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INEQUALITIES FOR RATIONAL FUNCTIONS WITH s-FOLD ZEROS
AT THE ORIGIN

B. A. ZARGAR, M. H. GULZAR, AND RUBIA AKHTER

ABSTRACT. In this paper, we establish some inequalities for rational functions
with prescribed poles having s fold zeros at the origin. Our results generalize and
refine the results of A. Aziz and W. M. Shah [2], A. Aziz and B. A. Zargar [3] and
other known rational inequalities.

1. INTRODUCTION

n .
Let P, be the class of polynomials P(z) = Y a;z/ of degree at most n. Let Dy
j=0
denote the region inside the circle Ty = {z;|z| = k > 0} and Dy the region outside
Ti. Foraj € Cwith j =1,2,...,n, we write
n n 1— a:z;
W(z) =[](z—a)) ; B(z)zH(_J_J>
j=1 j=1\ 274j
and
P(z)

= A2, ly) =3 —~ P € P, 5.
Ry -‘Rn(al az an) {W(Z) n}
Then the elements of &, are rational functions having poles at the points ay,a;, ...,a,
and with a finite limit at infinity. We observe that B(z) € &,. For f defined on 7} in
the complex plane, we set

M(f,k) = sup|f(z)].

€Ty

Throughout this paper, we also assume that all poles aj,ay,...,a, are in D15 . The
following famous result is due to Bernstein [4].

Theorem 1.1. If P € B, then M(P',1) <nM(P,1).
The following result was conjectured by Erdos and later proved by Lax [7].
Theorem 1.2. If P € B, and all the zeros of P(z) lie in Ty UD\ 4, then
M(P,1) < gM(P, ). (1.1)
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Equality in (1.1) holds for P(z) = az" + B with |a| = |B].

Li, Mohapatra and Rodriguez [10] have proved Bernstein-type inequalities similar
to Theorem 1.1 and Theorem 1.2 for rational functions with prescribed poles where
they replaced 7 by Blaschkes product B(z). Among other things they proved the
following generalizations of Theorem 1.2.

Theorem 1.3. Suppose r € R, and all zeros of r lie in Ty UD ., then for z € Ty,
1
(@) < 5 IB @M 1). (1.2)
Equality in (1.2) holds for r(z) = aB(z) + B with || = |B| = 1.

Theorem 1.4. Suppose r € R,, where r has exactly n poles at ay,ay,...,a, and all
the zeros of r lie in Ty U D _, then for z € Ty,

/ 1 /
¥ (@)= Z{IB' ()] = (n=m) } [r(@)], (1.3)
where m is number of zeros of r.

A. Aziz and B. A. Zargar [3] considered a class of rational functions &, having all
zeros in Ty U Dy, where k > 1 and proved the following generalisation of Theorem
1.3.

Theorem 1.5. Suppose r € R, and all zeros of r lie in Ty U Dy where k > 1, then
forz e,

/ V(o o nk=1) |r2)]?
Ir(Z)|§2{|B (@) - (k+1) (M(r,1))

Equality in (1.4) holds for r(z) = (£%)" where a > 1,k > 1 and B(z) = (1=%)"
evaluated at z = 1.
A. Aziz and W. M. Shah [2] considered a class of rational functions &, not van-

ishing in 7; U Dy, where k < 1 and proved the following generalisation of Theorem
1.4.

2}M(r,l). (1.4)

Theorem 1.6. Suppose r € Ry, where r has exactly n poles at ay,ay,...,a, and all
zeros of r lie in T, U Dy_ where k < 1, then for z € Ty,

1 2m—n(1+k)
! > < |B _— 1.5
@iz 5 {iBe+ 2 (1)
where m is the number of zeros of r(z).
The result is best possible and equality holds for r(z) = (éf?)’: where a > 1,k < 1

and B(z) = (%)n evaluated at z = 1.
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2. LEMMAS

We need the following lemmas for the proofs of our main results.

Lemma 2.1. Ifr € R, and r*(z) = B(z)r (l) then for z € Ty,
(" (@) [+1 (2)] < |B'(2)|M(r, 1). 2.1)
Equality in (2.1) holds in (z) = uB(z) with u € T}.
Lemma 2.2. Suppose that A € Ty, then the equation B(z) — Ak = 0 has exactly n

simple roots (say) t,tp,...,t, and all of them lie on the unit circle Ty and if r € R,

and z € Ty, then )
i" B(z) —A

7—1

B'(2)r(z) = (2)[B(2)

where Cy = Cy (M) is defined by

)

S lte—ajl?
Moreover for z € Ty, ,
B 7 B A
EACONS xe (2)
B(z) & 71—t
and also
B(2) & lal—1
B(2)|=1z = . 2.2)
’ ( )| B(Z) k;l ’Z*ak|2

Lemmas 2.1 and 2.2 are due to Xin Li, R. N. Mohapatra and R. S. Rodriguez [10].

Lemma 2.3. Suppose ty,ty,...,t, are the zeros of B(z) — A and s1,52,...,s, are the
zeros of B(z) + N, where A € T\. If r € R, and z € T, then

. 1
@+ (2))* < EIB'(Z)I2 (M} +M3), (2.3)
where M} = max |r(t;)| and M = max |r(s;)|.
1<i<n 1<i<n
The above lemma is due to A. Aziz and W. M.Shah [1].

Lemma 2.4. Ifz € T}, then

W)\ n—|BE)
&<W@)‘ y @9

n J—
where W (z) = [1 (z—a;) and W*(z) = "W (%)
j=1
This Lemma is due to A. Aziz and B. A. Zargar [3].

Lemma 2.5. Assume that r(z) € R,, where r(z) has exactly n poles at ajy,ay, ..., a.
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(1) Suppose r has s zeros at origin and all other zeros in Ty U Dy where k > 1,

then for z € Ty,
f : k@) B nlk—1)+25k
r(z) — 2 2(1+k)

(ii) Suppose r has s zeros at the origin and all other zeros in T, UDy_, k<1,
then for z € Ty,

Re

7r'(2) S |B'(2)] N 2m+2sk —n(1+k)

) = 2 204k
where m is the number of zeros of r, each zero being counted according to its
multiplicity.

Proof of Lemma 2.5. Letr(z) = % € Ry. If by, by, ..., by, are the zeros of P(z), then
m<n.
(i) Assume that |b;| >k>1,j=1,2,...,m. Then

'(z) _ P'(2)  W'(2)

= . 2.5
@ PE W@ 22
Since P(z) has s-fold zeros at the origin,
s P(z) =7'H(2),
where H(z) = ¥, a;z/. Also
j=0
P’ H'
W) _H , o (2.6)
P(z)  H(2)
Using (2.6) in (2.5) we get
7' (2) zH'(z)  W'(2)
=9 —
r(z) H(z) W)
m-s . ZW/(Z)
=5+ - .
“z—b W)
For z € T1, we obtain with the help of Lemma 2.4,
/ m—s !/
R _ 4 Re L gAE 2.7)
r(z) Sz—b W(z)
vz n—|B'(z)|
=s+Re — . 2.8
t; z—b; < 2 (2.8)

Now for the points €®, 0 < 0 < 27, we have

z ele
e (Z_bt> e <€‘9 —k€‘¢>
TN\ T kelo9)
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1 — ke 1(0-8)
=Re
< (1 — ke'(©=9))(1 — ke (0-0)) >
R 1 — ke 1(09)
- e<1 —2kcos(¢—e)+k>
< b
=14k

.o 1—kcos(¢—0) 1 .. L.
if W < 5% That s, if k > 1. Which is true.

Hence, 1
Re( ¢ ><7
z—b/) ~ 1+k
Using (2.9) in (2.7), we get
/ _ R
ReSQ) _  m=s  (n—|B(2)]
r(z) 1+k 2
n—s (n—|B()
< _
=S ( 2

_ 1B nk-1) sk
2 214k 14k
(ii) Assume that |b;| <k <1,j=1,2,...,m. Then
z'(z) _2P'(z)  W'(2)
r(z) P(z) W(z)
Since P(z) has s-fold zeros at the origin,
P(z) = 2H(2),

where H(z) = n‘lz_sajzj.
J=0 ZP'(z)  zH'(2) b
P(z) H(z)
Using (2.11) in (2.10) we get
'(z) _  H'(2) W'(2)

o T H@R W)
m-s - _ZWI(Z)

S-b W(2)

:S—|—

For z € Ty, this gives with the help of Lemma 2.4

7r'(2) =z W'(2)
Re =s+Re — Re
r(z) t; 72— b, W(z)

S S (L

=1 z—b

235

2.9

(2.10)

2.11)

2.12)
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Now it can be easily seen that for z € T, |b;| < k <1,
Z 1
R ( ) >_— 2.13
¢ 2—=b/ ~ 1+k ( )
Using (2.13) in (2.7) we get for z € Ty,

()

_sk+m  (n—|B'(z)|
e < )
_|B'(z)] 2m+2sk n(
2 2(1+k)
That proves Lemma 2.5. O]

1+k)

3. MAIN RESULT

The main aim of this paper is to obtain inequalities similar to (1.4) and (1.5) for
the rational functions having s-fold zeros at the origin. In this direction, we first
prove the following result:

Theorem 3.1. Suppose r € R, has s zeros at the origin and all other zeros in Ty, UDy
where k > 1, then for z € Ty,

<] nk=1) 2\ Q)P
i< {BaI- (T - o ) e MED. 6D

Equality in (3.1) holds for r(z) = z° (Ejfl)l’;: where k > 1, a > 1 and B(z) =
(M

)" when evaluated at 7 = 1.

Prgof of theorem 3.1 For z € T} we have as in ( [10], p.529),
z2(r*(2))’ ‘ () 2
@ | 1P
B P+ [ 22|B'<z>\Re<”’<Z>)
r(z) r(z) )
Using (i) of Lemma 2.5 we have for z € T,
Ar @) i, |27 @) / |B'(z)] n(k—1) sk
@) = 1B @I+ z) _2|B(Z)|{ 2 _2(1+k)+1+k}
|2 (2)

2 (n(k—=1) 25k ),
+{ T 1+k}‘B @I

rap+{ S ZArerr el <l o)

r(z)

This implies for z € T,




INEQUALITIES FOR RATIONAL FUNCTIONS 237

This gives with the help of Lemma 2.1,

@+ WP +{ T o PR < B @)

After a short simplification, this yields for z € T7,

Yol < ;{‘B/(Zﬂ— <n(k—l) 25k ) MZ)'Z}M(M). O

(k+1) k+1)M(r1)
Remark 3.1. Taking s =0, we get Theorem 1.5.
Taking s = 1, we get the following result.

Corollary 3.1. Suppose r € R, has only one zero at the origin and all other zeros in
Ty UDyy where k > 1, then for z € Ty,

n\K — — r 2
@< 5 { B (" ) e M. 62

Equality in (3.2) holds for r(z) = z(z(j_k()ln);l where k > 1, a> 1 and B(z) =
(1=%)" when evaluated at z = 1.
Next we prove the following result which is a generalization of (1.5).

Theorem 3.2. Suppose r(z) = % € Ry, where r has exactly n poles at ay,ay, ...,a,

and s-fold zeros at the origin and all other zeros in T, UDy_  k < 1, then for z € Ty,

@z 5 { B S

Equality in (3.3) holds for r(z) = ' (Z(jfz;s where k <1, a>1and B(z) =

(3.3)

(%)" when evaluated at z = 1.

Proof of theorem 3.2. Using the fact that

/ /

@) g , (3.4)

r(z) r(z)

from (ii) of Lemma 2.5 we have for z € T,
77 (z) _ |B'(z)|  2m+2sk—n(1+k)
R > 3.5

@) T 2 2(1+k) (35)
Combining (3.4) and (3.5), we get (3.3) and the proof is complete. ]

As an immediate consequence of Theorem 3.2, we have the following generaliza-
tion of inequality (12) in [ [10], p. 526], where r has s-fold zeros at the origin and
n—r zeros in T, UDy_.
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Corollary 3.2. Suppose r(z) = % € Ry, where r has exactly n poles at ay,ay, ...,a,
and s-fold zeros at the origin and all other zeros in T, UDy_, k< 1. Then forz e T,

v@12 5 {ima+ M 66)

Equality in (3.6) holds for r(z) = 2° (E;kz;: where k <1, a>1 and B(z) =

(%)n when evaluated at z = 1.

Finally, we prove the following result.

Theorem 3.3. Let r € R, have s-fold zeros at the origin and all other zeros in T, U
Dy Let t,1a,...,t, be the zeros of B(z) — A and s1,52, ..., Sy, the zeros of B(z) + A,
where A € Ty, then for z € T

1

, 1, k—1)+2sk [r(D)PIB ()] 2 2
vl < 5 {wop- BB S () o)

where M| = max |r(t;)| and My = max |r(s;)|.
1<i<n 1<i<n

Proof of theorem 3.3. We have

Therefore

Since z € T}, we have 7 = % and therefore

(7 (2))'| = |zB'(2)r(z) — B(2)zr'(2)|

|29 | 68
Using (2.2) of Lemma 2.2 we get for z € T1,
@)= 1B @) Ir(@) - Q)]
Hence it follows that for z € T}
@) P | @
@ ‘B o (3.9)
=B () + Z:(iz)) - 2B’(z)Re<Z:(S)> ‘ :

Using (i) of Lemma 2.5 in (3.9) we get
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2

2(r(2))’ / ' (2) o) 1B @) n(k—1)+2sk
5| zwars 7] o {52 -G
B @) nk—1)+2sk
r(2) airn PEL
which implies for z € T;
n(k—1)+2sk

7 (2)]” + <17 )2 (3.10)

W””(Z)FW( )

Therefore using Lemma 2.3 we get

21 @)+ S rPE )] < 167 @) P+ 6
< JIB )P (M3 -+ 13}
Equivalently,
QP < B QP (g + 03} - "R P o)

i n(k — 1)+ 2sk |r(2)|?|B'(z)|
(wor -2 (w498,

which immediately leads to the inequality (3.7). (|
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