2;Apj, By) — L| > a} € T.
9 () 5,
. . No[Zy»)* . .
In this case, we write Ay; ~ By; and simply Wijsman strongly Zo-
asymptotically lacunary equivalent of weight ¢ if L = 1.

Theorem 2.4. Let 05 be a lacunary sequence. Then,

No[Zk,]? Se(Zk:,)

g9
Ap; Byj = Ax; "~ By,
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No|ZE,.|? _ Se(ZL,.)?
and Ay; [NWQ By is proper subset of Ay; (32) By;.

Proof. Suppose that {Ay;} and {By;} are Wijsman strongly asymptotically
Ts-lacunary equivalent of weight g of multiple L. Given € > 0 and for each
x € X we can write

> ld(x; Agjy Beg) — L| > > |d (w5 Agj, Brj) — L|
(k7j)617"u, (k7.])617‘u
|d(z;Ak;j,Br; ) —L|>e
> e [{(k,j) € Lru : |d (25 Akj, Bij) — L| > €}

and so we get

1
———— ) |d(x; Akj, Bij) — L]
eg (hrhu) (k,j)Elru

(hh)!{( ) € Iy ¢ |d (25 Ay, Bij) — L] > e}].

Hence, for each x € X and for any § > 0, we have

{(r,u) e NxN: m {(k,j) € Iy : |d(x; Agj, Brj) — L| > €}| > 5}

Q{(r,u)GNXN: > |d(:n;Akj,Bkj)—L|2€.5}GIg.

1
9(hrh) (k,5)Elru

So(Ziyr2)’

Hence we have Ay; N By;.
Now, let {Aj;} be defined as follows:

{2 B} . {[VE)} (0
{2} {2} {3} {[Vhra]} {0}
A= o) [l e o {[UR]) (O}
{oy {0} {0} {o} {0} {0}
For any ¢ > 0,
L k) €L (@ A B — L > 2] < L]
g (o) DS e RS B PR = S R

and consequently for any § > 0, we get
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{(r,u) eNxN: g(hrl-ﬂ) H{(k,7) € Iy : |d (x5 Agj, Brj) — 0] > €}| > 5}

w
>
3
)

|
c {(r,u) e NxN: SOt >§5.
Note that the set on the right hand side is a finite set and so is a member

S, g
of Ty. Thus Ay; o(Zw2) Byj for L = 0. Again observe that

! 1 Bhru BhT’u Bhru +1
e 3 (s Ay Byg) — 0= ([ L([v ]+1))
9( T u) (kyj)EIru g( r u)

Hence

{(r,u)EN XN:W > \d(m;Akj,Bkj)—Olzi}

(k,j)EIru
Vo ([P | ([ | +1
PPN Uil Gz

>

N[

|

. . . o No[Zy2]?
which evidently belongs to F (Z) as T is admissible. Therefore Ay; =~

By for L = 0. O

Theorem 2.5. Let 03 be a double lacunary sequence and d (x, Ay;) O
(d(x,Bgj)). Then,

So(TE.,)? No|zZ.,1°
Akj 9(’\‘//‘/2) Bkj:>Akj Q[NWQ] Bkj'

Proof. Suppose that {Ay;} and {By;} are Wijsman asymptotically Z,-lacun-
ary statistical equivalent of weight g of multiple L and d (x,A;)O(d (x,By;)).
Then there is a M > 0 such that

|d (x; Agj, Bij) — L] < M
for each z € X and all k,j € N. Given € > 0, for each x € X we get

1
———— > d(w; Ay, Bry) — L| =
g (hrha) (kyj)Ery

g (hrho) (k.j)Eru
|d(:Ak;,Br;j )~ L|>5
1
i T > |d (25 Akj, Bij) — L
g \lerltu (kj)Elru

|d(@;Ay;j,Br;)—L|<5

Sty L 09) € B s A, Big) — 212 |+
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Hence, for each x € X we have

{(r,u)GNXN: 1) > |d(x;Akj,Bkj)—L|25}

g(hr'a (k,j)EIru
C(ru) eNxN: 1 H(k: )€ Ly :|d (23 Ay, Bk-)—Ly>§H>i eTs.
= ) g(hrhu) ) U I R ] =9 _2M
Neo [Zvaz]g .
Therefore, Ay; '~ By;. This completes the proof. O

Theorem 2.6. For any double lacunary sequence 0y, Wijsman asymptoti-
cally Ty-statistical equivalence of weight g implies Wijsman asymptotically
Io-lacunary statistical equivalence of weight g if

lim inf J (hr hu)

AL
v g (k)

Proof. Since liminf, g(hrh“)) > 1, so we can find a H > 1 such that for

9(kru ()
g(hrhy
g(kru) 2 H.

sufficiently large r, u we have
. S(Zfa)’ .
Since Ap; ~ ~"" DBy, for every € > 0 and sufficiently large 7, v we have

1 o
C ? {k <k, and j < jy : |d (z; Agj, Brj) — L| > €}

g

> k,j) € Iy : |d(x; Ay, Br;) — L| >

= g(km)l‘{( ,J) € |d (z; Ak, B;) | > e}

> H———— |{(k,j) € Iy : |d(x; Agj, Bxj) — L| > €}|.
9 (hrha)

Then, for any § > 0, we get

{(T,u) e NxN: g(hih_u) {(k,j) € L : |d(x; Agj, Brj) — L| > €}| > 5}

Q{(r, w) GNXN:ﬁHk‘ < ky,j < juild(x; Agj, Brj) — L| >¢€}| 2H5}€Ig.

Se(ZL.,)?
This shows that Ay; 0(32) By;. O

It is kwown that double lacunary statistical convergence implies double
statistical convergence if and only if lim, sup g,s < co (see ([22])). However
for arbitrary admissible ideal Z5, this is not clear and we leave it as an open
problem.

When Wijsman asymptotically Zo-lacunary statistical equivalence of weight
g implies Wijsman asymptotically Zo-statistical equivalence of weight g7
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