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ON SELF COMPLEMENTARITY OF THE INDUCED COMPLEMENT
OF A GRAPH

KIRAN KIGGAL UDAYASHANKAR AND PRAMEELA KOLAKE

ABSTRACT. Let G= (V,E) be a graph and S C V. The induced complement of the
graph G with respect to the set S, denoted by Gg, is the graph obtained from the
graph G by removing the edges of (S) of G and adding the edges which are not in
(S) of G. Given aset S C V, the graph G is said to be S-induced self complementary
if Gg = G. The graph G is said to be S-induced co-complementary if Gs = G.
This paper presents the study of the different properties of the S-i.s.c. and S-i.c.c.
graphs.

1. INTRODUCTION

We consider here only the finite undirected graphs with no loops or multiple
edges. Further, we denote any graph G by a pair (V,E), where V is the set of all
vertices of G and E, the set of all edges of G. By an (n,m)-graph G, we mean, a
graph G on n vertices (also referred to as order of G) and m edges (also referred to
as size of G). Let G = (V,E) be an (n,m) graph. For any set S C V, the induced sub-
graph (S) is the maximal subgraph of G with the vertex set S. For any vertex v € V,
the neighborhood of vis N(v) = {u € V | uv € E}. The degree of a vertex v € V is
deg(v) = |N(v)|. The degree sequence of a graph is the list of vertex degrees, usu-
ally written in decreasing order, such as d; > dy > ..... > d,. For the notations and
terminologies used here, the reader is referred to [5, 12] unless specified otherwise.

The complement G of a graph G = (V,E) also has V as its vertex set, but two
vertices are adjacent in G if and only if they are not adjacent in G. Two graphs G
and H are isomorphic (written G = H) if there exists a one-to-one correspondence
between their vertex sets V(G) and V(H), which preserves the adjacency. A graph
G = (V,E) is self-complementary if G = G. Prameela Kolake [7] in her Ph.D thesis
defined the concept of Induced complementation of a Graph as follows.

Definition 1.1. Let G = (V,E) be a graph and S C V. The induced complement of
G with respect to S, denoted by Gs, is a graph (V,Es), where for any two vertices
u,v €V, uv € Es if and only if one of the following conditions holds.
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(1) (u¢Sorvé¢S)anduv € E.
(2) u,veSanduv ¢ E.

The graph G is said to be
(1) S-induced self complementary (S-i.s.c.) if Gs = G.

(2) S-induced co-complementary (S-i.c.c.) if Gs = G.

Remark 1.1. Let G = (V,E) be a (n,m) graph. Then we observe the following.

(1) Every graph is S-induced self complementary for |S| = 1.
(2) If =V, then G5 = G. B
(3) A graph is always n-induced co-complementary, i.e., Gg = G for |S| = n.

Some basic observations and results on the Induced complement of a graph G are
listed below.

Note 1.1. (1) Let G be a (n,m) graph and S C V with |S| = k where (S) contains mg

k
edges. Then Gg contains m — 2mg + ) edges.

(2) Let G be a graph and S C V. Then (Gs) = (G)s.
(3) For any tree T of order n,
T UL if viand v; are ad jacent.
ivit =\ unicyclic graph,  otherwise.
where, T and T, are two trees of order less than #.
(4) In particular for any path P,,
n/{viv} unicyclic graph, otherwise.

(5) Let C, be a cycle on n vertices. Then (C,,){L it = b for any pair of adjacent
vertices i and j of the cycle C,,.

(6) (Cn){i, jky = Ca—1 UK, for any three consecutively adjacent vertices i, j and k of
C.

(7) Thus in general, if S = {v,vy,...... vk} is the set of k consecutively adjacent
vertices of a cycle C,, then (C,)s is the graph with a cycle C,_¢2 and P, with
an edge in common.

2. RESULTS ON §-1.S.C. AND S-1.C.C. GRAPHS

The graph G is said to be S-induced self complementary (S-i.s.c.) if Gg = G and
S-induced co-complementary (S-i.c.c.) if Gg = G. In this section a few results are
discussed with respect to S-i.s.c. and S-i.c.c. graphs.

Consider a graph G = (V, E). The induced complement of G with respect to every
set S C V with [S| =k, is called a k-induced complement of the graph G and is
denoted by G. We have the following result.
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Theorem 2.1. For a positive integer k, if Gy is self complementary then G must be a
connected graph.

Proof. Let G; be a self complementary graph for every set S with cardinality k. If
G is not connected then we show that it is possible to construct a set §; C V with
|S1| = k such that, Gg, is not self complementary.

Assume that the graph G is a disconnected graph and let G!,G?,....., G’ be the
components of G with ordern; >ny > ........ > n, respectively. If k = n, then clearly

Gy = G. Then (Gy) 2 (G) = G. Thus G = (Gy) = Gy = G for k = n. Thus if Gy is self
complementary then G must be self complementary. Hence G must be a connected
graph.

Let us assume that k < n. Suppose k < Z;;ll n;. Then we can pick any & vertices from
the components G', G2, .....,G'"~! to form S;. So, there exists at least one component
G” such that no vertex of G" lies in S;. Then Gg, will be a disconnected graph and

hence not self complementary. Thus (Gy) 2 G, a contradiction.
Suppose n >k > Y; _11 n;. Then choose S; to be the set of all vertices of G!,G?,

...,G" ! together with m vertices of the last component G” of G such that ¥" _11 n; +

1=

m=k. If n, = 1, then kK = n and so, n, > 2 and there exists at least one vertex v in
G" such that v ¢ ;. Clearly, n; > 2 for all i. We are choosing m vertices from the

component G” to form the set S.

Casei: m# % Then, since n; > n, for all i, the degree sequence of the vertices of

Gs, and (Gg, ) will be different. Hence G, 2 (Gg, ).
Case ii: m = 5 and the degree sequence of the vertices in the equal partition of

V(G") is the same in G. Then the m vertices of G" are adjacent to every

vertex of (U7 G') in Gs, and the remaining m vertices of G” are adjacent

to every vertex of U;;ll G' in (Gs,). Then Gg, is self complementary only
if Uf;lGi is self complementary. Since Uf;lGi is disconnected, it can not
be a self complementary graph. Hence, Gy, is not self complementary.

Thus in either case, Gy is not self complementary, a contradiction. Hence G must be
a connected graph. O

Theorem 2.2. Let G be a self complementary graph. Then Gg is a self complemen-
tary graph if and only if (S) is a self complementary graph.

Proof. Let G be a self complementary graph and suppose Gy is a self complementary
graph with respect to a set S C V. Let u;,u; € S be such that u; and u; are adjacent

in G. Then u; and u; are non-adjacent in Gs. Since Gs == (Gs) = (G)s, there exists a
map f : V(G) — V(G) such that, we can find two non-adjacent vertices w; and w; in
(G)s corresponding to u; and u; of Gs. By the definition of the induced complements,

either

(i) wi,w; € § and are adjacent in G or
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(ii) at least one of w;,w; lies in V — S and are non-adjacent in G.

If (if) is true, then f which maps u; to w; will not preserve the adjacency, a contra-
diction. Hence (i) must be true. So, for each vertex u; € S, we can find a vertex w;
in (S) which preserves the adjacency. Thus (S) is a self complementary graph.

Conversely, let G be a self complementary graph and S C V such that (S) is a self
complementary graph. Suppose u; and u; are two adjacent vertices in Gs. Then ei-
ther u; and u; lie in S and are not adjacent in G or at least one of u; and u; lies in
V — S and they are adjacent in G. Since G and (S) are self complementary graphs,
there exist two vertices v; and v; in G such that v; and v ; are non-adjacent in G if

vi,vj € Sorv; and v; are adjacent in G if at least one of v; and vjliesinV —S. Then v;

and v; are adjacent in (G)s. Since (G)s = (Gs) (by Note 2.1), v; and v; are adjacent
in (Gs) Thus (Gs) = GS. ]
Theorem 2.3. A graph G = (V,E) is a S-i.s.c. graph for a given set S CV if and

only if (S) = (S) and one of the following conditions holds.
(1) (S) is a component of G or

(2) at least |S| — 1 vertices of S are adjacent to every vertex of a set A CV — S and
N(v)N(V —S) = A for every vertex v € S with deg s)(v) # degE(v).

Proof. Let Gs = G for some set S C V. By the definition of Gg, two adjacent vertices
uj,u; of G are adjacent in Gg if and only if at least one of them lies in V — S. Thus
the adjacency within the vertices of V — S and between the vertices of S and V — §
remains unaltered in Gs. Also, two adjacent vertices of G are non-adjacent in Gy if
and only if they lie in S. Thus if G5 = G, then (S) = (S).

Suppose, S C V is such that, Gs = G and (S) = (S). If no vertex of S is adjacent to
any vertex of V —§, then (S) is a component of G.

Suppose there exist at least two vertices v;,v; € S such that, A; = N(v;) N (V — ) and

Aj=N(v;)N(V —S) and v; and v; are adjacent in G (See figure 1).

FIGURE 1. Adjacencies in graph G

Since (S) is self complementary, there exist two non-adjacent vertices u;,u; in S
such that, A; = N(M,') N (V — S) and Aj = N(uj) N (V — S) in G. If ({vi,vj,ui, MJ}> is
not self complementary, then Gg 2 G. Suppose u;v;v;u; form a path P, in G such
that u;,v;,v;,u; are adjacent to the sets A;,A;,A;,A; respectively in G (See figure 2).
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FIGURE 2. Adjacencies in graph G

Then in Gg, v;uju;v; forms a path Py with v;, u;,u;,v; adjacent to the sets A;,Aj,A;,A;
respectively (See figure 3).

s —

e

FIGURE 3. Adjacencies in graph Gg

Thus, the adjacency is not preserved in Gs. So, at least |S| — 1 vertices of S are
adjacent to every vertex of aset A CV —Sin G.
Suppose v € S and degs)(v) # degﬁ(v) and let N(v) N (V —S8) #A. Let N(v)N
(V —S) = B. Since (S) is self complementary, there exists a vertex w € S such that
N(w)N(V —S) =B in G. Then whenever B is adjacent to two adjacent vertices v, w
in G, it is adjacent to the same v,w in Gg wherein they are non-adjacent. Similar
is the case when B is adjacent to two non-adjacent vertices in G. Hence Gs 2 G, a
contradiction. o
Conversely, let S C V where (S) 2 (S) be such that, (S) is a component of G. Then
clearly, Gs = G.
Suppose that at least |S| — 1 vertices of S are adjacent to every vertex of a set A C
V —S§. Also, N(v) N (V —S) = A for every vertex v € S with deg s (v) # degE(v).

Then at most one vertex in S, having the same degree in (S) and (S), can be adjacent
to vertices outside the set A. Since the degree of this vertex can not change in Gg and

(S) = (S), we can find a one to one correspondence between the vertices of G and
Gs, which preserves the adjacency. Thus Gg = G. U

Theorem 2.4. For any graph G = (V,E) of order n, if Gs = G for some set S CV
with |S| =k, then there is always a set Sy CV with |S|| = k such that Gs, 2 G, except
fork=1,n.
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Proof. Let G = (V,E) be a disconnected graph such that, Gs = G for some set S C V
with |S| = k. Then pick any vertex from a component of the graph and k — 1 vertices
from the remaining components of the graph to form the set ;. Then Gs, 2 G.

Let us assume that G is a connected graph. Let S C V with |S| = k such that, Gs =~ G.
Then from Theorem 2.3, (S) is self complementary and V — S contains a set A such
that at least k — 1 vertices of S are adjacent to every vertex of A. Now pick k — 1
vertices from the set S and one vertex from the set A to form the set S;. Then (S;) is
not self complementary. Hence by the Theorem 2.3, Gs, 2 G. O

Theorem 2.5. A graph G = (V,E) is S-i.c.c. for a given set S C'V if and only if
S=V orS=V —{v} for some vertex v € V such that S is partitioned into two equal
partitions Sy and S, such that, S} = N(v) NS and the vertices of S| and S, have the
same degree sequence in (S) of G.

Proof. Let Gs = G for a given set S C V. Suppose V — S # 0 and no vertex of S is
adjacent to any vertex of V — S in G. Then G is disconnected and so is Gs. But then
G is a connected graph, a contradiction.

Suppose V — S contains more than one vertex, say, u;,u; € V —§ are the two adjacent
vertices in G and hence in Gs. Let S; = N(u;) NS and S; = N(u;) NS in Gs. Suppose
SiNSj#0or S;US; # S or |S;| #|S;|. Then in any case, degg(u;) # deggy(u;).
Hence the set S is partitioned into two equal sets S; and S;.

Suppose V — S = {u;,u;}. Then the sets S; and S; are adjacent to two adjacent
vertices u; and u; in Gg which are non-adjacent vertices in G. Thus Gs % G, a con-
tradiction.

Suppose S;US; = S and there exist u,, u, € V —§ which are non-adjacent in G, such
that, u,, is adjacent to S — S; and u, is adjacent to S — S; in Gs. If ({uj,uj, upm,u,}) is
not self complementary, then |E(G)| # |E(Gs)|, a contradiction.

Suppose ({u;,u, un,u,}) is a self complementary graph. Let us assume that u,uu ju,
forms a path P4 of (V —S) in G such that the vertices uy,, u;, u,u, are adjacent to the
sets S —S;,5;,5;,5 — S respectively in Gs. Then u juy,u,u; forms a path P4 in (V —S)
of G such that the vertices Uj,Unm, Uy, u; are adjacent to the sets § —S;,5;,5;,5 —§;
respectively in G. This shows that the adjacency between the vertices of G and G is
not preserved and hence Gs % G, a contradiction.

Thus V — S can have only one vertex, say v. Let S| = N(v)NS and S, =S —8;. If
IS1] # |S2|, then degg,(v) # degs(v), a contradiction. Thus S is partitioned into two
equal partitions S; and S, such that only S; is adjacent to v in G.

Suppose the degree sequences of the vertices of S; and S, are not the same in (S) of
G. Then note that the vertex v is adjacent to S in Gs but adjacent to S, in G. Hence
the degree sequence of the vertices of Gs and G will be different. This implies that
Gs 2 G, a contradiction.

Conversely, let S = S; US, with S, NS, = ¢ and |S;]| = |S2| = @ such that, exactly
Sy is adjacent to {v} =V — S in G and hence in Gs. Then in G, v is adjacent to the
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same number of vertices as in Gg. Since the vertices of S1 and S, have the same
degree sequence in (S) of G and ()¢, = (S)g, the adjacency between the vertices of
Gg and G is preserved. Hence Gg = G. ]

Theorem 2.6. Let G = (V,E) be a graph on n vertices such that, Gs = G for some
set S CV with S| = k and k # n. Then it is always possible to find a set S' C'V with
|S’| = k such that, Gy 2 G.

Proof. Let G be a graph on n vertices such that, Gg = G for some set S C V. Then
by Theorem 2.5, S =V — {v} and S is partitioned into two equal partitions S; and S,
such that, S; = N(v) NS and the degree sequences of the vertices of S} and S, are the
same in (S) of G. Then there exists at least one vertex u € S such that [N (u)| # 5.
For otherwise, let every vertex in S be adjacent to ; vertices of G. Then G is a
regular graph of degree "5~ 21 . But then
(S) is not a regular graph Wthh in turn implies that (S) is not a regular graph. Thus
Gs is not a regular graph and hence Gs % G, a contradiction. Thus there exists at
least one vertex u € S such that, [N (u)| # “51. Choose S’ =V — {u} and by Theorem
2.5,Gg 2G. g

Theorem 2.7. Let S CV be a set of vertices of a graph G = (V,E). Then Gs = Gy _g)
if and only if one of the following is true:
(D) (S) =(V—S)andifveSanducV —S are adjacent in G, then degg)(v) =
degy s (u) or
(2) (S) and (V —S) are self complementary graphs such that,
1. there exists no edge between S andV — S in G or
ii. the edges between S and V — S form a complete bipartite graph with par-
tite sets Vy,Va such that, Vi is one among S,S —{v} and {v} and V; is
one among V —S,(V — ) —{u} and {u} where deg s (v) = degm(v) and
degy—_s)(u) = deg—g;(u).
Proof. Suppose (S) = (V —S) and let v € S and u € V — S be adjacent in G but
degs)(v) # degy_s)(u) . Then the degree sequence of G5 and Gy _g) are not equal,

a contradlctlon Thus the condition 1 holds.
By definition of the induced complement of G with respect to the set S,

(S)es = (S)g and (V —S)cs = (V —S)- 2.1)
Similarly, with respect to the set V — S,
<V—S>G( = (V-S)gand (S)G Gy = (S)e- 2.2)
Since Gs = Gy _g), from equations (2.1) and (2.2)
(S)as = (S)g = (S)g and (V = S)g; = (V = S)¢ = (V = S)g- (2.3)

Thus (S) and (V —S) are self complementary graphs.
Suppose (S) and (V — S) are two components of G, then there is nothing to prove.
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Suppose the edges between S and V —S do not form a complete bipartite graph. Then
we can find at least two vertices vi,v, € S and at least two vertices u,up € V—S
such that v; is not adjacent to both u;,u; for i = 1,2 in G. Then in Gy, two adjacent/
non-adjacent vertices vi,v, € § are adjacent to two adjacent/ non-adjacent vertices
ur,up € V—=S. But vi,v; € S are non-adjacent/ adjacent in G(y_g) and are adjacent
to two non-adjacent/ adjacent vertices u;,u; € V—S. Hence the adjacency is not
preserved between the vertices of Gs and G(y_g), a contradiction. Thus the edges
between S and V —S form a complete bipartite graph with partite sets V; and V,.
Without loss of generality, let us assume that Vi € S and V, CV—S§. Letv;,v; €S
such that, v;,v; are non-adjacent to any vertex of V, and v;,v; are adjacent in Gs.
Then v;,v; are non-adjacent in Gy _g) and are not adjacent to any vertex of V5. Thus
the adjacency is not preserved and hence Gy _g) Z Gs, a contradiction. Thus V; = §
orS—{v}or{v}iandV, =V —Sor (V-S)—{u} or {u}.
Suppose degs)(v) # degﬁ(v), then we can find a vertex with different degrees in
Gs and Gy _g), which is non-adjacent to any vertex of V3, a contradiction. Thus
degs)(v) = a’egm(v). Similarly, degy ) (1) = degm(u).
Conversely, if the second condition holds, then Gs = G and G(y_g) = G, and hence
Gs= G(V— S)-
Let v;,v; be two adjacent vertices of Gg. Then
Case 1: vi,v;j € S. Then v;,v; are non-adjacent in G and hence in (S)s. Since
(S)g = (V —8)g, there exists two adjacency preserving non-adjacent ver-
tices u;,u; € V —S. Hence u;,u; are adjacent in Gy _g).
Case 2: One of v;,v; lies in V —S. Then v;,v; are adjacent in G and hence in G(y _g).
Case 3: v;,v; €V —S§. Then one can argue in the lines of case 1 and prove the result.

Thus in all the possibilities, Gs = Gy _g). g

Proposition 2.1. Let G be a graph of order n and let S CV. If Gs = Gy _g), then
(1) |S| <n—4forn>8,
2) |8 = g for n even.

Proof. Suppose Gs = G(y_g). As in Theorem 2.7, let us consider two possibilities.

Case 1: (S) and (V — S) are self complementary graphs satisfying some conditions.
Then |S| and |V — S| must be at least 4. Thus if |V — S| > 4, then |S| <n—4

forn > 8.
Case 2: (S) = (V —S) satisfying some conditions. Then note that |S| = |V — S| and
hence n must be even. g

Remark 2.1. From the proof of the Proposition 2.1, it may be observed that, the
graphs with orders 3,5 or 7 do not contain a set S of vertices, such that, Gs = Gy _g).

Theorem 2.8. Suppose G is a disconnected graph. Then Gy is connected if and only
if S contains at least one vertex from each component of G.
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Proof. Let G; = (V,,E;), i = 1,2,...,k be the k components of G = (V,E). Suppose
no vertex of a component G; (1 < j <k) lies in S. Then V; C V —§ and hence
no vertex of S is adjacent to any vertex of G; in G and hence in Gg. Thus G; is a
component in Gg, too and hence Gy is disconnected. Thus § contains at least one
vertex from each component of G.

Conversely, suppose S contains at least one vertex from each component of G. Then
(S) is disconnected and (S) is connected. Also, note that there exists at least one ver-
tex u; in the component G; such that i; is adjacent to some vertex of S. Thus there ex-

ists at least one path between any two vertices in Gs and hence Gg is connected. [

Lemma 2.1. The complement G of a connected graph G = (V,E) is disconnected if
and only if there exists a set A C 'V such that every vertex of A is adjacent to every
vertex of V. —A.

Proof. Suppose G is disconnected graph, where G is connected. Then there exist

at least two components G; and G, of G. Since (G) = G, every vertex of V(G)) is
adjacent to every vertex of V(Gz) in G. Thus V(G) is the set A mentioned in the
theorem.

Conversely, let every vertex of A be adjacent to every vertex of V —A in G. Then (A)
is a component of G. Thus G is disconnected. O

Theorem 2.9. Let G = (V,E) be a connected graph. Then Gy is disconnected if and
only if (S) is connected and there exists a set Sy C S such that every vertex of S is
adjacent to every vertex of S—S1 and N(S1) N (V —=S) is not adjacent to S—S in G.

Proof. Suppose Gs is a disconnected graph and assume that (S) is disconnected.
Then @ is connected and hence in Gg, there exists at least one path between every
pair of vertices through the vertices of S, a contradiction. So, (S) must be connected.
Since G is connected, there exists at least one path between the vertices of S and
V —Sin G. Thus Gs is disconnected if (S) is disconnected. The complement of a
connected graph is disconnected if and only if there exists a set A of vertices which
are adjacent to all vertices of V — A (by the Lemma 2.1). So, there exists a set S; C S
such that every vertex of S is adjacent to every vertex of S — 5.

Suppose some vertex u; € N(S1) N (V —S) is adjacent to a vertex v; € S—S; in G
(and hence in Gs). Then every path between the vertices of §; and S —S; must have
u; and v; on it in Gg, a contradiction. So, no vertex of N(S;) N (V — ) is adjacent to
any vertex of S — S7.

Conversely, suppose (S) is connected and there exists a set §; C S such that every
vertex of S; is adjacent to every vertex of § —S;. Then §; and S — §; are two com-
ponents of (S). Also, note that no vertex of N(S;) N (V — ) is adjacent to any vertex
of §—8;. Thus [N(S;)N(V —S)]US; forms a component of Gs and hence Gy is

disconnected. O
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3. CONCLUSION

Induced complement of a graph is all about complementing a set of vertices in-
stead of complementing the entire graph. This paper attempts to present some results
on S-i.s.c. and S-i.c.c. graphs which are the self complementary graphs with respect
to the induced complement of a graph.
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