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ABSTRACT. In this paper, we consider the boundary value problem for the
Sturm-Liouville type equation with the fixed delay % and a non zero initial func-
tion under transmission conditions at the delay point. We study the case when

all parameters within the transmission conditions are known and the potential

function is known on the interval (0,%). We will prove the uniqueness theo-

rem from two spectra, first with Neumann boundary conditions and second with
Cauchy boundary condition. Additionally, we will present an algorithm for the
construction of the potential function over the interval (5,7).

1. INTRODUCTION

Inverse spectral problems are generally defined as the determination of operators
using some known spectral characteristics. Such problems have been successfully
solved for various classes of operators or boundary value problems (BVPs). One
of the most important classes of the BVPs are BVPs generated with the Sturm-—
Liouville differential equation —y”(x) + g(x)y (x) = Ay(x) under different kinds
of boundary conditions, so-called classical Sturm-Liouville problem(inverse or di-
rect). A very important paper in inverse spectral theory devoted to this class BVPs
is the paper of Borg [1], who proved that an L'-potential is uniquely recovered from
two spectra (sequences of eigenvalues) of boundary value problems with a common
differential equation and one common boundary condition at x = 0. In addition to
this result, many mathematicians contributed to the determination of the opera-
tor generated by the Sturm-Liouville differential equation based on other spectral
characteristics and we can say that this inverse problem is fully solved. One of the
directions for further research was BVPs generated with a Sturm-Liouville type
differential equation with a constant delay —y”(x) + g(x)y (x —a) = Ay(x). Most
of the papers ( [2,4-9, 13—15]) in this direction are devoted to BVPs defined with
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this differential equation together with different kinds of boundary conditions and
initial functions equal to zero. In the paper [3] authors defined and solved Borg-
type inverse problem for BVPs generated with Sturm-Liouville type differential
equation with a constant delay and non zero initial function. In the paper [3], the
authors make the assumption that initial function is a constant function, denoted as
¥(0), where y(0) # 0. This assumption is made without a loss of generality.

The focus of our research in this paper is Borg-type transmission inverse prob-
lem for boundary value problems (BVPs) generated by the differential equation
with a constant delay, where the delay is known and equal to 7 and the initial func-
tion is not equal to zero, which is defined similar like in the paper [3] but with an
essential difference in that BVPs in this paper defined with discontinuity conditions
at the delay point or we can say that in this paper we study transmission inverse
problem.

Boundary value problems with discontinuity conditions, as well as inverse prob-
lems dedicated to this BVPs or transmission inverse problems, have attracted the
attention of many researchers ( [10—12]). In the paper [10] the authors successfully
solve a transmission inverse problem for a BVP generated by a Sturm-Liouville
type differential equation with a constant delay, under discontinuity conditions at
the delay point, where the delay is greater than 7. Additionally, in the paper [16],
the authors solve the inverse problem for the same BVPs where the delay is equal
to 5. It is important to mention, both of these papers are devoted to BVPs with
the initial function equal to zero. Boundary value problems containing discontinu-
ities within the interval are prevalent in various disciplines such as mathematics,
mechanics, physics, geophysics, and other branches of the natural sciences. Fre-
quently, these problems arise in association with materials exhibiting discontinuous
properties.

This paper is devoted to studying two boundary value problems, denoted as Ly
and L1, characterized as follows. The boundary value problem Ly is defined with
(1.1, 1.2, 1.3, 1.5) and the boundary value problem L, is defined with (1.1, 1.2, 1.4,
1.5), where:

—"(x) +q(x)y (x— g) =Ay(x),x € (0, g) U (g,ﬂ:) , (1.1)
Y(0)=0, (12)
y(m) =0, (1.3)
y'(ﬂ?) =0. (1.4)

The jump conditions are:
T LY L 1Y T
r 0):19 (7—0),’(7 0)2!)”’(——0) (f—o). 15
y<2+ Y13 yizt Y3 tor(3 (1.5)

The following notation is used: A is the spectral parameter; g(x) is a complex-
valued function which we call potential, such that g € L*(0, 7).
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We assume that g(x) for x € (0,7) and real parameters b, c are known. Also we
assume that the initial function y (x — %) = y(0) on [0, 3].

It is known that both spectra Ly and L; are countable. Let (A,,);._, be the eigen-
values of Lo and (u,);>_, be the eigenvalues of L;. We will prove the Theorem of
uniqueness for BVPs Ly and L;.

Considering the assumption that the potential g is known at (0, %), the inverse
problem is to prove that ¢ is uniquely determined on the interval (3,7) from
(An)p_y and (un )y, and find g from (A,);7_; and (1) ;.

2. PRELIMINARIES

Let the function Y;(x) be the solution of the differential equation (1.1) on the
interval (0,%) satisfying initial conditions ¥ (0) = 0,¥;(0) = 1. From these con-
ditions we conclude y (x - %) = 1 on [0, 5] and since the differential equation (1.1)

has the form -

=" (x) +q(x)y ( - 5) =My (x)

“), we solve this differential equation and we have

on the interval (0,3

1 X
Y1 (x) = coszx+ — /q(t) sinz(x —1)dt,
z
0

where A = 22
The differential equation (1.1) on the interval (%, TC) has the form

() +a@y (x= T ) = M),

1.€.
P

—y"(x) +¢q(x) |cosz ( — g) + i /zq(t) sinz (x— g —t) dr| = 22y(x).
0

Using the method of variation of parameters we have the general solution of the
differential equation (1.1) on the interval (%,n)

X
Ccos T
Y2(x) = Cycoszx+C, sinzx—TZx/q(t) sinztcosz (I—E) dt

[S]

x =3 . X
T T
_coszzx//q(t)q(tl) sinzzsinz <t_§_tl> dtldt—i—w/q(t) COS 2t COSZ <t_§) dt
z Z
T T
2

2
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Since

T

Y (g—O) :cos?+i/q(t)sinz(g—t>dt,
0

2

L . W L
Y/ <5—0> = —zsm%—k/q(t)cosz (§_t> dt,
Y, <g+0) Cicos — 2 —i—CgstTE

2’

o o
Y2' <§ —1—0) = —zC4 sm > —|—zC2 cos Zz

from transmission conditions (1.5) we have

b
ClcosﬂqLCzsing:bcongrf/q(t)sinz(——t)dt,
2 2 2z

[SE

—zClsm > +zC2cos§ —bzsin & > +b / ()cosz(%—t)dt
0

[SE

T L
+ccos % + % /q(t) sinz (5 — t) dr.
0

This system of linear equations has a unique solution

1 . n QZTC Cc .
Ci=b Ysin? 2= 4 bcos? == — —sinzn
2 2 2z

T

2 3
b b1
+ <Z cos %—Z% sin Z;)/q(t) sinz (g-r) dt—7 sin ?/q(t) 4 (g—t) dt,
0 0
and

T
2

c b—b' . 7:+C 2z75+ b . zn+c n / (o)si <TC t)dt
= sin Zcos? =4[ Zsin=4—cos = sinz [ =—
2 2 o 2 7z 2 Z 2 9 “\2

0

1

b
—l——cos—/q cosz (f—t) dt.
Z 2

From (1.3) we have the characteristic function of the boundary value problem Lg
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Fo(z2) =Ap(A) =Ya () = ! /q(t) sinz(m—t)cosz <t— g) dt

+—= // q(ty)sinz(m— t)mnz(t—g—tl)dtldt
+ bcoszn+ S / sin (n t)a’t
Lt n inz (= —
z 2 z2 qir)sinz 5

b! b—b' b+b! c .
—i——sm— q(t)cosz (——t) dt+ + coszn+—sinzm, (2.1)
Z 2 2 2 2z

[SE)

and from (1.4) we have the characteristic function of the boundary value problem
L

FiQ)=A(N)=Yi(m) = / g(r) cosz(m—t)cosz (12 ) dr

+- // f1)cosz(m— t)smz(t—g—t])dtldt
< bs1n?—|— cos)/q sinz <§—t>d
0

?
b+b!
+b! cosg/q(t)cosz (E—t> dt—z i
2 2
0

N\Fl

C C
inzmw+— T+—. (2.2
sinz —I—zcosz +2 2.2)

The functions Ag(A) and A; (A) are entire in A of order 1/2. It is clear that the set
of zeros of functions Ag(A),A; () is corresponds to the spectra of BVP Ly, L, re-
spectively (see [2]). By using Hadamard’s factorization theorem we conclude that
the spectra of the BVPs L and L; uniquely determine the functions Ag(L),A; ().

3. MAIN RESULTS

After elementary transformations of the products of the trigonometric functions
into sums/differences, the characteristic functions transform into
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1 o
_272//Q(I)Q(tl)cosz<§—t1>dtldr
0
b n c . 7N . T
+ —cos——l—fsm— Q(f)San<f—t>dt
Z 2 Z2 2

P
+—sm—/q cosz(f—t)a’t
Z 2

0
+b7b_ +b+b_l T+ < sinzn
COS — S1n
2 2 b et

Y
1 3
Fi(z) = f/q(t)cosz T o) di4 = cos—/q
2 2
17 3
) T
—Z—Z//q(t)q(tl)smz (2—2t—|—t1>dt1dt
0
1 . T
oo [ [ aasinz (3 —n) dnar
T T ; T
+ <—bsinZ2—|—zcosZ2> /q(t)sinz <§—t> dt
0
T ; T
+b_lcos%/q(t)cosz(§—t) dt
0

btb! sin TC—I—SCOS 7c—|—S
2 dirp sty

and

[N

3.1

3.2)

Lemma 3.1. If (A,);_, are the eigenvalues of Ly and (u,);_, are the eigenvalues

I
of L, then the integral [ q(t)dt is uniquely determined by (A,);_, and ()5,
%

Proof. In (3.2) we put z = 4n, using ¢ € L*(0,7), and then obviously

/ g(1)di =2 Tim (Fy (4n) —c).

g
2
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Now, we define functions ¢*, 01,0, : [0,n] — C

* _ q(t—i_%): IE[%,%]
q ()= { 0, otherwise

n2s—72t
I a(t)q(tn)dndr+
2s 0
O1(s) =4 25 223
[ q)q(n)dnde, sel[3,5]
s+g 0
) 0, otherwise
n 2-2s—% 3
t)q(ty)dndt, sée Evj
Os(s) = S{% of q(1)q(t1)dn [z, 3]

0, otherwise

Since g € L?(0,7), it is obvious that ¢*,Q1, 0> € L?(0,).
We introduce notation

ac(z) = /;q(t)cosz (3275 - 2t> dt = /On q*(t)cosz(m—21)dt,

@)= [

F‘I\)\?-l\

) 3n T
q(t)sinz <2 —Zt) dt :/ q"(t)sinz(m—2t)dt .
0
T

B, :/Ql(s)cosz(n—2s)ds,Bls:/Ql(s) sinz(m — 2s)ds,
0 0

By, :/Qz(s) cosz(m—2s)ds, Bys = /Qz(s) sinz(m — 2s)ds.
0 0

Let’ s notice that

[SIE]

wi-
1 3
Tzz//Q<t)Q(tl)COSZ (275—2t+t1)dt1dt

L

2

7\',
ni—3

1 T
s [ [ awateosz (5 -0 anar =
T 0
2

. nt-3-4-%

:*// q(t)q(t)sinz (m —2s)dsdr dt,
F4
70 4z

and
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[_,

3
// q(t;)sinz <2n—2t+t1>dt1dt
=3

v/ 0/ a(t)gln)sinz (5 —n ) dndr =

mi-fi-d o]
:// /‘ﬂmmowum—%mmmm
70 I+4%

By substituting the order of integration into these triple integrals and by applying
the introduced notations we obtain characteristic functions Fy(z), Fj(z) in the form

1 b—b' b+b!

1
Fy(z) = 2—Za5+2—sm—/ t)dt+ — (Bls + Boy) + 5 + 5 COSZM

%
b
+ 2% sinzm+ <Z cos % + Z% sin Z;) /q(t) sinz <g —t) dt
0

b' 7 I
—sin— t ——t)dt
+ . s1n2/q()cosz(2 ) ,
0
1 1 +b7!
Fl(z)ziac—kicos—/ (t)dt + By + By — sinzmw
2

c c

+2coszn+2+< bs1n—+f >/q sinz ——t)dt

0

%
+b! cos? /q(t)cosz (g —t) dt .
0

We introduce functions

b—lflerer'1
2 2

M(z) ZzFo(z)—;sinZ;/q(t)dt_Z[

c .
COSZT+—SInzm
2z
b
2

a

T

3 2
— <bcos ?—i—% sin Z;)/q(t) sinz (g-r) dt—b'sin ?/q(t)cosz (g-r) dt,
0 0
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1Y
1z b+b!
N(z) :Fl(z)—icos%/q(t)dt— [—z 5 sinzn
%

%
— (—bsinZ;—&—Zcos Z;) /q(t)sinz <g —t) dt
0

—b 'cos ? /q(t)cosz (g —t) dr.
0

+Zcoszm -
— COS —
2 COPT S

[SIE}

Considering the assumption that the potential is known at (0, %), the integrals

3 3 7

E)fq(t)dt ;bfq(t) sinz (5 —1) dt; qu(t) cosz (5 —1) dr are also known. Using Lemma
3.1 and since the parameters b, c, functions Fy(z),F1(z) are known, the functions
M(z) and N(z), defined as above, are also known or ordered by spectra (A,);"_; and

(tn )y -
On the other hand using the form of the functions Fy(z),Fj(z) we have that the

expressions M(z) and N(z) are equal to

1
M(Z) = Eas + Bis+ Bay,

1
N(2) = 5ac+ Bic+ Bac.
If we put z=m,m € Z in last two equations and multiply them by i #ezm and

(=D" 2imt ; . : ; ;
— e~ respectively, after summing we obtain the integral equation

£6) = 30 () +Q1(0) + Q0. (3
where f(t) is

_1ym ,
70 =X, S b1 (m) + Ny 2
mez T
Theorem 3.1. Let (A,);_, and (u,);_, are the spectra of boundary spectral prob-
lems Ly and L, respectively, then the potential q is uniquely determined by (A, )5,
and (uy, )5, on the interval (0,T).

Proof. The potential ¢ satisfies the integral equation (3.3) and we will show the
uniqueness of the solution of this equation. In other words, given that the potential
is known on the set (0 “), we will show that it is uniquely determined on the set

)
[3.7].
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-Fort e [0,%]andz € (%”,n], the integral equation has the form

f(t)=0
and it does not give us information about the potential.

-Fort e (3, %Tn}, the integral equation has the form

£(6) = 34°(0) + 0200

which can be transformed into

1 T o 2623
flo)= q(t + ) +/ / q(t1)q(tr)dtydt,.
2 4 +5J0

Introducing that # + 7 = s, we obtain

f<S— Z) = %q(S) +/sn61(t1) [/02t12S61(t2)dt2} dr.

The expression [ fOZ“_zsq(tz)dtg] represents the kernel of Voltaire’s integral equa-
tion by s and it is known. Then we conclude that the potential g(x) is determined
on (3£, 7] because s € (3, 7].

- Fort € (§,7], the integral equation has the form

£l = 34" (1) + 10

which can be transformed into

70 [ a0 a0 [ e + 1y g0)

26 -2t—3

q(tz)dtz} dh

3

1 T T 2-3
—ga(+ )+ [ a0 gl [ i
2 4 t+% 0

26 -21—%
1y 0 (11) /0 Q(fz)dfz} dn .

The left side of this expression is known and we denote it by f;(z). We conclude
that the starting integral equation transforms into Voltaire’s integral equation i.e.

1 T 2-3
70 =a(r+ 5 )+ [ a0 o [ ate

26 -21—5
L1 o (fl)/o q(tz)dtz} dt .

Introducing that 7 + % = u, we obtain

fi (u—Z) = ;q(u)+/u4q(tl)K(u—Z,z‘l)dtl,
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which represents Voltaire’s integral equation by u. We conclude that the potential
g(x) is determined on (%,2%]. The theorem is proved. O

Let us state the following algorithm for solving the given inverse problem before
concluding the paper.

Algorithm:
1. We determine the characteristic functions Fy(z),F;(z) of boundary value
problems Lo, L; respectively, from spectra (A,)>_; and (u,);_; using
Hadamard factorization theorem.

n=1

T
2. We determine the integral [ ¢(t)dt using Lemma 3.1.
%
3. We define the functions M(z) and N(z) which are known from the spec-
tra, Lemma 3.1 and the initial assumption that the potential g is known at

T
0,3)-
4. We construct an integral equation by potential g and solve it by observing
the mentioned segments.

5. In this way we show that the potential ¢ is uniquely determined from two

spectra on (5,m).
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