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INTRINSIC PROPERTIES OF FINSLER SPACE WITH A CUBIC
CHANGE IN THE MATSUMOTO METRIC

KRISHNAMONI MEDHI, MAPHISHA NONGSIEJ, AND V. K. CHAUBEY

ABSTRACT. In this paper, we investigate a Finsler space with a cubic modification
of the Matsumoto metric, given by F = Yfiﬁ’ where v is a cubic metric and B is
a one form metric. We identify the fundamental characteristics of this modified
metric. The reducibility of the Cartan torsion tensor is a key factor, as it measures
how closely a Finsler metric approximates a Riemannian metric. Specifically, if
C;jx vanishes, the Finsler metric becomes Riemannian. Accordingly, we analyze
various forms of the Cartan torsion tensor’s reducibility within the context of this
cubic-changed Matsumoto metric. We also establish conditions for determining
whether the Finsler space is quasi C-reducible, semi C-reducible, C-reducible and
C2-like.

1. INTRODUCTION

The origins of the Matsumoto metric trace back to a correspondence be-
tween Finsler and Matsumoto in 1969. Matsumoto elaborated on this communica-
tion in detail [2], concluding that:

In astronomy, distances are measured in units of time. If we use seconds as the
unit, the corresponding unit surface is a sphere with a radius of 300,000 km. Each
point in our space is associated with such a sphere, defining the distance and leading
to the simplest geometry—Euclidean geometry. When considering a ray of light as
the shortest path in a gravitational field, the geometry of our space becomes Rie-
mannian. In an anisotropic medium, where the speed of light varies with direction,
the unit surface is no longer a sphere. Similarly, on the Earth’s surface, distances
are sometimes measured in terms of time, such as the time indicated by a guidepost.
In this context, a unit curve measured in minutes becomes a general closed curve
without a center, reflecting that we cover shorter distances uphill compared to down-
hill. This represents a general, though approximate, geometry. The shortest path to
a destination, such as a mountain summit, would be a complex curve. Based on this
concept, in 1989, Matsumoto [7] developed a precise model of a Finsler surface and
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introduced a special form of the Finsler metric which is given below:

o? g

WZE,

L(x,y,%,y) = ( 1.1)

vo—wp)’
where o = +/a;;(x)y’y/ represents a Riemannian metric, p = b;(x)y’ is one form
metric, and v and w are certain scalars. Further he generalized this metric, which is
known as the Matsumoto metric, and it is given in the following form:
o2
E(a,B) = P (1.2)
Several authors [1, 8, 15, 16] have explored the significance of the Matsumoto metric
in various contexts, yielding fascinating results about Finsler spaces endowed with
this metric.

Shimada’s pioneering work on m-th root metrics [17] has found applications in bi-
ology as an ecological metric [2]. This theory extends Riemannian metrics directly,
with the second root metric corresponding to the conventional Riemannian metric.
The third and fourth root metrics are known as the cubic metric and quartic met-
ric, respectively. Recent advancements highlight the significant impact of m-th root
Finsler metrics in various fields, including physics, spacetime theory, gravitation,
general relativity, and seismic ray theory.

In 1979, M. Matsumoto [10] introduced the concept of a cubic metric on a differ-
entiable manifold with local coordinates x', defined by

L(x,y) = (aij(x)y'y'y*)3

where x represents position coordinates, y' represents direction coordinates, a; jx(x)
are components of a symmetric tensor field of (0, 3)-type depending on the position
coordinate x. A Finsler space with this cubic metric is referred to as a cubic Finsler
space. Several authors [2, 3, 9] have extensively studied m-th root metrics and cubic
metrics, underscoring their importance in Finsler geometry. In 2011, Pandey and
Chaubey [12] introduced the concept of a (Y, B)-metric, where y = (a;jx(x)y'y/y*)3
represents a cubic metric and B = b;(x)y’ denotes a one-form. Chaubey and et al.
[4, 13, 14] conducted a detailed analysis of the (y,)-metric, exploring significant
geometric properties of Finsler spaces equipped with this metric.

Matsumoto and Hojo [9] explored various special Finsler spaces, including C-
reducible Finsler spaces, semi-C-reducible Finsler spaces, and C2-like Finsler spaces.
Their work involved analyzing a specific form of the Cartan torsion tensor C;j; and
deriving key geometric properties. Understanding the reducibility of the Cartan tor-
sion tensor is crucial, as it measures how much a Finsler metric deviates from being
Riemannian [19]. Specifically, if C;j; vanishes, the Finsler metric reduces to a Rie-
mannian metric. Since computing the Cartan torsion in its full form can be complex,
studying its reducibility is particularly valuable in Finsler geometry. Numerous au-
thors have extensively studied C-reducible Finsler space, semi C-reducible Finsler
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space, quasi C-reducible Finsler space and C2-like Finsler space for the Finsler
spaces with various Finsler metrics [2, 5, 6, 9, 11, 19], contributing significantly
to advancements in the field. In 2013, Shukla and Mishra [18] investigated different
forms of the Cartan torsion tensor and curvature, including quasi C-reducible, semi
C-reducible, C-reducible, C2-like, and S3-like properties, specifically for Finsler
spaces endowed with the (7, B)-metric.

In this paper, we propose a new Finsler metric by replacing the Riemannian metric
o with a cubic Finsler metric 7 in the Matsumoto metric. The resulting metric is
expressed as follows:

v

F=———:.

v—P

We refer to this new metric as the cubic changed Matsumoto metric, and the Finsler

space equipped with it as a Finsler space with the cubic-changed Matsumoto metric.

In the paper, we derive the fundamental tensors necessary for describing the geo-

metric properties of this Finsler space in Propositions 2.1, 2.5, 2.6 and 2.7 respec-

tively. Furthermore, we identified conditions under which the Finsler space with a

cubic changed infinite series metric can be classified as quasi C-reducible, semi C-

reducible, C-reducible, and C2-like Finsler spaces in theorems 3.2, 3.4, 3.6 and 3.8
respectively.

(1.3)

2. FUNDAMENTAL PROPERTIES OF FINSLER SPACE WITH THE
CUBIC-CHANGED MATSUMOTO METRIC

In this section, we derive the fundamental metric tensors for the Finsler
space equipped with the cubic changed Matsumoto metric.
Differentiating (1.3) partially with respect to y’, we get

. F’Y
[;=0;F = ?ai +Fﬁb[, 2.1

where a;(x,y) = a;jx(x)y/y*, and F, and Fj are the partial derivatives of the cubic
changed Matsumoto metric with respect to y and 3 respectively.
Equation (2.1) can also be expressed as

. FFy
Vi = Fo,F = ?ai + FFﬁbi- 2.2)

Again, differentiating (2.2) with respect to y/, we get the angular metric tensor /; =
F 8,8 jF as
hij = p-1aij+qobibj +q-2(aibj +a;b;) + q-sa;a;, (2.3)

2 -2 6YB—2y2—2p2
where, aij(X,)’) = 2aijkyke q0 = ﬁ q-—2= ﬁ q—4 = Y[;zwifﬁ)f
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Owing to the homogeneity or /;;y/ = 0, we have two identities

p-1+goB+q-4y =0,
qoB+q-2v =0.

Remark: In (2.3), the subscripts of coefficients p_1,q0,9—2,9—4 are used to indi-
cate respective degrees of homogeneity.
Now, the fundamental metric tensor g;;(x,y) for a Finsler metric is given by

_ 1 °F* __
8ij = 29yiay] — hij+1il;.

24)

Using equations (2.1) and (2.3) the fundamental metric tensor g;; is given by

g8ij = P-1aij+ pobibj+ p_s(aibj+a;b;) + p_sa;a;, (2.5)
where,
_ _ P4 B pep
PO= gy P=2= gy P=4= "o

Now using the above values of pg, p_», p_4 in equation (2.4) and using the Euler
theorem of homogeneous function, we have the following two identities:

POB+p72Y3 = FFBa
p_2B+p_ay =0.

Proposition 2.1. The line supporting element l;, the angular metric tensor h;; and
the fundamental metric tensor g;; for the Finsler space endowed with the cubic
changed Matsumoto metric are described by equations (2.1), (2.3) and (2.5) respec-
tively.

(2.6)

Proposition 2.2. The coefficients qo,q—2,q—4 of the angular metric tensor h;j in the
Finsler space with a cubic changed Matsumoto metric adhere to the relation given
by equation (2.4).

Proposition 2.3. The coefficients po,p_2,p—4 of the fundamental metric tensor g;;
in the Finsler space with a cubic changed infinite series metric adhere to the relation
given by equation (2.6).

From [2] we have:

Proposition 2.4. Let (A;;) be a non-singular symmetric n x n matrix and let c; be n
quantities. Define B;j = A;; + cicj. The inverse matrix (B”) of (B;;) and the deter-
minant det(B;;) are given by:

y y 1 ..
B =AY — s dlel, dei(By) = A(1+¢),

where, (AV) is the inverse matrix of (A;;), A = det(A;j), ¢ = Ac; and ¢* = cc;.
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Now, equation (2.5) can be rewritten as
gij = p-1aij +cicj+did;,
where,
Ci = TCb,', d; = mob; + m_qa;,
T HmG=po, ToR2=pa, T,=pa.
Again, the above equation can be rewritten as
gij = Bij+dd,j, 2.7)
where,
Bjj = p_1a;j+cic;. (2.8)
Using the properties of the Kronecker-delta and tensor algebra, we have B,-.,-Bjk = 8;‘

where 8 is the Kronecker delta, and it confirms that B/* is indeed the inverse of B;;.
Then

B — L (aij _ c'c! (2.9)
P-1 po1+c’
where, a'/ is the reciprocal of a;;, ct=dc i
Now, by using proposition 2.4,
y L did’
¢/ =Bl — et (2.10)
where, d' = Bijdj, did; = d?.
Using equation (2.9) in the above equation, we have
iy | ic/ did’
gl = —qii — cc _ 5. 2.11)
p-1 p-i1(p-1+c*) 1+d
Now,
. y 1 o —121_,a)B! .
dl:BUdjzi (ﬂ()p 1 TCTEZQQ) T 7
L p-1+c
where, B'b; = b> = a™b,b;, d'B =a™ab, =db;j=a, wb*=:c>.
Again,
2 ini ;
. 1 n__nzn_‘BlB] ___7'[2_' .. . .o
dzdjzz[( 0P—-1 2‘12) (p-1p—2 ZP 44) (B‘a"—i—a’B")—i—p_za’a" )
P,y (p-1+c?) p-1tc J
Now,
. 1 ]
d*=dd = RS [ﬂ5p1b2+2p1pzc‘z+p1p4a2+ p-scta’—p_4mia*|.

The determinant of the nonsingular matrix g;; is given by

|gij| = P a(p-1 + ) (1+d%) = p"lat s
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where, a is the determinant of ajj, T2=p_1(p-1 + pob* +p_2a) + (p_1p_2d —
P, + po1p_ad® +p_ 4c2a2 B'b; = b* = a™byub;, d'B' = a™a;b,, = d'b; =
= =2 2

a, =cl¢;, da;=ad’.
Thus the inverse matrix g'/ of g; j 1s given by
g/ =—a"—s5,B'B' —so(a'B' +a’B’) —s_,d'a’ (2.12)
P-1
2.2 2 2 =2 =
b +7°(T—24+R"p_4a-—2p_1p_2a
where, s, = ~0/-! ( P-422p-1p-24)

Tap-1(p-1+c?)

— 1
(P2 -2+ (v-B)’ CZ}[ (7" —2v) Tpmt 2(Y—B)°+

g2 (DB L) _ 2 (P2 i) }

(v—B)

2
T
SO:P1P2 p-ad

T-2pP-1
_ 1 Y6y’ B+8yp?  ma(2p’—v+2vB)
T 12(¥-21B) (v—p)* Y (y-B) ’
Sy = 1771117:3;-321774

— I @By 2) ¢ (P -21)
= o | Ea e e }]

Proposition 2.5. The reciprocal g of the fundamental metric tensor g j for a Finsler
space equipped with the cubic-changed Matsumoto metric is given by equation (2.12).

Since by definition, the Cartan torsion tensor C;jy is

198ij
Cijk = 230 -

So, differentiating (2.5) partially with respect to y*, we get

2p-1Cije = 2p% 1 @iji+ popr—2bib by + r—saiaja (2.13)
T (i ju (Pifjic + r—acib by + r—caia by
where, I1; ) represents the sum of cyclic permutations of i, j, k;

P; = p_sa;+ p_2b;, (2.14)

and, r_2=p_1pop—3p-2q90= %,
27 129 B%— 1273[3

r-4=p-1p_2p —qop-4—2p-24-2= -BF
2_ _ 3
r_6=Pp_1p-4p—2P-4q—2— P-2q-4= W%,

2
rs=p_ lp 4 —3p aga= 4p* 2%4@({%53 +12y3[s
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From (2.4) and (2.6), we obtain

reaB+r_uay =0, u=2,4,6. (2.15)
From (2.6) and (2.15), we have
pa=0pa,  rua=0%ra,  u=246 (2.16)
where, 0= —%.

The Cartan torsion tensor C;j; can be rewritten as

2p—1Cijk = 2p% 1@k + iy (HyP) (2.17)
where, Hij = h,’j + 3rP32 PP

Now, contracting C;jx by gij , we have,
C;=p_1A;+Aa; + Bb;, (2.18)

where,  C; is the mean Cartan tensor of order one and A; = g; jkgjk is also a tensor
of order one but different from the mean Cartan tensor, while

T P 4+7q 2a+—q 4+7‘1 4 = $2(q-2p-aab® + p_2q2b"

+q_ap—4@ + q_sp_ab*) — SO(p—1P—4a +P1pab’ +qoap ad®b +q op 4@
+2G_2p—2ab* +2q_4p_4aa* + q_ap_2@ + q_ap—2a°b*) — s_2(p_1p_sa’

_ _ _ _ r—p
+ p_1Pp—2d+q_2p-_4da* +q_2p—2@ +q_4p—_sd’ +q_4p_sda*) + T (¢°a?

+20%a+ ob?) — 22

2o (3@ 4 20%ab% + obY) — =250 (20°dPa+20%a

+20%a2b? + 20ab%) — - ; 2 (03a* + 202G + oa?)

and
= pa+ P2 gep? 4 =4
2p P P-1
+ P—4qoab® + p_2qob* + p_4q 2 + q_2p_2ab>) — so(p—1p—sa® + p_1p—2d
+qop—4a*b* + qop—a@* +2qop—2ab* +2q_2p-_4aa” + q_2p-2d* +q-2p—ra’b?)
_ _ _ r—» _
— 5_2(qop—4a’@ + qop—2a + q_ap—sa’ +q_2p_2da*) + o (0°a> +20a

+b%) — %sz(qﬁcﬁ +20ab® +b*) —

——s 2(9%a* +20d’a+a)

CIOCH‘%Q 2d@—52(p_1p—4@+p_1p_2b*

r-3

5% (20°aa* + 2¢a*b* +20a° + 2ab?)

are scalers.
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Proposition 2.6. The Cartan torsion tensor C; i of a Finsler space endowed with the
cubic changed Matsumoto metric is described by equation (2.13).

Proposition 2.7. The Mean tensor C; of the Cartan torsion tensor C;jy for a Finsler
space endowed with the cubic changed Matsumoto metric is described by equation

(2.18).

3. REDUCIBILITY OF THE CARTAN TENSOR FOR THE FINSLER SPACE WITH
THE CUBIC CHANGED MATSUMOTO METRIC

In this section, we explore the reducibility of the Cartan tensor for the
Finsler space equipped with the cubic-changed Matsumoto metric. The Cartan ten-
sor is a crucial component in determining how a Finsler metric approximates or
deviates from being Riemannian. For the Finsler space with the cubic-changed
Matsumoto metric, the Cartan tensor’s reducibility provides insights into the spe-
cific classification of the Finsler space into quasi C-reducible Finsler space, semi
C-reducible Finsler space, C-reducible Finsler space and C2-like Finsler space.

Definition 3.1. A Finsler space is said to be quasi-C-reducible Finsler space if its
Cartan torsion tensor C;ji can be expressed in the form:

Cijk = QijCk + Q kCi + OriC; 3.1

where, Q;; is any symmetric tensor of order two and C; is the mean Cartan tensor
for the Finsler space.

Now, from equations (2.14) and (2.17), we have
2p_1Ciji = 2p* aijx + ;e {Hjx (p-aai+p-2bi) } .

Now, substituting the value of a; from (2.18) in the above equation, we have

—4
2p—1Cijk = Zp%ZGijk +H(ijk) {Hj (piA (Ci —p-14; —Bbi) +p_2b,'> } y
P-4
Cip = Pt 5~ iy (HuCi) -

P—44; p-4B  po
I, - DV Ha b
(”k){< 24 +<2p—1A 2p—1>b> ’}

Thus, for a Finsler space with a cubic changed Matsumoto metric, the Cartan tensor
can be written in the form

Cijk = Viji +ijiy (QrCi), (3.2)

where, Q) = ﬁH jk 1s a symmetric tensor of order two and

Vi = praiie— T { (P25 + (525 — 42 ) Hic -
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Thus, comparing equations (3.1) and (3.2), we can conclude the following propo-
sition:

Theorem 3.1. A Finsler space equipped with the cubic changed Matsumoto metric
will exhibit a quasi C reducible Finsler space if and only if the tensor V; i in equation

2pA

Definition 3.2. A Finsler space is said to be semi C-reducible Finsler space if its
Cartan torsion tensor C;ji can be written as

r t
Cijk = m(c,-hjk +Cjhi; + Cchij) + gc,-cjck 3.3)

where, r and t are scalar functions satisfying r+t = 1, while h;; and C; denote the
angular metric tensor and mean Cartan tensor of the Finsler space under consider-
ation.

Now, using equations (2.14) and (2.17), the Cartan torsion tensor for the Finsler
space with a cubic changed Matsumoto metric can be rewritten as

1 r_o
Ciik = p-1aijx + — i (hxP;)) + ——=—PiP;Px.
ijk =P lazjk+2p_l ljk( Jjk 1)+p71p3, il ik
By using equation(2.18), we have
r
Cijk = ?Hijk(hjkci) + C2CC iCr + Ui ji 34

where, Uijk = p—1aijx — [25?,4{[7—1141' +(B— pizA )bithji+

)CCib+ 2 1p4CAA o+ Efe 1"“( =8 _

_ p-1p’ Py
2pr1;3_z{ e
p-2)CA i+ 23 (P5F — p o) Cb jb — lp (28— p o) AGA by — P (B —
pz)zAibjka

der three, whereas, r=

3
{ lp LAA AL+ (5 4B—p 2) bib; bk},is a tensor of or-

(n+1)p_y _ Clropl,
p andr = FrRTSIvE
Now, from equations (3.3) and (3.4) we can conclude:

are some scalars.

Theorem 3.2. A Finsler space equipped with the cubic changed Matsumoto metric
will exhibit a semi-C-reducible Finsler space if and only if the tensor U jy. in equation
(3.4) vanishes identically and r +t = 1.

Definition 3.3. A Finsler space is said to be C-reducible Finsler space if its Cartan
torsion tensor C;jx can be written as

Cijk = — (Cihjx + Cjhy + Cyhij) (3.5)

n+1
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where, C; is the mean Cartan tensor and h;; is the symmetric angular metric tensor
for the Finsler space.

From (2.17) we have
)
2p-1Cuje = 29 saije+ Mg (hjeFy) + 5~ PiPiFy. (3.6)
-2
Now, using equation (3.5) in the above equation we have

1 r_
2p <> I iy (hjxCr) = 2p% yaije + T juy (R P) + Tz P;P;Py,
n+1 L))

1
2p* 1auk+ PP iPe =2p_ <n+1>H(ijk)(hjkck)_H(ijk)(hjkpi)7

2p_
2p* laz]k+ PPPk I k) <(np_’_l)ck_Pk> hij,

2p> 1611Jk+p 2 PP iPre = iy (hijNk) (3.7
)

where, N, = (znpff)Ck — P,. Conversely, if (3.7) is satisfied for a certain covariant
vector Vg, then from (2.17) we have

2p—1Cijic = ijuy (hijNi) + i jry (hijPr)

2p1Cijie =My {hij(Nk + P) } (3.8)
which gives (3.5).

Theorem 3.3. A Finsler space with a cubic changed Matsumoto metric is C-reducible
Finsler space if and only if (3.7) holds.

Definition 3.4. A Finsler space is said to be a C2-like Finsler space if its Cartan
torsion tensor C;jx can be written as

1
SCCIG (39)

Cijk =
where, C* = C;,C' and C; is the mean Cartan tensor.
Now, comparing equation (3.4) and (3.9), we can conclude that:

Theorem 3.4. A Finsler space equipped with the cubic changed Matsumoto metric
will exhibit C2-like Finsler space if and only if the tensor U, j in equation (3.4) and
scalar r vanishes identically and t — 1.
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4. CONCLUSION

In the present paper, we investigated the Finsler space with the cubic
changed Matsumoto metric and derived its fundamental tensors: the supporting line
element, angular metric tensor, fundamental metric tensor and its reciprocal, Cartan
torsion tensor and mean Cartan tensor in Propositions 2.1, 2.5, 2.6 and 2.7 respec-
tively. Furthermore, we identified conditions under which the Finsler space with a
cubic changed infinite series metric can be classified as quasi C-reducible, semi C-
reducible, C-reducible, and C2-like Finsler spaces in Theorems 3.2, 3.4, 3.6 and 3.8
respectively. In future research, we plan to extend our investigation to explore the
geometric properties associated with various curvature characteristics of the Finsler
spaces with a cubic changed Matsumoto metric.
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