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MULTIVARIATE APPROXIMATION WITH RATES BY
PERTURBED KANTOROVICH-SHILKRET NEURAL
NETWORK OPERATORS

GEORGE A. ANASTASSIOU

ABSTRACT. This paper deals with the determination of the rate of con-
vergence to the unit of Perturbed Kantorovich-Shilkret multivariate nor-
malized neural network operators of one hidden layer. These are given
through the multivariate modulus of continuity of the engaged multi-
variate function or its high order partial derivatives and that appears
in the associated multivariate Jackson type inequalities. The activa-
tion function is very general and it can derive from any multivariate
sigmoid or bell-shaped functions. The right hand sides of our Jackson
type inequalities do not depend on the activation function. The sample
functionals are Kantorovich-Shilkret type. We provide an application
for the first partial derivatives of the involved function.

1. INTRODUCTION

Our work is motivated by [2], [3]. The basic ingredient of our perturbed
multivariate neural network operators here is the Shilkret ([5]) integral.

Our operators fall into the category of feed-forward neural networks (FNNs)
with one hidden layer, that are mathematicaly expressed as

N, (z) = an((@-x) +0bj), v€R* seN,
5=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - x) is the inner product of a; and z,
and o is the activation function of the network.

In many fundamental network models, the activation function is the sig-
moid function of logistic type or other sigmoid function or bell-shaped func-
tion. It is well known that FNN’s are universal approximators. Theoretically
any continuous function defined on a compact set can be approximated to
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any desired degree of accuracy by increasing the number of hidden neurons.
Similar approximations are possible for measurable functions in the L, norm.
P. Cardaliaguet and G. Euvrad were the first ([4]) to describe precisely and
study neural network approximation operators to the unit operator. The
author in [1], [2], [3] was the first to put neural network approximation in
a quantitative form and produce Jackson type inequalities with moduli of
continuity.

The author here continues these studies by employing the non-additive
Shilkret integral ([5]) and going very generally by using general activation
functions of compact support under perturbation. Because Shilkret inte-
gral is so general and simple and non-additive, it has great applications to
economic theory.

2. BACKGROUND

Here we follow [5].
Let F be a o-field of subsets of an arbitrary set 2. An extended non-
negative real valued function p on F is called maxitive if (@) = 0 and

1 (Uier E;) = Supyt (Ei)

where the set [ is of cardinality at most countable We also call 1 a maxitive
measure. Here f stands for a non-negative measurable function on 2. In
[5], Niel Shilkret developed his non-additive integral defined as follows:

(N*) / fd,u =sup{y-u(DN{f>y}},
yey

where Y = [0,m] or Y = [0,m) with 0 < m < oo, and D € F. Here we take
Y =[0,00).
It is easily proved that

<N*>/ fdu=suply- u(DN{f > )}
D y>0

The Shilkret integral takes values in [0, o0].
The Shilkret integral ([5]) has the following properties:

(V) /Q vedn = (E).

where y g is the indicator function on E € F,
V) [ epdn=cv) [ g, ez
D D
(N") / sup fndp = sup (N™) / fndp,
D D

neN neN
where f,,, n € N, is an increasing sequence of elementary (countably valued)
functions converging uniformly to f. Furthermore we have
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) [ sdu=o,
D

f > g implies (N*)/Dfdu > (N*)/ng,ua

where f,g: Q2 — [0, 00] are measurable.
Let a < f (w) < b for almost every w € E, then

on(E) < (V) [ i < bu ()

(N*)/Elduzu(E);

f > 0 almost everywhere and (N*) [, fdu = 0imply p (E) = 0; (N*) [, fdp =
0 if and only f = 0 almost everywhere; (N*) [, fdu < oo implies that

N (f) :={w € Q|f (w) # 0} has o-finite measure;
V) [ ¢ rardn< v [ fan () | gds

o) [ faa=o0) [ adn) <) [ 17 = glan
D D D
From now on in this article we assume that p: F — [0, 4+00).

We need

Proposition 2.1 ([1]). Let a < b, a,b € R. Let card(K) (> 0) be the
mazximum number of integers contained in [a,b]. Then

max (0,(b—a) —1) < card(K) < (b—a)+1.

and

3. MAIN RESULTS

Here the activation function b : R — R, d € N, is of compact support
d
B:=][[[-T,,Ti], T; >0,i=1,...,d. Thatis b(xz) > 0 for any x € B, and

i=1
clearly b may have jump discontinuities. Also the shape of the graph of b is
immaterial.

Typically in neural networks approximation we take b to be a d-dimensional
bell-shaped function (i.e. per coordinate is a centered bell-shaped function),
or a product of univariate centered bell-shaped functions, or a product of
sigmoid functions, in our case all of them are of compact support B.

Example Take b(z) = 8 (x1) 8 (z2)...8 (z4), where 8 is any of the fol-
lowing functions, i = 1,...,d :

(¢) B (x;) is the characteristic function on [—1,1],
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(#7) B (z;) is the hat function over [—1+¢,1 — €|, where ¢ > 0 is small,
that is,
1+z;, —1<uz; <0,
Bxj) =1 1—z;, 0<uz; <1,
0, elsewhere,
(3i) the truncated sigmoids
1

Bz = { o= O tanhx; or erf (x;), for x;€[—T;,T;], with large T;>0,
L0, 7 e RV[T T,
(tv) the truncated Gompertz function

B (x;) = e=ae” P xzj € [=T;,T;]; o, > 0; large T; > 0,
’ 0, z; € R\ [-T},T;],

Thus the general activation function b we will be using here includes all
kinds of activation functions in neural network approximations.

Here we consider functions f : R? — R, that either continuous and
bounded, or uniformly continuous.

Let here the parameters: 0 < o < 1, z = (21,...,29) € R, n € N;
7= (r1,..,7q) € N, i = (i1,...,iq) € N4 with i; = 1,2,..,7j, j = 1,...,d;

T T T

also let w; = w;, .., > 0, such that ZI: ZZ: i Wi, ...y = 1, in brief

i1=1lis=1 ig=1
T
written as »_ w; = 1. We further consider the parameters k = (ky, ..., kq) €
i=1
7% ;= (Hiys ooy ptiy) € Rff_, vi = Wiy, Viy) € R‘j_; and \; = Nij iy
Pi = Piy,...ig = 0.
We use here the first multivariate modulus of continuity, with § > 0,

wi (f,0) := sup |f () = F (W)l
z,y € R4
[z —ylloo <6
where ||z||, = max (|z1], ..., |zq]) .

Given that f is uniformly continuous we get (%inéwl (f,0) =0.
%

So in this section mainly we study the pointwise convergence with rates
over R%, to the unit operator, of the following one hidden layer multivariate
normalized neural network perturbed operator:

Definition 3.1. Let £ be the Lebesgue o-algebra on RY, N € N, and the
maxitive measure p : £ — [0, +00), such that for any A € £ with A # &, we
get p (A) > 0. We define the multivariate Kantorovich-Shilkret type neural
network operators for any z € RV, n € N:

(M (f)) (z) =
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[y o)

n2

k1:—n2 kd:—nz i1=1 ’id=1

,,,,,

k14 X\ kg+ Niy i
N*/ / / <t1+ Bt Ainig ...,td+w>du(t1,...,td)
N+ iy, N+ Piy,..ig

< (-

Remark 3.2. For f continuous and bounded we get:
1M (oo < I fllo > and M (1) = 1.

Remark 3.3. The terms in the ratio of sums in (1) can be nonzero, iff simul-
taneously

k.
nl=@ <:nj — #)‘ <Ty, all j=1,..,d,

< Hoallj=1,..,d, iff

—Tin® <kj <nz; +Ty;n%, alj=1,..4d.

To have the order

—n?< nxj — Tin® < kj <nxj+ Tin® < n2, (2)
we need n > T + |x;], all j = 1,...,d. So (2) is true when we take

nz max }(Tj + |xjl) -
When z € B in order to have (2) it is enough to assume that n > 27,
where T* := max{T1y, ..., T;} > 0. Consider
fj = [nx; — Tjn, nx; + Tyn®), j=1,..,d, n €N,

The length of fj is 2T3n®. By Proposition 2.1, we get that the cardinality of
k; € Z that belong to I; is card (kj) > max (2T;n® — 1,0), any j € {1, ...,d}.
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In order to have card (k;) > 1, we need 2T;n*—1 > 1 if and only if n > T @
any j € {1,...,d}.

Therefore, a sufficient condition in order to obtain the order (2) along
with the interval fj to contain at least one integer for all j = 1,...,d is that

_1
n >  max T+ |x|,T; > . 3
> mox {74107 7 )

Clearly as n — +o0o we get that card (kj) — 400, all j = 1,...,d. Also notice
that card (k;) equals to the cardinality of integers in [[nz; — T , ha;+1n%]
for all j = 1,...,d. Here [-] denotes the integral part of the number while [-]
denotes its ceiling.

From now on, in this section we assume (3).

We shall denote by T'= (11, ..., Ty), [nx + Tn®|=([nz1+T1in®],...,nxqe+Tqn?),

and [nz—Tn%| = ([nx1—T1n%], ..., [nzg—Tyn®]). Furthermore it holds
(M (f)) (z) =
[ne+Tn) 1
= (N) 77 (1 52 (1) b1 ()
k=[nx—Tn #([Ovn+pl:| )
[nz+Tno] (4)
b (i (o - £)
k=[nz—Tn>]
[nz1+T1n%] [nzg+Tyn®] 1 T4 1
S (Z 3w s
k1=[nz1-Tin®]  kg=[nzq—Tygn~] \u1=1 ig=1 ,u([o, m] >

ki+ X\ kg+ Niv i
(N%) / / / <t1+ kit Aiia ...,td+M>du(t1,---,td)
N+ iy, N+ Piy,..ig
b (nl_a (ml — %) e, (md — k—ﬁi))

ki=[nz1—Tin%| kg=[nxq—Tan>]

So if ‘nl_a (xj — %’)‘ <Tj, all j=1,...d, we get that

T*
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For convinience we call

S I (I

k=[nz—Tn]

[nz14+T1n%] [nzg+Tgn®]
Z Z b <n1_0‘ <x1 — @> U <xd — @>> i
n n

ki=[nz1—Tin®|  kg=[nzgq—Tyn<]

We make
Remark 3.4. Here always k is as in (2).
We have for
1
0<t;j<———, j=1,...d,
n+ Pil,...,id
that
Ht 4 kE+ iy, . x” < 1 k+ Xisig _ x” <
"+ Piq,...ig o Nt Pir,ig "+ Piq,...ig oo
1+)‘i17---7id k _ H <
N+ Piy,..ig N+ Piy,..ig .
1+ )‘i17---7id + k _ E + E —x <
N+ Piq,..ig N+ P i Mleo n 00
L+ Ny i + ija + Pi,...,iq HkHoo <
n+ﬂi1,...,id n (n+p’i1,---yid)n
2.1,---71'11 + 3 Pm---'vld ' (n ”xHoo + T*no‘) —
N+ Piy,...iq n n(n"i_plh---ﬂd)
L+ Niy,ig i T I Pi1,... iq 2| + T
N+ Piy,.ig nl-e N+ Piy,. g o ontte )
We have found that
ks -
n + pilv"'vid oo B
<pz1,...,id 2]l + Aironia +1> n <1+ Pir,...sia > T (5)
N+ Piy,.ig N+ Py, ig ni-o
1 o
So when 0 <t; < CErm 1,....,d, we get that

t+ k—l_)\il,---,id —LEH > <
n+pi17“'7id [ele]
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< wi <f, <p21,...,zd ”xHoo + 11,-.50d + > + <1 + Pi1,... 14 ) nl_a> , (6)

N+ Pig,.ig N+ iy, ig
with dominant speed nl%a

We present
Theorem 3.5. Let f : RY — R be continuous and bounded or uniformly
1
continuous. Let x € RY andn € N such thatn > max <T] + |z, T; > ,

T; >0,0<a< 1. Then

sup (M (f)) (z) = f (2)] <

o

T
pz||$||oo+>\i+1> < pi > T >
g w;w , + 11+ = 7
i=1 Z 1<f< n+pi n+p;i) nt-e )
T1 Td
Pix,...iq HxHoo + )‘ih---,id +1
E E Wiy ,W , +
et <f < N+ Piy,...ig

=1 ig—=1
. ) T*
<1+ Piy,...iq > 1_a> )
N+ Piy,ig) T

Proof. We notice the following:

E+A\ kot A
P B = (0 ) @ <

() - s+ o

M(N*)/Onﬁpif<t+ii:>du(t) <

)
1 N BN o
M—(N)/ f<t+ ) f(z)

n+ pi

Hence

dpu (t) + f (x) -

That is
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Similarly, we have

P =) - f (04 22 g (14 22

n+ p; n+ p; =
‘f<t+ij:2f>—f(x)'+f<t+ij:2f>.
Hence
e k4 X
f(z) < [ 11 }d (N*)/O f<t+nip,>—f(x) du (t) +
(o) |
1 " nip k+ X\
) "k
That is,

(o))

We have proved that

1

> n+p;

Using the last inequality we derive

(M (f)) (2) — ()] 2

[nz+Tn] r 1
Z (Zwl 1 . (N*)/n+p1f<t—|—k+>\l>d,u(t)>
k=[nz—Tn] \i=1 ) <|:0’ n-i}pz:| ) "
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el [(iiwiu([o - B (N*)for”f(tmﬂ)du()) f<w>]

[nz+Tn%] r
Zk: [ne—Tn>] |:zzl wi

ZLMF;:;”M {ilwi[“([o 11 ]d) (N*)fom

ZLMF;?T" Lzrawl [u([o,:lp ) (N*)foﬁpi w1 (f, (%ﬁ"“) n
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L e [ S e (5 (422) + (1 287) )
V (z) '

o)

T

; A +1 ; T*
S (1, (Bl AT (e ) Ty
— n -+ p; n+pi)n

proving the claim. O

Corollary 3.6. Let f : R — R continuous and bounded or uniformly con-
d

tinuous function. Let x € ] [~v;,7;] € R, v > 0, v* = max{y1, ..., 74}

j=1
1
andn € N:n> max {T;+~v;,T, *¢. Then
- je{l,...,d}{ ST }
sup [My (f) = fll 4 <
Iz 00, l_[l[—’ymjl
=

iV + A+ pi 1
1 = 8
Zwm(f,( . >+< +n—|—pi>n1—a> (8)
i Z W; Wi f pil,...,id'V + )\il,...,id +1 1+ Pi1,...ig T*
11,--452d ? n + pi17___7id n _|_ pil,-..,id nl_a .

=1 ig=1

Proof. By (7). O
Next here that the right hand sides of (7) and (8) do not depend on p

and b.

We continue with the higher order of approximation results based on the
high order differentiability of the approximated function.

_1
Theorem 3.7. Let x € R? and n € N such that n> I{rllaxd}<Tj—|—|3:j| vy “) ,
]e 9oy

T; >0,0<a<1. Letalso f € cN (Rd,R+), N € N, such that all of its
partial derivatives fz of order N, & : |a| = Y «; = N, are uniformly

J=1
continuous or continuous and bounded. Then

sgp\(M# (f) (@) = f(2)] <

N r l

1 i A+l i T*
S Y w KP ]l + Ai + >+<1+ p ) 1—a:| .
— ! — n+ p; n+p;)n
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d 1
<<Z ) f<w>)+ 9)
j=1
dN & pi ||zl +Xi +1 pi T "
mi:1Wi|:< n+ p; >+<1+n+pz> nl‘a] '

pillelle +Ai+1 pi T
& 1 .
azl‘%?i(]vwl <fa7 |:< n+ pi + + n+ p; nl—o

Inequality (9) implies the pointwise convergence with rates of (M} (f)) (z)
to f(x), as n — oo, at speed nl%a

K
al’j

Proof. As in the proof of Theorem 3.5 we get:
[(Myy (f)) (z) = f ()] <

DD W [ ;w[ﬁ (N) 77 [ 1 (14 52) = £ ) du(t)”

: 1

7Fpi
V(x)
(10)
(e (o=3)
n
Here we consider 0 < t; < n%, ji=1,...4d.

tPiy
Set

9t+kw(k)=f<w+A <t+n+ —w)) 0< A\ <1,

n+p;

Then we have

l
k?j—l-/\i 0
[(; <tj n+ p _xj> %) !

g, e0x (0) = J (@),

n+p;
By multivariate Taylor’s formula, we get

k+ N
f<t+n—|—pi> —f(:n):gHZi_;i(l)—f(g;):

and

N g(l)k+xi (0)

t+n+pi k"‘)\z
Z#+RN<t+n+ ,0>, (11)

=1 i
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where o
Ry <t + i i,0> =
n -+ p;

VAP -
/</ </ CNICETVT) C“N) ) w

Here we denote by

of L
fa:= e 0= (01,.0q), aj €ZT, j=1,..,d,

d
such that |a| = > a; = N.
j=1

Notice that

(5) 209 1\
0
0 0] € (( —>f(:v)>-
o = oz
; N+ 1 : 7 1!
[(p 2]l + Ai + >+<1+ p > I ] 7 (12)
n+ p; n+p;) n—¢

We observe that (0 < Ay < 1)

o, O3) = 0L, 0] =

k+X; N k+X;
g t+ n+Pz

n+p;
d ki + A o \" k+ A
t: J ) At P —
”(Z<]+n+m :C”) 3%’) d (WMN( QS $>>
d N
.y (by (5), (6))
n+ p; Ox;j
A e AU R W
n+ p; n+p;) nt-e

pillzllo + A +1 pi T
m & 1 .
et <fo” K n+ p; Uy +pi ) nl=e

a:la|l=N
Thus we find o
‘RN<t+ i i,o)‘é
n -+ p;
1 AL AN_1
/ ( A ( L e, 00 = oM <o>'dA7V) ) < (13)
0 0 0 +7L+pi n+p;

dN [ pillzll + X +1 (1P 1
N! n+ p; n+p; ) nl-o
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pillellee +Ai+1 pi T
. 1 .
aaen (fa’ K n+ pi U e

Therefore it holds
k+ X\
() s @
O
‘9 B+, (O)‘
t k ;
‘RN <t+ +A ,0>
n -+ p;
1
pila]l oo+ Ai + 1 pi \ T
)f(@)[( n+pi )+(1+”+Pz‘> nla} )

+£ pillrlloe + A 1N () pi T 1
N! n+ p; n+p;) nl=@

pillzllo + A +1 pi T
= 1 .
FlalN (f - K n+p U T ae

Hence we have that

(11)
<

(by (12), (13))
<

e k4N (14)
sz[—d(N*)/ f<t+nip,> — [ (2) du(t)] <
u([O,nim} > " Z
- N o1\
sudSh((She) o) (1)
i=1 =1 " j=1 J
P
[(pi\\x\\oo+>\i+1>+<l+ pi ) flf_ ]
n+ p; n+p;) n—¢
dN T/ pillz)lo+ A+ 1 i T 1N
() () )
T*

i Ai+1 i
max wi <fa7|:<p HxHoo—i_ + )—i—(l—i— p ) 1 ])}
a:lal=N n+ p; n+p;) n—¢

Consequently we derive
(by (10), (15))

[(ME () () = f (o)) <

[nz+Tn%] N r l
1 i AN+ 1 ; T*

Z Z_ ws [(P 2]l oo + A + ) <1+ pPi ) ] _
Il 4 - n+ p; n—+ p; -«

k=[nz—Tn%]

d ! T N
a~ (pillzll +Ai+1 pi \ T 1
((z_; )f(:v))+—!. lwz[( s )+<1+n+pi>n1a}

9
aZCj
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s o ([ (P20 o (1 225) ] |0 oo o= )
V(x)

N *
3 - pillzllse + X +1 pi T+ 7
1 Wi {1t T—a|
— ! P n—+ p; n+pi)n

l T N
a lefL'H + XN +1 Pi T*
¢ ; o0 1 .
>f(x)>+N!i_1w K n+ p; >+< +n+pi> 1‘4

pillzllo + A +1 pi T
5 +(1+
e o (g | (2= )

proving the claim. O
We have

Corollary 3.8. Let all as in Theorem 3.7. Additionally, assume that f5 (x) =
0,a:|lal=p, 1<p<N. Then

sgp\(M# (f) (@) = f ()] <

P (et () T ]N- (16)

ﬁizl ‘ n+ p; n+p; ) nl—@

pillzllee +Ai+1 pi T
a 1 .
Y (fa’ [( n+ p; U e e

Inequality (16) implies the pointwise convergence with rates of (M¥ (f)) (z)
to f(x), as n — oo, at speed m

0

0z

(5

Proof. By (9) we get the desired result. O

The uniform convergence with rates follows from the following
d

Corollary 3.9. All as in Theorem 3.7. Let x € G := [[ [-v;,v;] C R,
j=1
_1
Y > 0, v* := max{yl,...,yd} andn € N:n > max <T] +7jaTj a>.
j€{17---7d}
Then
N d 9 l
sup 342 (1) ~ <Sa((Z) e )
I oo,l_Il[—wﬁj] ;“ ; O oo,l_ll[—wm}
J= J=

- Y A+ i T 7
|:Z’wi K—pfy >+<1+ P ) — ] :|+ (17)
n+ p; n+p;) n-®

i=1
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dV ¢ piv  +Ai+1 Pi T+ 1Y
LA SN [ (ZEIE2) BRIl )
N! = n -+ p; n+p;) n—e

P+ i+ 1 pi T
~ -_ 1 .
s (J [ () + (1 28 ) s

Inequality (17) implies the pointwise convergence with rates of M} (f) to f
on G, as n — 0o, at speed nl%a

Proof. By (9) we get the desired result. O
Corollary 3.10. All as in Theorem 3.7 with N =1 hold. Then

sup (M (1)) (2) = 1 ()] < <§dj o).
=1
[iwi KPZ ”w|l§o++pj\i + 1> + <1 + nf_lp) nj:a} ]—F (18)

i=1

T
pillzllo + A +1 pi T
d . x 1 .
;sz n+tpi U e

pilllle +Ai+1 pi T
5 1 .
et <f°” [< n+ p; U pi) nt—e

Inequality (18) implies the pointwise convergence with rates of (M} (f)) ()
to f(x), as n — oo, at speed nl%a
Proof. By (9) we get the desired result. O

Notice here that the right hand sides of (9), (16), (17) and (18), do not
depend on y and b.
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