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ALMOST DIAGONALIZATION OF ¥DO’S OVER VARIOUS
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This article is dedicated to Academician Mirjana Vukovic¢ on the occasion of her 75th birthday

ABSTRACT. Inductive and projective type sequence spaces of sub- and super-
exponential growth, and the corresponding inductive and projective limits of
modulation spaces are considered as a framework for almost diagonalization of
pseudo-differential operators. Moreover, recent results of the first author and B.
Prangoski related to the almost diagonalization of pseudo-differential operators
in the context of Hérmander metrics are reviewed.

1. INTRODUCTION

The main goal of this paper is to offer a brief review of some recent results on
the almost diagonalization of pseudo-differential operators with symbols in various
projective and inductive limits of modulation spaces, and spaces of generalized
functions. The results were presented at the conference in Sarajevo dedicated to
the 75. anniversary of academician Mirjana Vukovié.

Properties of pseudo-differential operators depend on the assigned classes of
symbols. Here we consider the Weyl correspondence between operators and sym-
bols, see (1.3). Apart from the classical Hormander classes (cf. [19]), certain mod-
ulation spaces are recognized to be useful symbol classes, see [13] where the tools
of time-frequency analysis are used in approximate diagonalization of related op-
erators. This approach is thereafter developed and successfully used in different
contexts, see [5] and the references given there. Let us just mention sparse decom-
positions for Schrodinger-type propagators given in [4], and diagonalization in the
framework of tempered ultra-distributions, [24].

General results from [14] are recently extended to Hormander metrics by the first
author and B. Prangoski in [23]. It turns out that the class of weights used in [23]
could be extended to the class of moderate weights (see subsection 2.2). The main
aim of this paper is to provide necessary background material for investigations
in that direction. This includes the introduction of new symbol classes as well as
exposition of results for approximate diagonalization in the context of Gelfand-
Shilov spaces.
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We end this section with an explanation of the idea behind the notion of approx-
imate diagonalization of operators.

1.1. Motivation

Let us start with a general and simple example of a matrix type operator on a
Hilbert space. Let W,, n € N, be a basis for a separable Hilbert space #, f =
Y. enanVWn € H, and A : H — H be linear and continuous. Then

Af = Z ap AV, = Z an Z bn,m‘l’m = Z Z bn,manWm-

neN neN  meN meNneN

So, A can be viewed as the action of an infinite matrix on a space of sequences:
(an)neN — (Af)mEN = ( Z bn,man)meNa
neN
More generally, instead of N x N one can observe indices in A, a discrete subgroup
of R, Such group is often represented as A Z>¢ (Z*? is the set of integer points in
]RZd), where A is a 2d-dimensional, regular matrix with determinant detA < 1. We
will also use the term lattice for such A.
For the sake of simplicity, consider the lattice points of the form

A= (ok,Bi)eA,  kicZ
i.e. A =aZe x BZ?. Then the time-frequency shifts of g € L?>(R?) are given by

d
T(N)g = Mo gig = €7 g(t — Bi), A= (0k,Bi), k-t = (k,t) = kjt;.
7

Recall that the set G(g,A) = {n(A)g;A € A} is a Gabor frame in L?*(R?) if for
every f € L*(R?) there exist ¢, c, > 0 such that

cr Y [ mMe)P < IfIF < 2 Y [(f,m(M)g)? (L)

AeA AeA
((-,+) here denotes the scalar product in L*(R?)). If G(g,A) is a frame, then there
exists a dual window y € L*(R?) such that

f=Y (frMgm@)y,  feLl*(RY). (12)
AEA
If ¢; = c; then G(g,A) is called a tight frame and Y = Cg for some constant C > 0.
If Ho(x) = e~ xR 4> 0,and A € A= 0Z9 x BZ4, of < 1, then G(Hy, )
is a frame in L?(R¥), and its dual frame 7 satisfies
YOOI+ ()] < Ce M, xeR?.
Such frames are also referred as superframes. For the details we refer to [15,21,25].
Moreover, it is well known (see [5, Theorem 3.2.21]) that for g(x) = e‘“‘x‘z, xeRY,

the set
G(g:A) = G(g,0.B) ={n(A)g:A € A}
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is a Gabor frame for L?(IR¢) if and only if o < 1. We also mention that if o > 0
and g € W(R?) are such that

a<y lg(x—ok)]> <b, xeR?
kezd
then there exists By = Po(a) such that G(g,a, ) is the frame for all § < . Here,
W (R?) is the Wiener space which consists of function that are locally bounded,
and globally in L' (R?). For details we refer to [5] (see Section 3).
Next we introduce pseudo-differential operators. Let t(A)g, A € A C R??, be a
tight frame, and for f,¢ € L?(R“) we consider expansions

fO) =Y amg@), o)=Y br(Meg(), R
AEA AEA

The Weyl-Hormander pseudodifferential operator (or the Weyl transform) a"
with the symbol a € §" (R?/) (see subsection 2.1 for the notation) is defined by

a"fx) = /R(‘;yﬁ) FHODEf(y)dydE,  feSRY).  (13)

Then we have

(@' (t.D)f(1),0(0) =( ) ar;a"(t.D)Taspig(t), Y,  bpgTapp8(t))

(k,i)ez2d (p,q) ez
= Z Z ak,ibp.,q<aw(t7D)7tock.,ﬁig(t)vnocp.,ﬁqg(t»'
ki (p,q)€Z

If we denote by A = A4, 724 the infinite dimensional matrix of the dimension
7% x 724 with elements

<aw(t7 D)nak,ﬁig(t) ) nap,ﬁqg(t»? (kv i)v (p, q) € ZZda
then

<aw(t7D)f(t)7¢(t)> = (ak,i)leZdA(bPﬂ)Zdeh (kvi)’(p7Q) € sz?

where the expansion of f and ¢ is clear.

In such a way we may represent a" as a matrix type operator whose properties
are determined by the matrix elements. Asymptotic decay estimates of these ele-
ments away from diagonal are related to mapping properties of the corresponding
operator. For that reason the term approximate diagonalization is used to describe
techniques based on these observations.

Thus, the goal is to characterize the decrease of the matrix A far from its diago-
nal. In the continuous case, instead of a matrix, we use an integral representation,
namely the short-time Fourier transform (STFT), as it will be explained in Section
2.
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2. PRELIMINARIES

In this section we fix general notation, and then proceed with basic facts on
weight functions, short-time Fourier transform, modulation spaces, and pseudo-
differential operators.

2.1. Notation

By Z,N,Np,R and C we denote the sets of all integers, positive integers, non-
negative integers, reals, and complex numbers, respectively. For x = (xj,...,x;) €
RY, and a multi-index o = (ay,...,0,) € N&, we use the notation: |x| := (x7 +
X2 X = Hj-’zlx?’, o] := 0y + ...+ oy, ol =00yl D* = D% ;=
D}'---DY, where D?j = (—id/0x;)% (j=1,...,d). We write capital letters X, Y, Z, ..
for elements in R?, and A < B means A < ¢B for a suitable constant ¢ > 0.

The symbol K CC V for an open V C R means that K is a compact subset of
V. By < we denote continuous embeddings between two Banach spaces. The
norm in L? (RY) is denoted by |- ||, 1 < p < o, and the corresponding sequence
spaces will be denoted by 1”. The Fourier transform ¥ of a function f € L' will be
denoted by

F©)= [ rwe (51 1©) = FH-E).

S(RY) denotes the Schwartz space of infinitely smooth (C*(R?)) functions which,
together with their derivatives, decay at infinity faster than any inverse polynomial.
Its dual space of tempered distributions is denoted by §"(R?).

The function f belongs to the weighted space L) (R?) if fv € LP(R), 1 < p < oo,
where v is a weight function, see below.

2.2. Weights

A function v is called a weight function, or simply a weight, if it is locally
bounded, non-negative, even and continuous on R4, Recall,

a) v is submultiplicative if, v(x+y) < v(x)v(y), x,y € R,
b) v is subconvolutive if v=! € L' and (v xv=1)(x) <v7l(x), x € RY,
¢) m is moderate if there exists submultiplicative weight v such that,

m(x+y) Sv(x)m(y), x,y € RY.

Clearly, if m is submultiplicative than it is also moderate. By M, we denote the
set of all v— moderate weights.

Example 2.1. Standard examples of weight functions are given by
Mapes(X) = ea|x|b(1 +|x))¢(log(e + |x])), a,c,teR, b>0,xeRY.  (2.1)

Properties of m, 4 ., are given in the following Lemma from [16] (see also [7]).
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Lemma 2.1. If m=my ., is given by (2.1) then

a) m is submultiplicative if a,c,t >0, and 0 < b < 1,

b) m is subconvolutive if a > 0,c,t € R, and 0 < b < 1,

¢) mis moderate if a,c,t €R, and 0 < b < 1.
In addition, if v is arbitrary submultiplicative weight then there exists r > 0 such
that v(x) < '™, x e RY

In this paper we consider weights of the form
my(x) :e"xll/x, r>0, s>0 xeR% (2.2)

By Lemma 2.1 it follows that m; =m0 is submultiplicative and subconvolu-
tiveif r >0and s > 1.

Let us briefly discuss subconvolutivity of m?, since it will be used later on.
Clearly, (m$)~' = m*, € L'(R?). For the case r > 0 and 0 < s < 1, [5, Lemma
1.3.5] gives

mxm’ ,(x) <Cm', ,, (x), x€R (2.3)

I—s

Indeed, note that simple inequality |x+y|'/* <275 (jx|'/* + [y|'/*), x,y € RY, im-
plies that

my(x+y) <m L (), xyeR:
or equivalently
m;r(x_y)m;r(y) <m’ s=1 r(x)’ Xy € Rd'

Then we obtain

me s (0= [ (e=y)m, ()dy

2.3. STFT and modulation spaces

By (f, ) we denote the dual pairing between f € §'(R?) and ¢ € S(R?), and
the dual pairing in the context of Gelfand-Shilov type spaces in Section 4.
Let

R(Z)g(r) = MeTig(r) = ¥ 5g(t —x), g€ 5 (RY)\{0}, Z=(r.&) € R¥.
The short-time Fourier transform (STFT) of f € §' (Rd ) with respect to a given
window g € S (R?) \{0} is defined as

ng(x,ﬁ):<f,n(z)g>:/ F)elt=x)e 4.

R4

The same formula over R? is given by
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Vef (X,E) = / S 00)8((t,0) = (nx))e O G Randn,  (@.5)
R2a
where X = (x1,x) and E = (§,&y).

The (cross-)Wigner distribution is given by

W8 = [ fx=Dele+ D ™ar,  fge PR, @26

and wheng € § (]Rd ) it extends to f € 5 (Rd) by duality.
If X = (x1,x) and & = (&1,&,) belong to R??, we write

W(f,8)(X,E)

= [ FGsx2) = g (g 4 () ot 680 g,
R2d 2 2

We recall that for f € §' (RY) and g € § (RY),

W(f,8)(x,&) = 2965V, £(2x,28), x,E€RY,

holds, where g*(x) = g(—x) (see [12]).

Modulation spaces are introduced by imposing mixed Lebesgue spaces norm to
the STFT as follows.

Let 1 < p,g <o and m € M,, and let g € S (R?)\{0}. Then the weighted
modulation space M4? (R) consists of f € 5" (R?) with the property

g = ([, ([, Vst e a) ") <o 27

with obvious changes if p,q = co. It is a Banach space with the norm || - ||,,»4, and
it is well known that the definition does not depend on the choice of the window
ges (Rd) \{0} in the sense that different Schwartz functions yield equivalent
norms.

The original source for modulation spaces is [9], see also [12], and the recent
monograph [5].

2.4. Pseudo-differential operators

We end this section with some remarks on the Weyl-Hormander pseudo-differential
operators given by (1.3). By a straightforward calculation one can show that for
f €S (R?) formula (1.3) is (in the weak sense) equivalent to

(@"f,g) =(aW(g.f) g€S (Rd) :
where W is the Wigner distribution given by (2.6). It is well known that the map-
ping
a’: S(RY) — §'(RY)
18 continuous.
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The relation between a" and the STFT is given by the use of the symplectic
structure on RY. This is an important observation when considering metrics differ-
ent than the Euclidean ones, see Section 5.

For (§,m) € R* we denote j(&,n) = (n,—E&), Let g € S (R?) \ {0}. Recall that
Lemma [12, Lemma 14.5.1] implies the following formula:

[(a"n(X)g,m(Y)g)| =

X+Y
Vipa <;,j(Y —x)> ‘ . X,Y eR¥, (2.8)
where ® =W (g,g) €S (]Rz‘l ) By the change of variables we obtain

| Voo (U,V)| = ‘<Gw7t <U— j‘lz(V)> g7 <U+ jlz(V)> g>

U,V € R?. Note that the standard symplectic form on R? is related to j by

(&), )] = (j(x,8),(»m)) = €.3) = (xn), xy.EmeR”

; 2.9)

Also, 0 I

0.0l =l [ % o [5]. wnanere

] 18 2d x 2d block matrix and I is

where the standart symplectic matrix {_ ] (I)

d % d identity matrix.

3. NOVEL SPACES FOR SYMBOLS OF PSEUDO-DIFFERENTIAL OPERATORS

To extend results from [23] into the framework of Gelfand—Shilov spaces given
in [5] (see Section 4) we need a careful preparation. This section contains original
material, namely the construction of particular Wiener-amalgam spaces W (L=, 4})

which are used in the definition of new modulation spaces M}, . and My, .

Then the symbols of pseudo-differential operators are distributions from M?,

~ proj,s
(o]
or Mind,s-

3.1. Spaces of sequences

We introduce spaces of sequences which are convenient for our investigations.
We note that these sequences are considered in [26] in the context of mapping
properties of the Bargmann transforms (cf. [26, Definition 3.1]).

Let A be a discrete subgroup of R?, and

mi()=eM",  rs>o. 3.1)
Then the sequence a = (a3 )yca belongs to the Banach space 7, (A) if

PN s

[|alls = [lam; [« = suplap|e"™ < ee.

AeA
We will use the notation 4 = I3 (A).
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It is well known that /;°(A) is Banach algebra with respect to convolution if and
only if v is subconvolutive (see [7]). Since m; is not subconvolutive when 0 < s < 1
(see (2.3)), it follows that A is not a convolution algebra.

We collect some of the basic properties of A4} in the following Lemma.

Lemma 3.1. Let s,r > 0.

) If0 <ry <rpthen 4;, — A} — I' where — denotes continuous embedding.
Moreover, this embedding is compact.
il) A is involutive, i.e., if a € A’ then a* = (a_) )yep € A and ||a*||,s = ||a]]rs
iii) A} is solid, i.e., if b € A} and ay < by, for all . € A then a € 4} and ||a|,; <
b}
iv) Let a,b € A’ and ¢ = axb. Then there exists ¢ € (0,1] (depending on s) such
that

ellers < lallrs Bl]s- (3.2)

Proof. We only prove i) and iv) since ii) and iii) are straightforward.

i) The compactness of the embedding is the consequence of the Kothe theory of
sequence spaces since the weights satisfy =) M 0 ag |A| = oo.

iv) Note that Lemma 2.1 and (2.3) implies that there exists ¢ € (0,1] (c =1 for
s>1orc=2"5for 0 <s<1)such that

msxm® ,(x) <m®,(x) x€RL (3.3)
Therefore, if ¢ = () )acp We obtain

el < X larpllbul < llallsl[blns (', m” (1)
HEA

S llallrslbllrsm® o (X)), A EA, (3.4)

—cr

which implies |c) |m},. (M) < ||al|-s|/b-s» A € A. The claim follows by taking the
supremum over A. O

We introduce the Frechét space (F'S— space) and the dual Frechet space (DFS—
space) of sequences, respectively, by taking the projective and inductive limit topolo-
gies:

ﬂ;roj:r&nﬂrﬁ 'q'tsnd:hg’q;? s> 0.
r—oo r—0
These spaces are nuclear, and by Lemma 3.1 it follows that the spaces 4, ,; and
A ; are closed under convolution for any s > 0. Moreover, for a given ry > 0 we
have 1
Apoj > Ay = Aipg =Ly s> 0.
3.2. Wiener amalgam spaces related to 4}

Next we introduce the Wiener-Amalgam space related to A4} when r,s > 0.
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Let C € R? be an open relatively compact set containing the origin, and let A
be a lattice in R?¢ such that R>? = |, ., (A + C). For a locally bounded function F

on R?? we set
F,= sup |[F(Y)|, AcA. (3.5)
Yer+C
Then F belongs to the Banach space W (L™, ) := W if F = (F), € 4;(A), and
the norm in W is given by | F||w; = ||F||,s. In particular, W;’ contains locally

bounded functions whose decay rate at infinity is bounded by m* (-) = e~"""

Remark 3.1. Note that W =W (L*, 4)) = W(L™, [, (A)) = L (R?4). Moreover,

»fmy.
by Lemma 3.1 it follows that 45 < I', and therefore
WS WL 1Y) =w(,

where W (I') is the Wiener space defined by (F )aca € 1! (see (3.5)).
If g € W(I') and the lattice A is sufficiently dense in R??, then G(g,A) is a frame
for L?(R?) (see [12] for details).
By taking the projective and inductive limits we obtain
Wiy = Im Wy =W (L™, ,;) and Wy, = km W) =W (L™, 43,).

proj y4
r—yeo r—0

We can prove the following Lemma.

Lemma 3.2. Let s > 0. W),
convolution. In particular,

1F+ Gllws, < [[Fllwy I Gllws, >0, (3.6)
where c € (0,1] as in part iv) of the Lemma 3.1.

and W; , are involutive algebras with respect to

Proof. Directly from the definition it follows that W, is an involutive algebra.
Note that part iv) of Lemma 3.1 implies that 4 « 4} < A4.,. Then [8, Theorem
3] implies that W « W? — W/ and the statement follows. ]

3.3. Modulation spaces related to -7}

We end the section by introducing modulation spaces with respect to A4°. For a

symbol a on R*? we define
G(a)(Y) = sup |Vo(a)(X,Y), YeR™
XeR

where ® = W (g, g), for a given window g € S(R?)\ {0}.

We say that a € M7 (R??) if G(a) o j € W?, where j(E,m) = (1, —E), (§,1) €
R4,

The space M=% (R?) is a Banach space with the norm given by

10|72 = [|G(0) © jlws-

To shorten the notation we will write M™% (R*?) := M’

- rs*
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Again, we consider the corresponding projective and inductive limit spaces

pro] s 1# K and Mmds th:oA

r—yeo r—0
It can be proved that these spaces are related to the standard modulation spaces
as given in (2.7) in the following way.

Proposition 3.1. Let g € S(RY)\{0}, and ® =W (g,g). Then

pm” (-]M@mr and Mmds UM1®mr,
r>0 r>0

Mo, = {feS'®)| sup [Vaf(X,E)le=" < oo},

X,ZcRx

where

The class of symbols M=% (R??) is an appropriate choice when dealing with pse-
udo-differential operators on Gelfand-Shilov type spaces with Hormander metrics.

4. APPROXIMATE DIAGONALIZATION IN GELFAND-SHILOV SPACES

In this section we first recall the definition of standard Gelfand-Shilov spaces,
and then recall the results from [4] and [5] which are necessary when extending
results from Section 5 to weights that decay at infinity faster then the inverse of
any polynomial. Basic facts of Gelfand-Shilov spaces can be found in the original
source [11].

Let 5,¢,A,B > 0. We start with the Banach space Si’g (R?) consisting of func-
tions f € C=(R?) with the finite norm

3¢9 £ ()]
||f’|5tf~;; = a.BeSI\Il‘léchRdA‘a‘B‘Mu!tB!S‘

Then, by taking projective and inductive limits we obtain

= lim S S= lim Sy
A>0,B>0 A>0,8>0

Let us denote §; , for X} or §;. Also, the usual notation for isotropic spaces is
S*(RY) for SS(RY),s > 1/2, and X¥(R?) for £(R?),s > 1/2.

The following results from [5] give rise to approximate diagonalization when
considering the Euclidean metrics.

Theorem 4.1. [5, Theorem 5.2.7] Let s > 0,m € M, (Rd) L8 EM v®1 (R ) \{0}
such that
8%l gy < 0y, e,
for some C > 0. If f € C™ (Rd ) the following conditions are equivalent:
(1) There exists a constant C > 0 such that

10%£(x)] < m(x)C¥(a))*, xeRY oeN.
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(i1) There exists a constant € > 0 such that
1
Vef (5,8)| Sm(x)e ™, x&eR™ ae N

Theorem 4.2. [5, Theorem 5.2.10] Let s > 1/2 and m € M, (R*?).
a) If1/2 <slet g € S5 (R?).
b) If1/2 < slet g € X5 (RY).
Assume the following growth condition on the weight v:
v(z) S " e R,
for every € > 0.

Letae C” (de). Then the following are equivalent:
(1) The symbol a satisfies

10%(z2)] <m(z)C* (), zeR™ ae N,
(ii) There exists € > 0 such that

1
@ aeatgl sm(“35 ) e awerd @)

Theorem 4.3. [5, Theorem 5.2.12] Let s > 1/2, g € S (RY), m € M, (R*?), and
let G(g,A) be a Gabor superframe for L* (]Rd ) IfaeC” (Rz‘l), then the following
properties are equivalent:

(1) There exists € > 0 such that the estimate (4.1) holds.
(i1) There exists € > 0 such that

. ST
@ a0 Sm (5 )e B Auen

Now we state a result on approximate diagonalization in the spirit of [14]. The
proof follows from a careful inspection of the proofs of Theorems 4.1, 4.2, and 4.3,
and will be given elsewhere.

Here below 4; denotes 4

proj
(==}
or Ml.n A

or 4

ind>

W, stands for W3

s Vil
oroj OF Wy, and by M

we denote My, ¢

Theorem 4.4. [5, Theorem 5.2.12] Let s > 1/2 and g € S*(R?). Then the follow-
ing are equivalent:

a) aeMz

*,87

b) There exists H € W} such that
[(a"n(X)g,m(Y)g)| <H(Y —X), X,YeR* 4.2)
c) There exists a sequence h € A3 (A) such that
(@' n(u)g, 7(V)g)| < h(V—p), mVEA.
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5. EXTENSIONS ON THE SPACES WITH THE HORMANDER METRIC

In this section we present some general results from [23] in the context of tem-
pered distributions, and symbol classes S(M,g), see (5.1). Extension of these re-
sults to Gelfand-Shilov spaces and their dual spaces of tempered ultradistributions
is a highly nontrivial task and will be the subject of our future investigations.

Before explaining the main results, we need to recall necessary notions related
to the geometry in the observed spaces. We refer to [20] for more details on the
subject.

We assume that a Riemannian metric g on R?? is a Borel measurable section of
the 2-covariant tensor bundle 727T*R?? that is symmetric and positive-definite at
every point. The corresponding quadratic forms are denoted by the same symbol:
gx(T) :=gx(T,T), T € TyR*!. For each X € R, we identify R? with TxR??
that sends every ¥ € R* to the directional derivative in direction ¥ at X. Let
T € R*\{0}. We denote by dr the vector field on R>? given by the directional
derivative in direction T at every point X € R*. We denote by 6 : R2¢ — R?? the
isomorphism induced by the symplectic form; notice that‘'c = —c, oy € L(R*|R),
ox(T)=[X,T], T € R?. Let g be a Riemannian metric on R* and, for X € R*,
denote by Qx : R* — R?? the isomorphism induced by gx. In particular, Qy is
2d x 2d diagonal matrix with elements gx(E;,E;) where {E; 31 , is the basis of
R,

For X € R?, set 0% ::tGQ)}lG :R* — R and let g%(T,S) := (QST,S), T,S €
R?¢. Then g° is again a Riemannian metric on R?? called the symplectic dual of g;
it is also given by

3= sup [1.SP/gx(S).
SER2\ {0}

The Riemannian metric g is said to be a Hérmander metric [18] (i.e., an ad-
missible metric in the terminology of [2,20]) if the following three conditions are
satisfied:

(i) (slow variation) There exist Cy > 1 and r¢ > 0O such that
ex(X —Y) <r§=Cy'gy(T) < gx(T) < Cogy(T),
for all X,Y,T € R*,
(i1) (temperance) There exist Cy > 1 and Ny > 0 such that
(gx(T) /gy (T)) ™' <Co(14g3(X —Y))¥, forallX,Y,T € R,

(iii) (the uncertainty principle) gx(T') < g%(T), forall X, T € R?.

Next we need an admissibility condition. For a given metric g, a positive Borel
measurable function M on R? is said to be g-admissible if there are C > 1, r > 0
and N > 0 such that
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gx(X—Y) <P =C'"MY)<M(X)<CM(Y), and
MX)/MYNT <C(1+g3(X—Y)), forallX,y e R

All the constants mentioned above are called admissibility constants.
Given a g-admissible weight M, the space of symbols S(M, g) is defined as the
space of all a € C*(R??) for which

O(x:
Ha||(sla/l ) = sup sup la (XZ’TI’”"TIN <oo, VkeN. (5.1
sk xern MX)TT— gx(T))'?
Ty,...1ER*\ {0}

With this system of seminorms, S(M,g) becomes a Fréchet space. One can
always regularize the metric making it smooth without changing the notion of g-
admissibility of a weight and the space S(M,g); the same can be done for any
g-admissible weight (see [18]).

For any symbol a € S(R??), we consider the Weyl quantization a", see (1.3).
This correspondence extends to symbols in §’(R?¢) in a usual manner, and in this
case a" : S(R?*?) — §'(R?) is a continuous mapping. For any a € S(M,g) with
a g-admissible weight M, the operator " is continuous on $(R?¢) and uniquely
extends to an operator on §'(R?) (cf. [18]).

5.1. The symplectic short-time Fourier transform

We extended in [22] the short time Fourier transform to the spaces of functions
over the ground space equipped with the Hormader metrics with the aim to ana-
lyze the almost diagonalization of a class of pseudo differential operators that is,
the estimate of the action of a pseudo-differential operator on wave packages ac-
commodated to the involved metrics.

We denote by % the symplectic Fourier transform on R%¢:

TGf(X) — / e—ZTEi[X7Y]f(Y)dY’ f c Ll (de),

R2d
recall that 7 %5 = Id. ([X,Y] is the symplectic product)
Let ¢ € S(R?/) and set @y := @(X), X € R??. We define the symplectic short-
time Fourier transform Vy f of f € §'(R??) with respect to ¢ as

Vof (X,E) := Fo(f0x)(E) = (f,e ™Egy), X,E e R™.

When f € LE ),S(de) for some s > 0 (| - | is (any) norm on R??), we have

Vof (X.E) = [ e =N yox(V)ay.

R2d

1+

The mapping Z — e~ 2%, from R? to the space of ¢ such that [|o(®)(-)(1+] -
)71z < oo, for every o € N¢, is well-defined and smooth. Therefore the mapping

(X,8) > e MG, from R¥ xR¥ — §(R*),

is strongly Borel measurable. Consequently, the function
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(X,B) = Vpf(X,E) from R* xR* —C,
is always Borel measurable, and if @ is of class C¥, 0 < k < oo, then
Vof € CHR* xR*™), 0<k< oo,
For the study of 74, we consider the Fréchet space
. 2d , 2d
fim LGy 1 (R x RT),

Nad
and the inductive limit (LB)-spaces,

. roo 2d ., m2d - 2d |, 2d
h_r)nL(HH)_;(]R x R ), and ILDL(IJFH)—y(R x R )
§—o0 §—>00
We note that | - | is any norm on R?? x R?? and none of these spaces depend on
the particular choice of |- |. We have the following embeddings:

S(R?* x R?) — li%nL‘E‘iH_DS (R* x R*) — lim L{; |y (R* x R*)

S—yo0
< lm L{, ) (R X R s §'(R¥ x R). (5.2)
Ss—yoo

The following assertions are proved in [22]:
(1) The sesquilinear mapping
S'(R*) x S(R*) = lim L}, )~ (R¥ x R¥), - (f,0) = Yo, (5.3)
S—o0
is well-defined and hypocontinuous. Furthermore, for any bounded subset

B of §'(R*@) there is s > 0 such that Vpf € L‘("iﬂ_‘),s(Rz‘i), for all f € B,

¢ € S(R??), and the set of linear mappings

SRY) = L7, )R xR¥), o= Vf,  fE€B,
is an equicontinuous subset of £(5(R*? )L ) (R x R?4)),
(i1) The sesquilinear mapping

SR X R*) — im L, o (R* xR*), (y,0) = Yy, (5.4)
S§—ro0

is well-defined and continuous.

(iii) Under a suitable (geometric) condition, and if ¢ € §(R??), then the conjugate-
linear mapping S(R*) — S(R?* x R*), y — Yy, is well-defined and con-
tinuous.

Our main result in [22] is devoted to the almost diagonalization of a € S(M, g).
We present a result which is a consequence of the main theorem in [22]. Recall,
R?? is occupied with the symplectic structure [(x,), (y,1)] = (§,y) — (M, x).

We denote by W&" the topological isomorphism over the Schwartz space S (R2),

PEh: S(RYM) — S(RM), (¥5"0)(Y) = @(0x /Y)Y € R¥,

and we extend it, by duality, to the topological isomorphism
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1/2
WL §(RM) = §'(RM), (WEEf,9) = |detOx V2 (f,000¢).  (5.5)
In the simplest case when the metric g is symplectic (g = g°, see below), then

our main Theorem in [22] has the following form: for each N € N,

R xR* 5 (X,2) = M((X+Z)/2) 7 (1 + gxsez (X —E))V (5.6)

<(‘P§’;§Ea>wn ((Q%)l/zx) xm ((Q¥)1/23> X>2

This is a generalization of the result of Grochenig and Rzeszotnik [14, Theorem
4.2 (i)-(ii)], since when g is the Euclidean metric on R?*? and M(X) = 1 (which
corresponds to the Hormander class 58,0)7 then ‘P§(’L =1d, Qx =1d, VX € R* and

X € L*(R* x R*).

(X,E) = (X = E)"[{@"n(X)x, n(E)x)| € L™ (R™).

The right hand side of (5.6) can be explained by the use of simplectic and meta-
plectic transformations. Denote by M p(R??) and Sp(R??) the spaces of metaplec-
tic operators and of symplectic transformations over R24 (cf. [10], [20]). Note that
the interesting approach to the analysis of metaplectic transforms is given in [6]
as well as in [10]. The so called lifting theorems using the Héormander metric are
considered in [1] and [17].

Let IT be the surjective homomorphism IT : Mp(R?¢) — Sp(R?¢). Since Q)](/ e
Sp(R?9) for each X € R, there exists @5 € Mp(IR*?) such that

(%) =0, and (Woa)” = (8%)'a" D%, acS'(R¥), X e R¥.
Letty, X € R bea metaplectic operator
Tk =028y (. —x), k(X,E) € S(R¥).
Clearly, T(,z) = e ™®&7(x,&). Then, since
QTy Q" = Tpyq)x for all Q € Mp(R*), X € R*,

(see [10, Theorem 7.13, p. 205]) we infer that for each X,Y € R, n(Q)l/zX) is
equal to (P} )*n(X)®D} up to a constant of modulus 1. Thus, (5.6) is equivalent to
the following: for each N € N,

(X,E) = M((X+E)/2)" (1 +gxz (X — )"
X ‘<awn(X)CD"§%3x,n(E)CD§%Ex>‘ € L°(W x R2),
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