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VARIATIONAL APPROXIMATION FOR MODIFIED

MEYER-KÖNIG AND ZELLER OPERATORS

EMRE TAŞ AND TUĞBA YURDAKADIM

Abstract. In the present paper we introduce modified Meyer-König
and Zeller operators which coincide with the classical Meyer-König and
Zeller operators if ω(x) = x. We provide sufficient conditions on the
boundedness of the total variation of these operators and we also present
a result which deals with the variational approximation of the new mod-
ified operators.

1. Introduction

The classical Meyer-König and Zeller (MKZ) operators [5], [10] are defined
by

(Mnf)(x) = (1− x)n+1
∞
∑

r=0

(

r + n

r

)

xrf(
r

r + n
),

and (Mnf)(1) = f(1) where f ∈ C[0, 1], the space of all continuous functions
on [0, 1] and x ∈ [0, 1]. These operators have been discussed by means of
convergence in variation in [9]. There are some generalizations and many
studies on the MKZ operators [1], [6], [11]. A real valued function f is said
to be of bounded variation on [0, 1] if its total variation is finite, i.e.

‖f‖V := V 1
0 [f ] = sup

n−1
∑

i=0

|f(xi+1)− f(xi)|,

where the supremum is taken over all sequences 0 ≤ x0 ≤ x1 ≤ ... ≤ xn ≤ 1.
Many well known operators such as Bernstein have been studied by using
convergence in variation [3], [12].

The classical MKZ operators have been evolved as follows

(Mω
n f)(x) = (1− ω(x))n+1

∞
∑

r=0

(

r + n

r

)

ωr(x)(f ◦ ω−1)(
r

r + n
),

for f ∈ C[0, 1], x ∈ [0, 1),

(1.1)
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and

(Mω
n f)(1) = f(1)

where ω is an absolutely continuous and infinitely differentiable function on
[0, 1]. We have also assumed two conditions to overcome some challenges in
the results.

• (C1) inf ω
′

(x) ≥ m > 0 for almost every x,
• (C2) ω(0) = 0 and ω(1) = 1.

Our generalization of the MKZ operators is related to the recently published
papers [2], [7], [8], [9].

Proposition 1.1 ([4]). Let f be an absolutely continuous function on [0, 1]
with positive derivative almost everywhere. Then f is strictly increasing and
the inverse function is absolutely continuous on [f(0), f(1)].

By taking derivative of (1.1), we get

(Mn
ωf)′(x) =

= (n+ 1)(1 − ω(x))n+1ω′(x)

∞
∑

r=0

(

r + n+ 1

r

)

(f ◦ ω−1)(
r + 1

r + n+ 1
)ωr(x)

− (n+ 1)(1 − ω(x))nω′(x)

∞
∑

r=0

(

r + n

r

)

(f ◦ ω−1)(
r

r + n
)ωr(x)

= (n+ 1)(1 − ω(x))nω′(x)

∞
∑

r=0

(

r + n+ 1

r

)

(f ◦ ω−1)(
r + 1

r + n+ 1
)ωr(x)

− (n+ 1)(1 − ω(x))nω′(x)

{ ∞
∑

r=1

(

r + n

r − 1

)

(f ◦ ω−1)(
r

r + n
)ωr(x)

−
∞
∑

r=0

(

r + n

r

)

(f ◦ ω−1)(
r

r + n
)ωr(x)

}

= (n+ 1)(1 − ω(x))nω′(x) · S,
where

S :=

∞
∑

r=0

(

r + n+ 1

r

)[

(f ◦ ω−1)(
r + 1

r + n+ 1
)− (f ◦ ω−1)(

r

r + n
)

]

ωr(x).

2. Main Results

In this section we give two main results. The first one provides suffi-
cient conditions on the boundedness of ‖Mω

n f‖V . The second one is on the
variational approximation of the MKZ operators.

Let us give our first main theorem.
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Theorem 2.1. Let f be a function of bounded variation on [0, 1] and ω be
an absolutely continuous function on [0, 1] satisfying conditions (C1), (C2).
Then we have Mω

n f is an absolutely continuous function on [0, 1] and also

‖Mω
n f‖V ≤ ‖f‖V .

Proof. By Proposition 1, (C1) and (C2), we have the absolute continuity of
ω−1 on [0, 1]. Since absolute continuity implies bounded variation, ω−1 is a
function of bounded variation on [0, 1]. Hence we obtain f ◦ ω−1 is a func-
tion of bounded variation which implies (Mω

n f) is an absolutely continuous
function on [0, 1]. Then

‖Mω
n f‖V =

∫ 1

0
|(Mω

n f)
′(x)|dx

≤ (n+ 1)

∞
∑

r=0

(

r + n+ 1

r

)∣

∣

∣

∣

(f ◦ ω−1)(
r + 1

r + n+ 1
)− (f ◦ ω−1)(

r

r + n
)

∣

∣

∣

∣

· Ir,

where

Ir :=

∫ 1

0
ωr(x)(1 − ω(x))nω′(x)dx.

By substituting t = ω(x) and using the beta function, we obtain

‖Mω
n f‖V ≤(n + 1)

∞
∑

r=0

(

r + n+ 1

r

)∣

∣

∣

∣

(f ◦ ω−1)(
r + 1

r + n+ 1
)

− (f ◦ ω−1)(
r

r + n
)

∣

∣

∣

∣

∫ 1

0
tr(1− t)ndt

= (n+ 1)

∞
∑

r=0

(

r + n+ 1

r

)
∣

∣

∣

∣

(f ◦ ω−1)(
r + 1

r + n+ 1
)

− (f ◦ ω−1)(
r

r + n
)

∣

∣

∣

∣

β(r + 1, n + 1)

=

∞
∑

r=0

∣

∣

∣

∣

(f ◦ ω−1)(
r + 1

r + n+ 1
)− (f ◦ ω−1)(

r

r + n
)

∣

∣

∣

∣

≤ ‖f‖V
which completes the proof. �

Now, one can also rewrite the operators (Mω
n )

′ via a direct computation
in the following form

(Mω
n f)

′(x) =
(1− ω(x))n

ω(x)
ω′(x) · T (x), x ∈ (0, 1),

where

T (x) :=
∞
∑

r=0

(

r + n

r

)

(f ◦ ω−1)(
r

r + n
)[r − (r + n+ 1)ω(x)]ωr(x), x ∈ (0, 1).
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If we take

Lω
s,n(ω(x)) := (1− ω(x))n+1

∞
∑

r=0

(

r + n

r

)

[r − (r + n+ 1)ω(x)]sωr(x),

then we have

Lω
s,n(ω(x)) =























1 , s = 0
0 , s = 1
(n+ 1)ω(x) , s = 2
(n+ 1)ω(x)(1 + ω(x)) , s = 3
(n+ 1)ω(x)[1 + 3(n + 2)ω(x) + ω(x)(1 + ω(x))] , s = 4.

(2.1)
On the other hand with the use of Taylor’s formula for the function f ◦ω−1

at ω(x) as long as ω′′ and f ′′ exist, we get

f(t) = (f ◦ ω−1)(ω(t))

= (f ◦ ω−1)(ω(x)) + (ω(t)− ω(x))(f ◦ ω−1)′(ω(x))

+
1

2
(ω(t)− ω(x))2(f ◦ ω−1)′′(ω(x))

+
1

2

∫ ω(t)−ω(x)

0

[

ω(t)− ω(x)− v

]2

(f ◦ ω−1)′′′(ω(x) + v)dv.

(2.2)

If we apply the operators (Mω
n )

′ to (2.2), we obtain

(Mω
n f)

′(x) = f(x)
(1− ω(x))n

ω(x)
ω′(x)

∞
∑

r=0

(

r + n

r

)

[r − (r + n+ 1)ω(x)]ωr(x)

+f ′(x)
(1 − ω(x))n

ω(x)

∞
∑

r=0

(

r + n

r

)

[r − (r + n+ 1)ω(x)]

(

r

r + n
− ω(x)

)

ωr(x)

+
1

2
(f ◦ ω−1)′′(ω(x))

(1 − ω(x))n

ω(x)
ω′(x)

·
∞
∑

r=0

(

r + n

r

)

[r − (r + n+ 1)ω(x)]

(

r

r + n
− ω(x)

)2

ωr(x)

+
1

2

(1− ω(x))n

ω(x)
ω′(x)

∞
∑

r=0

1

(r + n)2

(

r + n

r

)

[r − (r + n+ 1)ω(x)]ωr(x)

·
∫ r

r+n
−ω(x)

0

[

r − (r + n)(ω(x) + v)

]2

(f ◦ ω−1)′′′(ω(x) + v)dv

=f(x)An(x) + f ′(x)Bn(x) +
1

2
(f ◦ ω−1)′′(ω(x))ω

′

(x)Cn(x) +Dn(x). (2.3)

Note that An(x) = 0 and Bn(x) = 1 for every n ∈ N by (2.1).
Now we give some lemmas which are used in the proof of the second main

theorem.
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Lemma 2.2. Let ω be an absolutely continuous function satisfying condi-
tions (C1) and (C2). Then we have

|Cn(x)| ≤
2

n
+

2

n(n− 1)
+

2
√
21

n
√
n− 1

, n ≥ 2.

Proof. Using basic computation, we get

Cn(x) =

=
(1− ω(x))n

ω(x)

∞
∑

r=0

(r + n)!

r!n!
[U(x)− 2ω(x)]

(

U(x)− ω(x)

r + n

)2

ωr(x)

=
(1− ω(x))n

ω(x)

∞
∑

r=0

(r + n− 1)!

r!n!
[U(x)− 2ω(x)]

[U(x) − ω(x)]2

r + n
ωr(x)

=
(1− ω(x))n

ω(x)

∞
∑

r=0

(r+n−2)!

r!n!

(

1− 1

r + n

)

[U(x)− 2ω(x)][U(x) − ω(x)]2ωr(x)

=
(1− ω(x))n

ω(x)

∞
∑

r=0

(

r + n− 2

r

)

1

n(n− 1)

(

1− 1

r + n

)

· [U(x)− 2ω(x)][U(x) − ω(x)]2ωr(x)

=
(1− ω(x))n

ω(x)

∞
∑

r=0

(

r + n− 2

r

)

1

n(n− 1)
[U(x)− 2ω(x)][U(x) − ω(x)]2ωr(x)

− (1− ω(x))n

ω(x)

∞
∑

r=0

(

r+n−2

r

)

1

n(n−1)(r+n)
[U(x)−2ω(x)][U(x)−ω(x)]2ωr(x)

=
(1− ω(x))n

ω(x)

∞
∑

r=0

(

r + n− 2

r

)

1

n(n− 1)

·
{

U(x)3(x)− 4ω(x)U(x)2(x) + 5ω2(x)U(x) − 2ω3(x)

}

ωr(x)−K

(2.4)

where U(x) := r − (r + n− 1)ω(x) and

K :=
(1− ω(x))n

ω(x)

∞
∑

r=0

(

r + n− 2

r

)

1

n(n− 1)(r + n)

· [U(x)− 2ω(x)][U(x) − ω(x)]2ωr(x).

By using the equations given in (2.1), we have

Cn(x) =
(1− ω(x))(1 − 3ω(x))

n
− 2

ω2(x)(1− ω(x))

n(n− 1)
−K.
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Applying the Cauchy-Schwartz inequality, we get

|K| ≤ 1

n2(n− 1)

1− ω(x)

ω(x)

·
{

(1− ω(x))n−1
∞
∑

r=0

(

r − (r + n− 1)ω(x) − 2ω(x)

)2(
r + n− 2

r

)

ωr(x)

}
1

2

·
{

(1− ω(x))n−1
∞
∑

r=0

(

r − (r + n− 1)ω(x) − ω(x)

)4(
r + n− 2

r

)

ωr(x)

}
1

2

≤ 1

n2(n− 1)

(1− ω(x))

ω(x)

{

(n− 1)ω(x) + 4ω2(x)

}
1

2

.

{

(n− 1)ω(x)[1 + 3nω(x) + ω(x)(1 + ω(x))]

− 4ω(x)(n − 1)ω(x)(1 + ω(x)) + 6ω2(x)(n − 1)ω(x) + ω4(x)

}
1

2

≤ 1

n2(n− 1)

{

n+ 3

}
1

2
{

(n− 1)(3n + 3) + 8(n− 1) + 6(n − 1) + 1

}
1

2

≤ 1

n2(n− 1)

{

n+ 3

}
1

2
{

(n− 1)(3n + 17) + n− 1

}
1

2

≤ 1

n2(n− 1)

{

4n

}
1

2
{

(n − 1)(3n + 18)

}
1

2

≤ 2
√
n
√
n− 1

√
21

√
n

n2(n − 1)
=

2
√
21

n
√
n− 1

, n ≥ 2. (2.5)

Combining (2.4) and (2.5), we obtain for n ≥ 2

|Cn(x)| ≤
2

n
+

2

n(n− 1)
+

2
√
21

n
√
n− 1

. �

Lemma 2.3. Let f ∈ C[0, 1] and ω be an absolutely continuous function
satisfying conditions (C1) and (C2). If ω′′ and f ′′ are absolutely continuous
on [0, 1], then we have

‖Dn‖1 ≤
{

7π2

36n
+

2

n
√
n
+

1

(n− 1)
+

1

2n(n− 1)

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du,

where ‖.‖1 is usual norm in the space of all absolutely Lebesque integrable
functions on [0, 1].

Proof.

Dn(x) =
(1− ω(x))n

2ω(x)
ω′(x)

∞
∑

r=0

1

(r + n)2
[r − (r + n+ 1)ω(x)]

(

r + n

r

)

ωr(x)
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.

∫ r

r+n
−ω(x)

0
[r − (r + n)(ω(x) + v)]2(f ◦ ω−1)′′′(ω(x) + v)dv

= E1 − E2, (2.6)

where

E1 :=
(1− ω(x))n

2ω(x)
ω′(x)

∞
∑

r=0

r − (r + n)ω(x)

(r + n)2

(

r + n

r

)

ωr(x)

·

r

r+n
−ω(x)
∫

0

[r − (r + n)(ω(x) + v)]2(f ◦ ω−1)′′′(ω(x) + v)dv

and

E2 :=
(1− ω(x))n

2
ω′(x)

∞
∑

r=0

1

(r + n)2

(

r + n

r

)

ωr(x)

·

r

r+n
−ω(x)
∫

0

[r − (r + n)(ω(x) + v)]2(f ◦ ω−1)′′′(ω(x) + v)dv.

Let us give upper bounds for ‖E1‖1 and ‖E2‖1.
‖E1‖1 ≤

≤ 1

2

∫ 1

0

(1− ω(x))n

ω(x)
ω′(x)

∞
∑

r=0

1

(r + n)2
[r − (r + n)ω(x)]

(

r + n

r

)

ωr(x)

.

∫ r

r+n
−ω(x)

0
[r − (r + n)(ω(x) + v)]2|(f ◦ ω−1)′′′(ω(x) + v)|dvdx

≤ 1

2

∫ 1

0

(1− ω(x))n

ω(x)
ω′(x)

∞
∑

r=0

[r − (r + n)ω(x)]

(

r + n

r

)

ωr(x)

.

∫ r

r+n
−ω(x)

0
[

r

r + n
− (ω(x) + v)]2|(f ◦ ω−1)′′′(ω(x) + v)|dvdx.

After making the substitution ω(x) + v = u and taking into account
∣

∣

∣

∣

r
r+n

− (ω(x)+ v)

∣

∣

∣

∣

2

≤
∣

∣

∣

∣

r
r+n

−ω(x)

∣

∣

∣

∣

2

for r
r+n

≤ v ≤ ω(x) or ω(x) ≤ v ≤ r
r+n

,

one can observe that

‖E1‖1 ≤
1

2

1
∫

0

(1− ω(x))n

ω(x)
ω′(x)

∞
∑

r=0

[r − (r + n)ω(x)]

(r + n)2

(

r + n

r

)

ωr(x)

·

r

r+n
∫

ω(x)

[r − (r + n)u]2|(f ◦ ω−1)′′′(u)|dudx
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≤ 1

2

∫ 1

0

(1− ω(x))n

ω(x)
ω′(x)

∞
∑

r=0

[r − (r + n)ω(x)]3

(r + n)2

(

r + n

r

)

ωr(x)

·
(

r

r+n
∫

0

−
ω(x)
∫

0

)

|(f ◦ ω−1)′′′(u)|dudx

= E2
1 − E1

1

where

E1
1 :=

1

2

∫ 1

0
ω′(x)

(1 − ω(x))n

ω(x)

∞
∑

r=0

[r − (r + n)ω(x)]3

(r + n)2

(

r + n

r

)

ωr(x)

·
∫ ω(x)

0
|(f ◦ ω−1)′′′(u)|dudx

E2
1 :=

1

2

∫ 1

0
ω′(x)

(1 − ω(x))n

ω(x)

∞
∑

r=0

[r − (r + n)ω(x)]3

(r + n)2

(

r + n

r

)

ωr(x)

·
∫ r

r+n

0
|(f ◦ ω−1)′′′(u)|dudx.

In order to obtain upper bounds for ‖E1
1‖1 and ‖E2

1‖1 we need the follow-
ing:

X =
(1− ω(x))n

ω(x)

∞
∑

r=0

[r − (r + n)ω(x)]3

(r + n)2

(

r + n

r

)

ωr(x)

=
(1− ω(x))n

ω(x)

∞
∑

r=0

[r − (r + n)ω(x)]3

(r + n)

(r + n− 1)!

r!n!
ωr(x)

=
(1− ω(x))n

nω(x)

∞
∑

r=0

(

r + n− 1

r

)(

1

r + n− 1
− 1

(r + n)(r + n− 1)

)

· [r − (r + n)ω(x)]3ωr(x) (2.7)

=
(1− ω(x))n

n(n− 1)ω(x)

∞
∑

r=0

(

r + n− 2

r

)

[r − (r + n− 1)ω(x)− ω(x)]3ωr(x)

− (1− ω(x))n

n(n− 1)ω(x)

∞
∑

r=0

1

r + n

(

r + n− 2

r

)

[r − (r + n− 1)ω(x)− ω(x)]3ωr(x)

=
1

n(n− 1)

1− ω(x)

ω(x)

[

(n− 1)ω(x)(1 − 2ω(x))− ω3(x)

]

−M

=
1− ω(x)

n(n− 1)

[

(n− 1)(1 − 2ω(x))− ω2(x)

]

−M. (2.8)
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Using the Cauchy-Schwartz inequality for M , we get

|M | ≤ 1− ω(x)

n2(n − 1)ω(x)

[

(1− ω(x))n−1
∞
∑

r=0

(

r + n− 2

r

)

· [r − (r + n− 1)ω(x) − ω(x)]4ωr(x)

]
1

2

.

[

(1− ω(x))n−1
∞
∑

r=0

(

r + n− 2

r

)

[r − (r + n− 1)ω(x) − ω(x)]2ωr(x)

]
1

2

=
1

n2(n − 1)
(1− ω(x))

[

3(n − 1)2ω(x) + (n− 1)(1 + 3ω2(x)) + ω3(x)

]
1

2

·
[

n− 1 + ω(x)

]
1

2

=
1

n2
(1− ω(x))

[

3ω(x) +
1 + 3ω2(x)

n− 1
+

ω3(x)

(n− 1)2

]
1

2√
n− 1

[

1 +
ω(x)

n− 1

]
1

2

≤ 1

n
√
n
(1− ω(x))

[

3ω(x) + 1 + 3ω2(x) + ω3(x)

]
1

2
[

1 + ω(x)

]
1

2

≤ 4

n
√
n
, n ≥ 2. (2.9)

From (2.8) and (2.9), we have

|X| ≤ 1

n(n− 1)
{(n − 1) + 1}+ 4

n
√
n
=

n

n(n− 1)
+

4

n
√
n
≤ 1

n− 1
+

4

n
√
n
.

|E1
1 | ≤

1

2

(

1

n− 1
+

4

n
√
n

)
∫ 1

0
ω′(x)

∫ ω(x)

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

dudx

≤ 1

2

(

1

n− 1
+

4

n
√
n

)

(ω(1)− ω(0))

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du (2.10)

≤ 1

2

(

1

n− 1
+

4

n
√
n

)
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du.

On the other hand

|E2
1 | =

1

2

∞
∑

r=0

1

(r + n)2

∣

∣

∣

∣

∫ r

r+n

0
(f ◦ ω−1)′′′(u)du

(

r + n

r

)

·
∫ 1

0
ω′(x)[r − (r + n)ω(x)]3(1− ω(x))nωr−1(x)dx

∣

∣

∣

∣

and substitute ω(x) = y, then we can rewrite the above equality

|E2
1 | =

1

2

∞
∑

r=0

1

(r + n)2

∣

∣

∣

∣

∫ r

r+n

0
(f ◦ ω−1)′′′(u)du

(

r + n

r

)

·
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·
∫ 1

0
[r − (r + n)y]3(1− y)nyr−1dy

∣

∣

∣

∣

.

Using the beta function, we get
∣

∣

∣

∣

(

r + n

r

)
∫ 1

0
[r − (r + n)y]3(1− y)nyr−1dy

∣

∣

∣

∣

=

=

∣

∣

∣

∣

5r2n+ 3rn2 − 2n3 + 6r2

(r + n+ 1)(r + n+ 2)(r + n+ 3)

∣

∣

∣

∣

≤ 2.

Hence we obtain

|E2
1 | ≤

∞
∑

r=0

1

(r + n)2

∫ r

r+n

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

≤
∞
∑

r=0

1

(r + n)2

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

≤ π2

6n

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du.

(2.11)

Combining (2.10) and (2.11), we have

‖E1‖1 ≤
{

1

2

(

1

n− 1
+

4

n
√
n

)

+
π2

6n

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

≤
{

π2

6n
+

1

2(n − 1)
+

2

n
√
n

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du.

To give an upper bound for ‖E2‖1, notice that

‖E2‖1

≤
∫ 1

0

(1− ω(x))n

2
ω′(x)

∞
∑

r=0

1

(r + n)2

(

r + n

r

)

ωr(x)

·

r

r+n
−ω(x)
∫

0

[r − (r + n)(ω(x) + v)]2
∣

∣

∣

∣

(f ◦ ω−1)′′′(ω(x) + v)

∣

∣

∣

∣

dvdx

=
1

2

∫ 1

0
(1− ω(x))nω′(x)

∞
∑

r=0

1

(r + n)2

(

r + n

r

)

ωr(x)

∫ r

r+n

ω(x)
[r − (r + n)u]2

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

dudx

≤ 1

2

∫ 1

0
(1− ω(x))nω′(x)

∞
∑

r=0

1

(r + n)2
[r − (r + n)ω(x)]2

(

r + n

r

)

ωr(x)
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·
(

r

r+n
∫

0

−
ω(x)
∫

0

)∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

dudx

=
1

2

∫ 1

0
(1− ω(x))nω′(x)

∞
∑

r=0

1

(r + n)2
[r − (r + n)ω(x)]2

(

r + n

r

)

ωr(x)

·
∫ r

r+n

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

dudx

− 1

2

∫ 1

0
(1− ω(x))nω′(x)

∞
∑

r=0

1

(r + n)2
[r − (r + n)ω(x)]2

(

r + n

r

)

ωr(x)

·
∫ ω(x)

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

dudx = E2
2 − E1

2 .

Let

Q := (1− ω(x))n
∞
∑

r=0

1

(r + n)2
[r − (r + n)ω(x)]2

(

r + n

r

)

ωr(x).

Q =
1

n
(1− ω(x))n

∞
∑

r=0

(

1

r + n− 1
− 1

(r + n)(r + n− 1)

)

· [r − (r + n)ω(x)]2
(

r + n− 1

r

)

ωr(x)

=
1

n(n− 1)
(1− ω(x))n

∞
∑

r=0

[r − (r + n− 1)ω(x) − ω(x)]2

·
(

r + n− 2

r

)

ωr(x)

− 1

n(n− 1)
(1− ω(x))n

∞
∑

r=0

1

r + n
[r − (r + n− 1)ω(x) − ω(x)]2

·
(

r + n− 2

r

)

ωr(x) =
1

n(n− 1)
(1− ω(x))[(n − 1)ω(x) + ω2(x)]− P (2.12)

where
P := 1

n(n−1)(1−ω(x))n
∑

∞

r=0
1

r+n
[r− (r+n− 1)ω(x)−ω(x)]2

(

r+n−2
r

)

ωr(x).

If we consider 1
r+n

≤ 1
n
, we have

P ≤ 1

n2(n− 1)
(1− ω(x))[(n − 1)ω(x) + ω2(x)] ≤ 1

n(n− 1)
. (2.13)

By (2.12) and (2.13), it is satisfied that

|Q| ≤ 1

n− 1
+

1

n(n− 1)
.
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Hence we get from the last inequality

|E1
2 | ≤

1

2

∫ 1

0

(

1

n− 1
+

1

n(n− 1)

)

ω′(x)

∫ ω(x)

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

dudx

≤ 1

2

(

1

n− 1
+

1

n(n− 1)

)
∫ 1

0
ω′(x)dx

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du (2.14)

=
1

2

(

1

n− 1
+

1

n(n− 1)

)
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du.

|E2
2 | ≤

1

2

∞
∑

r=0

1

(r + n)2

∣

∣

∣

∣

∫ r

r+n

0
(f ◦ ω−1)′′′(u)du

(

r + n

r

)

·
∫ 1

0
[r − (r + n)ω(x)]2(1− ω(x))nωr(x)ω′(x)dx

∣

∣

∣

∣

and again by substituting ω(x) = y

|E2
2 |≤

1

2

∞
∑

r=0

1

(r + n)2

∫ 1

0

∣

∣

∣

∣

(f◦ω−1)′′′(u)

∣

∣

∣

∣

du

∣

∣

∣

∣

(

r + n

r

)
∫ 1

0
[r−(r+n)y]2(1−y)nyrdy

∣

∣

∣

∣

.

Then using the following inequality
∣

∣

∣

∣

(

r + n

r

)
∫ 1

0
[r−(r+n)y]2(1−y)nyrdy

∣

∣

∣

∣

=

∣

∣

∣

∣

r2n+ rn2 + 2r2 − 2rn+ 2n2

(r + n+ 1)(r + n+ 2)(r + n+ 3)

∣

∣

∣

∣

≤1

3
,

we obtain

|E2
2 | ≤

1

6

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

∞
∑

r=0

1

(r + n)2
≤ 1

6

π2

6n

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du.

(2.15)
From (2.14) and (2.15), we get

‖E2‖1 ≤
{

π2

36n
+

1

2(n− 1)
+

1

2n(n− 1)

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du.

Combining the above inequalities, we have

‖Dn‖1 ≤
{

π2

6n
+

1

2(n− 1)
+

2

n
√
n

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

+

{

π2

36n
+

1

2(n − 1)
+

1

2n(n− 1)

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

=

{

7π2

36n
+

1

n− 1
+

2

n
√
n
+

1

2n(n− 1)

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du. �

Theorem 2.4. Let f ∈ C[0, 1] and ω be an absolutely continuous function
satisfying conditions (C1) and (C2). If ω′′ and f ′′ are absolutely continuous
on [0, 1], then we have
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‖(Mω
n f)− f‖V ≤ S

n−1

{

‖f‖V + ‖f ′′‖V
}

, n ≥ 2,

where S := 7Rmax{H + ‖ω′′′‖∞ + 3‖ω′′‖2
∞

+ (3H + 1)‖ω′′‖∞,H + 1 +
3H‖ω′′‖∞} such that R := max{ 1

mr , r = 2, 3, 4}, H > 1 and ‖.‖∞ is usual
supremum norm.

Proof. By using Lemma 2.2, Lemma 2.3, (2.3) and condition (C1), we obtain

‖Mω
n f − f‖V = ‖(Mω

n f)
′ − f ′‖1

≤ 1

2

∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′(ω(x))ω′(x)Cn(x)

∣

∣

∣

∣

dx+ ‖Dn‖1

≤
[

1

n
+

1

n(n− 1)
+

√
21√

n(n − 1)

]
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′(ω(x))ω′(x)

∣

∣

∣

∣

dx

+

{

7π2

36n
+

1

n− 1
+

2

n
√
n
+

1

2n(n− 1)

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(u)

∣

∣

∣

∣

du

=

[

1

n
+

1

n(n− 1)
+

√
21√

n(n − 1)

]
∫ 1

0

∣

∣

∣

∣

f ′′(x)

(ω′(x))2
− f ′(x)ω′′(x)

(ω′(x))3

∣

∣

∣

∣

ω′(x)dx

+

{

7π2

36n
+

1

n− 1
+

2

n
√
n
+

1

2n(n− 1)

}
∫ 1

0

∣

∣

∣

∣

(f ◦ ω−1)′′′(ω′(x))

∣

∣

∣

∣

dx

=

[

1

n
+

1

n(n− 1)
+

√
21√

n(n − 1)

]
∫ 1

0

∣

∣

∣

∣

f ′′(x)

(ω′(x))2
− f ′(x)ω′′(x)

(ω′(x))3

∣

∣

∣

∣

ω′(x)dx

+

{

7π2

36n
+

1

n− 1
+

2

n
√
n
+

1

2n(n− 1)

}

.

∫ 1

0

∣

∣

∣

∣

f ′′′(x)

(ω′(x))3
− 3

f ′′(x)ω′′(x)

(ω′(x))4
− f ′(x)ω′′′(x)

(ω′(x))4
+

f ′(x)(ω′′(x))2

(ω′(x))5

∣

∣

∣

∣

ω′(x)dx

≤
[

1

n
+

1

n(n− 1)
+

√
21

2
√
n(n− 1)

]{‖f ′′‖1
m

+
‖f ′‖1‖ω′′‖∞

m2

}

+

{

7π2

36n
+

1

n− 1
+

2

n
√
n
+

1

2n(n− 1)

}{‖f ′′′‖1
m2

+ 3
‖f ′′‖1‖ω′′‖∞

m3
+

‖f ′‖1‖ω′′′‖∞
m3

+ 3
‖f ′‖1‖ω′′‖∞

m4

}

≤ 7

n− 1

{‖f ′′‖1
m

+
‖f ′‖1‖ω′′‖∞

m2

}

+
6

n− 1

{‖f ′′′‖1
m2

+ 3
‖f ′′‖1‖ω′′‖∞

m3
+

‖f ′‖1‖ω′′′‖∞
m3

+ 3
‖f ′‖1‖ω′′‖∞

m4

}

≤ 7

n− 1
R

{

‖f ′′‖1 + ‖f ′‖1‖ω′′‖∞ + ‖f ′′′‖1+

3‖f ′′‖1‖ω′′‖∞ + ‖f ′‖1‖ω′′′‖∞ + 3‖f ′‖1‖ω′′‖∞
}

,

where R := max{ 1
mr , r = 2, 3, 4}.
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Following the Stein’s inequality [13], we write

‖f ′′‖1 ≤ H
√

‖f ′‖1‖f ′′′‖1 ≤ H(‖f ′‖1 + ‖f ′′′‖1)
such that H > 1. Let S = 7Rmax{H + ‖ω′′′‖∞ + 3‖ω′′‖2

∞
+ (3H +

1)‖ω′′‖∞,H + 1 + 3H‖ω′′‖∞}. Then we have

‖(Mω
n f)

′ − f ′‖1 ≤
S

n− 1

{

‖f ′‖1 + ‖f ′′′‖1
}

and hence

‖(Mω
n f)− f‖V ≤ S

n− 1

{

‖f‖V + ‖f ′′‖V
}

.

This completes the proof. �
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