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THE FIRST REGULARIZED TRACE OF THE STURM-LIOUVILLE
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Dedicated to our dear professor Mirjana Vukovic for her jubilee

ABSTRACT. This paper deals with the boundary value problem for the operator
Sturm-Liouville type D?> = D?(h,H,q1, 42,7, ®) generated by

2
—"(x) + ; qi(x)y(x —it) = Ay(x), x € [0,7]

Y'(0) = hy(0) =0,y (m) + Hy(m) = 0
where g <1< g, h,H € R\ {0} and A is a spectral parameter. We assume

that g;, i = 1,2 are real-valued potential functions from L;[0,7]. We establish a
formula for the first regularized trace of this operator.

1. INTRODUCTION

In addition to spectrum, decomposition and inverse problems, determining the
trace of an operator is one of the basic tasks in the spectral theory of differential
operators (see: [12]). The formulas for the trace of the operator can be used to find
the first eigenvalues of the operator when solving the inverse spectral problems,
as well as to determine the spectral function of the operator. The role of the first
regularized trace is particularly important in solving inverse spectral problems for
operators generated by differential equations with delays (see: [4], [6], [7], [20]). It
has been showed that the first regularized trace leads to the answer to the question
about sufficient conditions for two sets of numbers to be eigenvalues of a Sturm-
Liuville type operator with delays (see: [1], [2], [8], [9], [10], [13], [14], [15], [16],
[17], [18], [19] ). These conditions for the classic Sturm-Liuville operator are given
in [5].

2. THE CONSTRUCTION OF THE SOLUTION OF THE BOUNDARY VALUE
PROBLEM

We deal with the boundary value problem:
=" (%) + q1(x)y(x =) + q2(x)y(x — 21) = Ay(x),x € (0,7] 2.1
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y(x—21) =y(0)9(x —21),x € [0,21],0(0) = 1 (2.2)
y'(0) —hy(0) =0 (2.3)
y(n +Hy( )=0 (2.4)

where q1,¢92 € L[0,7t] and § <1t < 7, h,H € R\ {0} and A is a spectral parame-
ter. Solving the equation (2. 1) with conditions (2.3) by the method of variation of
constants, we obtain the integral equation

h 1
y(x,2) = cosxz+ —sinxz+ — [ qi1(¢)sinz(x —1)y(t —,z)dt
z z

+ l / g (1) sinz(x — )y(t — 25, 2)dt 2.5)
0

where 72 = A.
By the method of steps it can be easily verified that the solution of integral equation
(2.5) on (27,m| is

h 2
y(x,z) = cosxz+ fsmxz—i— [Z as’ (kt,x,z2) Z asc (kT,x,2) }
k=1 k=1

1
+;2 [ §21 )(’C 2T, x z)Jra(1 2)(T,x,z)+ S 1)(21 x z)}

1 2
+ z [agc)(Z’c,x,z) +h Z ag’;) (kt,x,2) Z 2’5 X,z ]

k_l =1
Z [ha(3 )(21: x,z)+ Z as 2’5 X z)} (2.6)
where
ql(t = ql(t)(p(t_T)’t € [O’T]a

)
¢2(t) = q2(t)9(t —21),t € [0,21],
1 (t)sinz(x —1)dr, x € [0,7]

Gi(t)sinz(x—1t)dt, x € (t,21]

aEC)(kt xX,z7) =

ag) (kt,x,2) =

a?(21,x,2) = / dr(t)sinz(x—1)dt, x € (0,21,
OX
ktx
k[
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’C X, Z /q1 l1 / l2) SlIlZ( —tl)sinz(tl —’C—lz)dlzdll,
0
(L1) ~ . .
ap (’C,Z’c,x,z) = ql(z‘l) q1 (l‘g) San(x—tI)SIIlZ(l‘l —’C—l‘z)dl‘zdl‘l,

0
T

aizl’l)(Z’c,x,z) = /ql(n)/q (t2) sinz(x —t1)sinz(t] — T —tr)dtrdty,
0

( )(2’5 X,2) /q1 1) /q1 ) sinz(x —1)sinz(t; —T—12) cosz(tr — T)dhdt,

l] T
2‘c X,2) /q1 t) / () sinz(x — 1) sinz(f; — T —1p) sinz(t, — T)dnrdty,

(1 &) (21,x,2) =

Py n—- Hh—7T

/ql(tl) /ql(l‘z) /cjk(t3)sinz(x—t1)sinz(t1—’c—tz)sinz(tz—’c—t3)dt3dt2dt1,
0

21 T

Py -2
2P (21,x,2) = / o (1) / Ge(t2) sinz(x — 1)) sinz(t) — 20— 12)diadty k= 1,2.
2t 0

3. CHARACTERISTIC FUNCTION. ASYMPTOTIC PROPERTIES OF THE ZEROS
OF THE CHARACTERISTIC FUNCTION

Denote
F(t,z) =y (m,z) + Hy(m,z)."

For x =7 from (2.6) we get the characteristic function

hH 0 > ®
F(t,z) = <— z+> sinmz+(h+H) cosnz+2ac (kT,Z)+ZaC2 (kt,2)
k=1

1 2
—|—Z[HZ g)(ktz—&-HZasc k’cz—i—hZacs k’cz—l—Zacs (27 Z)]
=1 k=1 k=

k
1
+Z|: Qv )(T 27 Z)+a£s )(’1:7Z)“!‘a£s7 )(ZTaZ)+a£sc) (2172):|

1
|:ha(2) 2’CZ+ZCI 2’CZ—|—HhZa2 krz+HZa 2’52):|

IBelow, instead of the argument a(m,t,z) we write argument a(T,z)
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1 2
= haﬁsg 21,2 +Za Z (kt,2) +H2a (21 z)]
i k=1
+Z7 Ezl )(r 2t z)+a(2 2 (r,z)+a§2’ )(21 z)+a(2 (21, z)]
H[&

where for k=1 ,2

ag()(k‘t,z) = /c]k(t)cosz(n—t)dt,

n
ag)(kr,z) = /qk(t)cosz(n—t)cosz(t—kt)dt,
kt
aly (ke,2) = /Qk(t)cosz(n—t) sinz(t — kt)dt,
kt
A
aEA )(21: 2) /qz 1) / Gr(t2) cosz(m— 1) sinz(ry — 2T —ty)dtrd,

27 2T
a(l i )(ZT Z)

c
n—r h—"7T

/‘11 n) /611 1) /Qk 13) cosz(m—11) sinz(t; —T—1p) sinz(ty —T1—13)dtzdndt,

and
i H—r

agsc)(?t 7) = /611(t1) / q1(t2) cosz(m—ty)sinz(ty — T —12) cosz(ty — T)dtdty,

T

m2 2T ?) /‘11 f) / () cosz(m—t1)sinz(ty —T—12) sinz(t, — T)dtrdty,

T T
ag 1)(217,2) = /ql(tl)/cjl(tz) cosz(m—1y)sinz(fy —T—1)dhdn,
21 0

n—r

ags 2) "C Z /q1 [1 /C]2 %) COSZ( —t1)51nz([1—1_[2)dt2dt1’

21 tl —1

aly 1)(’5,2’6,2) :/611(t1) / gi(t2) cosz(m—1y)sinz(t; — T —1tp)dnrdty.
T 0
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It is known that eigenvalues A,, of the operator D? are squares of zeros of the
characteristic function. It is also known that zeros of the characteristic function

have the form
n=n+GCy, G € b.

Since our primary goal is to find the first regularized trace of the operator D?, it is
sufficient to find an asymptotic decomposition of the characteristic function’s zeros
Z, in the form (see [3])

C ,T C ,T C )T
2w(t)=n+ 1 )—i— 2(’12 )+0< z(nz )
n n n

) 2 (n— o). (3.2)

From (3.1), we get the asymptotic of the characteristic function in the form

hH S 2
F(t,z) = (— Z+ Z) sinnz+(h+H)cosmz+ Z ad) (kt,z)+ Z aE];) (kt,2)

1 2 -
+[H2a§k (kt,z +HZasc (kt,z +hZacs (kt,z +Zacs (21 z)]

L k=t k=1 k=1 k=1

1 1 1 2
+E [ & 1)(1 21 z)+a£s )(T,Z)Jrag’])(2T,z)+agc>(2@2)}

(1,1)
a 271,z

+0<‘2 Z(z )>,IZI — . 3-3)

In order to determine the first regularized trace, we should to transform the char-
acteristic function (3.3).

For this purpose we introduce the next function
G (1,8) = q1(20)9(20 —7),6 € [0,7/2],
then we get

aV(t,2) =2 / § M (t,0)cosz(n —20)d0 = 2a" (t,z).
0

Also, for
§®(7,0) = ¢2(20)p(26 — 21),6 € [0,7]
we get

)(21,2) 2/ (1,0) cosz(m — 20)d6 = 24 (1, 7).

Then fork=1,2 we obtaln
kt/2

d(k)(‘C,Z)Z /ci(k)(‘c,e)cosz(n—29)d6. (3.4)
0

2Below, instead of the argument C;(n,T) we write argument C;, i = 1,2
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Introduce the following notation:
T

()= [aclt)dr, au(x.0) = gl

kt i -
Jél)(f):/m(h) /ql(tz)dtzdtl.
2T T

k
o e+§), k=12,

Then we have
(k)
1
Clg) (kT,Z) = Jl Z(T) COSZ(TC - kt) + Ea(k) (T,Z) (3.5
(k)
i) = 2D sine(n i) 4 L50(x.2) (36)
(k)
al¥ (kt,2) = U 2(T) sinz(m—kt) — %B(k) (t,2) (3.7)
i kt/2
Ve =2 [ GV 0)sinz(n-20)d0 =26V (e  (39)
O( )
k
ag) (kt,z) = 0 cosz(m—kt) + %ﬁ(k) (t,2) (3.9)
(1)
J 1
ot (2,9 = 2D sinz(n - 20) 4 2502, (3.10
where for k=1,2
n—kt/2
a®(1,7) = / Gi(t,0)cosz(m—20)d6,
kt/2
kt/2
B0 (1,7) = / ™M (1,0) sinz(r — 26)d6,
0
n—kt/2
b (1, ) = / G(t,0) sinz(m — 20)d6.

kt/2
To simplify further consideration we define the so called transitional functions Q

as follows
0 b
—q1(0+7) [q1(t)dt — [ qi(t)qi(t—6)dt
0+1

Q(l)(T’e) - +4q1(0) f qi(t)dt, 0 € [t,m—1]
041

0e[0,7)U(n—1,7]
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G120 — r);fql (t)dt, 6 € [t/2.1]

6+t
— [ qi(t)g: (2t —206 —1)dt, 0 € (1,31/2]
27

1,1 _ n
0"V (1.0) =  _ [ 41(1)d1 (2t — 20— 1), O € (31/2,7—1]
2t
T
[ qi(t)g(2t —20—1)dt, 6 € (m—1,m—1T/2]
6+1/2
0, 0c0,7/2)U(n—1/2,m
and fork=1,2
2% 26
Gr(20—1) [qi()dt — [ q1(t)Ge(2t —206 —T)dt, O € [1/2,1]
) 26 0+1/2
(1,k)= _ 27
o (v8) = I qi()ge(2t —20—1)dr, 0 € (t,31/2]
0-+1/2
0, 0 €[0,7/2)U(3t/2,7]

Gr(206+21) fqz(t)dt — zfe q2(t)Gr (2t — 26 —2t)dt, O € [1,7/2]

b 20 0+t
, . b
OO =1 | ga()qu(2r—20—20)dr, B € (n/2,m—1]
0+1
0, 8 e[0,7)U(t—1,m

One can easily show that the folowing relations hold

n—1/2

atvV(21,2) = /Q” 0)sinz(m —20)dd = b)) (1, 2) (3.11)
T/2
3t/2

alD(1,21,7) = /Q” (t,0) sinz(r — 20)d0 = (D% (1, 7) (3.12)
T/2
3t/2

at(21,2) = / oD% (1, 0) cosz(t—20)d0 = —a"D*(1,2)  (3.13)
1/2

alZ* / 02 (1,0)sinz(n—20)d6 = b@H (1, 7) (3.14)

where for k=1,2
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pR (g, ) = / 0P (z,8) sinz(m — 26)d6,

I
b0 (2) = [ 0PF(x,0)sinz(n - 26)de,

and
b (g / 0D (z,0) sinz(r — 26)d6,

a"D*(1,z) /Q“ 0) cosz(T —26)d,

bV (1,2) :/Q (1,8) sinz (T — 20)d6.

Using aforementioned relations (3.4) — (3.14), we can rewrite characteristic
functions (3.3) as follows

F(t,2) = <—z+hf> sinnz+(h+H)cosmz+ i cosz T — kT)
k=
—i—Hz—HlliJl(k)(r) sinz(m— kt)+ ( )smz(n 21:)—|—2§:1a“k)(r,z)
+;kzz&(k) (‘C,Z)+2§Iél;(k)(r Z)+H2—thzil;(k) (T’Z)_tib(li)(fc’z)
b5+ kil [b19 () 4520 5] 40 ("“Z’}"Z) e oo
(3.15)

Let us introduce the following notation. For k=1,2

kr/2 5 kt/
dg];) /q T,0) cos2n0d; b2n == / (1,0)sin2n6d0,
0
5 kr/2 5 n—kt/2
W@ == [ 6q" (x.6)sin2n0de; o)1)= [ 4u(x.8)cos2n6de,
0 kt/2
5 n—kt/2 5 n—kt/2
B@== [ ae)sinziede; b"(1)=— [ 6q(r.0)sin2n0de,
kT/Z kr/z
p{LR / 0% (1,6) sin21648; b2 / 0 (1,) sin 21046,
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and

B0 (1) / 00D (1,0) sin2646; b)) (1) / 0" (1,8) sin216d6.

Now we can prove the theorem about zeros of the characteristic function.

Theorem 3.1. If q;(x) € L»[0,n], j = 1,2 then, zeros z,(T), n € N of the function
(3.15) have an asymptotics shape

(1) = +C1+C2+ <$2>,(n—>oo)

where

H+h 1 &
C, = T +— Jl(k)(r)coskm—i—(xz”(t), (3.16)
T 27tk ]

0u(T) =0(1), n— oo,

C = [(h TH)D )00y - T 0 (1)] sinnt

2n? 812
(h+H)(-2t) o), . ©—=7T, 1), J@] .
T Ji7 () + o (J; (7)) o sin2nt
2n—37 T—27

I (0)7® (1) sin3nt+ (P (1))sindnt+ 65,(1), (3.17)

8n?
62,(T) = 0(1), n — oco.

8n2

Proof. Put (3.2) into the equation (3.15). Let us notice that the following asymp-
totic formulas hold:

. nC; wC C
sinmz, (1) = (—1)" [ n1+’122+0<n31>],

2@t 0(3) eomn=crio(3)].

—k 1
TC1 sinkm} +0 (2> ,
n

1
sin(1t — k1) z,(t) = (=1)"sinknt + O <> ,
n

cos(m —kt)z,(t) = (—1)" [coskn’c—i— T

i) (1,2,(1)) = (~1)"
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nr1 Ty (k
<_1) +1§b§n)

(r)—i—o(i),

~ a1 Ta(k 1
B (6) = (1 58 +o 1),
- . 1
B0 (5.(0) = (-1 388 @) 0 (1)
1
20 (1,0, (0) = (-1 300 4o ().
7 1
$e,5,(0) = (1 S @ o (1)
T 1
b (1, 2,(1)) = ( 1)"+1zb§i)(r)+o<n>. (3.18)
Inserting asymptotic relations (3.18) in the equation F(t,z,) =0, we get
2 (k) o
—T {Cl —i—C ] +h+H+ Z ! 2(1) {coskm—i—fE kTCl sinkm?}
(2) 2
57 (1) H+h & W, . HT & 5k
- 2nt— knt—— Y b
4, Sin2mt—— ];Jl (t)sinknt " ]; o (T)
2
(k Ciyk 2C 5 (1)« h—H)T & Ak
pr Y ) x5 ) - 2 )4 Py
k=1 k=1
2 2
T Ak 12 (k 2C) 4 (i)« T 1j)
+Z Z[aén)(r)—k 7bgn)( )_ bgn) (T)} - m bgn ) (T)
k=1 k=1
- 2
D - Ty Ty 24 LA
s = gl -2 ¥ 5@ vo (5] =0
and grouping expression by degrees then we obtain:
H+h
C = T_l— Z J1 T) COSknT + 0oy (1),
2 2
(k L& Lk
0a(1) = Y ) (1) 4 7 Y s, (1),
k=1 k=1
—(H+h)t o T 2 .
C, = [ = Jt )(r)f@ W (0)7 (v)| sinnt
(H+h)2t (3 T—T, (1), _\\2 JéZ)(’C) .
s J,7 (1) o (J;7 (1) ~ i sin2nT
21— 3T ) 1@ () sin e+ F— 2% (7@ ()2 sin4
e i (t)J;” (t)sin3nt+ W( 17 (7)) sindnt + 62,(7),
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i 2 12
o2.(T) = o (;) Z(n—k‘:)]l(k)( )smkn‘c— = - = Z
ant = 25 257
+ |+ () + - ij(k)(t)coskm ib“"m Ly
I Zk:] 1 = 2n 8 2n
[ 2(H+h) 1 (k 2 k)*
+| - 2000 - %kgljl coskm’.] PNz
(h(n—1)—H m-2 - k 2
+ _ o + 1 0n(T) — 87t ];Jl( )(r) coskm} ;bén) (T)
where
0, (T) = 0(1), 624(T) = 0(1), n —
This proves theorem 3.1. ]

4. MAIN RESULTS

From A, =72 and (3.2) we have
Ay = n® +2C) +2+ <C2>
n

Definition 4.1. The sum of the series

(o] 2
= Z kn—nz—w—l ZJl(k)(t)cosknT—OLZH(r)
n=1 T (=

is called the regularized trace of first order of the operator D.

Remark 4.1. Since

20 H+h) 1§
kn—nz—g Jl(k)(r) cosknt — dp,(T) =0 (C2>

n

where C is given by (3.17), the series

o 2
Z (;\‘n_nz_ (H—i-h ZJl coskn‘c—oczn(‘t)>
n=1

converges, so the trace s; (1) is well defined.

From (3.15) one can easily see that F(7,z) is an entire, even function with unit
growth with respect to variable z, and then, using Hadamard’s factorization theo-
rem it can be written in the form

SINTZ += n?—
F(5,2) = (o() - 2) " ] (1 ‘“)) @.1)

T a=l -z

We will now study the asymptotic behavior of function F(t,z) for
= —iy, y — +oco. We have
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. inhTy 2 n? — A (7)
F(t,—iy) = (M 2y STy <1— . 4.2
(x.=0) = (ha(0) 1) =TT (17575 “2)
Denote )
5 n= — A (7)
q)(Tay) _J;Il (1 - n2+y2 > .
One can show that (see [5])
R e WA
In®(t,y) = —k; %n; <n2+y2 ) . 4.3)
Lemma 4.1. (see [S]) If |[n®> —A,(7)| <a, then
> % — A (7)) na*

Based on the lemma 4.1 we can evaluate all sums in (4.3), except the first one,
i.e. we have

k=
where :
—(H+h)t T
60 =~ 00 - 000,
(2)
—(H+Rh)2T ) BT ) e Sy (D)
&2(1) = , 2:?2 Jl (T) 82 (‘]l (T))Z_ an
T—o5T n—2T
&(1) = = @ (1), L) = =0T ()
Since

%Cz(n,’c) _ % Y & () sinknc o0 (‘”}f”) ,
k=1

it follows that the series

behaves like the series
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Y 2|y & 0)sinknt 40 (2)
5 5 k 2n .
o el e

It is well known (see [11]) that

i nsinnx T sinh(W_x)y, 0<x<2m holds.

n2+y2 2 sinhmy

n=1

s i
In our case since 3 <1< 3 we have 0 <kt <2m, k=1,2,3,4.

85

Therefore,

4

nsmkm sinh(m — kt)y 1

2 Yy ——— =2= ————— =0 —|,VmeN,y —oco.

l;ak( n; n+y? Z SO Gy <y’"> e

nG2n (T) _
This evaluation also is valid for the series Z 5 because the 6,,(7) =
y

o(1), n— eo.

Further, based on (3.16) we have

= Ci(n,t) 2 =1 1

2 oo
cosknt
2 ) = Z(h+H) +=-Y ¥
,;nzﬂz T n;n2+y2 nk;l ,;nZerz
o A ulk w Ak
+Z Zzagn)() lzaén)(f)

n?+y? 2n:1n2+y2

=1

It is known that (see [11])

i 1 7 coshmy 1
~y2+n?  2ysinhmy 2y2’

i cosknt T cosh(m—kt)y

= ———— — 55, k=12.

= y*+n*> 2y sinhmy 2y
Therefore

ot aV(l oo T/2

Z 2t Z / )(1,0) cos 2n0d8.

" n= 0
Since

| T/2
o(1
MO/Q( )(T,e)cos2nede‘ <
T/2
: 13 (x.0)llz, oz
< ~(1) 0)ldo < 1] Ve 0 o1y N

y2+n2/|q (T’ )| o n2+y [71:/ ]7 nec

0

and arbitrary y € R™, we conclude that the series
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- | T/2
Z 3 /q(l)(T,G)COSZnGdG
0

converges uniformly for 6 € [0,7/2]. Therefore we have

= dg]n)(r) 2 T/zv = cos2n0
L=/ “’BEW”ZG
/2 /2
o, 1 Fon
0

Taking into account that

cosh(m—20)y 5,
_— T~ 0.0 0.t/2
sinhTty 4 y Y o, G( 71/ ]
T/2

h(w— 26
we conclude that / |q(1)(179)’w

dB tends to zero exponentially.

sinh Ty P 4
0

In this way, it has been shown that

) (9) L T/zv(l)(t 0)de +0 LI R
n:1y2+n2_ Tcyzo q ) y3 y Y .

In a similar way we obtain

y
and
o /\(k) TE*](T/Z
a,, () 1 / . 1
= =—— 0)do+0( — oo, k=1,2.
,;)’24-”2 TCy2 Q(k)(T, ) + y3 y Y 7 %0 ’
kt/2
Therefore
= Ci(n,t) h+H 1 h+H 1 (k) P (k)
2 — do | -2y i
n:1n2+y2 y y2 T 27‘51;11() k;ll()

where
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kt/2 n—kt/2
T = /q (1,0)d0, ¥ = / 4o (7,0)d0, k=1,2.
kt/2
Then we obtain
A A (T)+s51(7T 1
In®d(t,y) = & A +a(1) Zsl( )+0<2>
y y y
where
htH 1w 2% 0 Ly
Ao=h+H, A = — J — J - — J
N S 7 K RURE WAUEE - WU
1.e. 5
A A1(T)+s1(T AG 1
ESTREE S CETL I Y 1 R
y y 22 y

From (4.2) and (4.4) we obtain

F(t,—iy) = ysmhny{1+ += {xo( )+s1(r)A1(’r)+;A§]}+0(y13>. (4.5)

From the other side, we can determine asymptotic formulas directly form (3.15).

We have
h+H hH 1
F(t,—iy) = ysinhmy [1+++2+0 <3>] . (4.6)
y y y

Now, from (4.5) and (4.6) we obtain
1
s1(t) =hH —ho(T) — Ay (T) — Ekg(r)

H+h 1
4+

Sl(T) = 2

(H?+12) Ao (t)+ 5 Z(Jl (1)+4J (t)+ 7 (17)) @)
Formula (4.7) represents the first regularized trace of the operator D?. In this
way, the following theorem has been proved.

Theorem 4.1. If g;(x) € L,[0,7], j = 1,2, the first regularized trace of the operator
D? has the form

sl(r)fH+h+;(H2+h2) ;i( 0)+4/ )+ﬂ1k>(r)).
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