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VARIATIONAL APPROXIMATION FOR MODIFIED
MEYER-KONIG AND ZELLER OPERATORS

EMRE TAS AND TUGBA YURDAKADIM

ABSTRACT. In the present paper we introduce modified Meyer-Konig
and Zeller operators which coincide with the classical Meyer-Konig and
Zeller operators if w(x) = z. We provide sufficient conditions on the
boundedness of the total variation of these operators and we also present
a result which deals with the variational approximation of the new mod-
ified operators.

1. INTRODUCTION

The classical Meyer-Kénig and Zeller (MKZ) operators [5], [10] are defined

by > T n T
(f)a) = (=t Y (T e,
r=0

r+n

and (M, f)(1) = f(1) where f € C0, 1], the space of all continuous functions
on [0,1] and = € [0,1]. These operators have been discussed by means of
convergence in variation in [9]. There are some generalizations and many
studies on the MKZ operators [1], [6], [11]. A real valued function f is said
to be of bounded variation on [0, 1] if its total variation is finite, i.e.

n—1
[ fllv = Vol[f] = SUPZ |f(@is1) = f (i),

i=0
where the supremum is taken over all sequences 0 < zg <z < ...<z, < 1.
Many well known operators such as Bernstein have been studied by using
convergence in variation [3], [12].

The classical MKZ operators have been evolved as follows
r
)

M2 ) a) = (1 — (@) S () er (@) (f 0w
;( R e N
for f € C[0,1],z € [0,1),
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and
(M5 f)(1) = f(1)
where w is an absolutely continuous and infinitely differentiable function on

[0,1]. We have also assumed two conditions to overcome some challenges in
the results.

e (C1) infw'(x) > m > 0 for almost every x,

e (C2) w(0) =0and w(l) =1.
Our generalization of the MKZ operators is related to the recently published
papers [2], [7], [3], [9].

Proposition 1.1 ([4]). Let f be an absolutely continuous function on [0,1]
with positive derivative almost everywhere. Then f is strictly increasing and
the inverse function is absolutely continuous on [f(0), f(1)].

By taking derivative of (1.1), we get

(M, 1) (@) =
— (D)0 @)@ Y (T (Fow e @)
r=0

= (r+n r

(1) e 0w ™) () (@)
; < > rT+n
(r+n+1 r+1

— (1)1~ wla (Fow™ )~ (@)
TZ; < ) r+n+1

D - { > (1) e

T

(e ow—1><rjn>wr<x>}

= (n+ 1)(1 - w(@))"w' () - S,

2. MAIN RESULTS

In this section we give two main results. The first one provides suffi-
cient conditions on the boundedness of ||M¥ f||y. The second one is on the
variational approximation of the MKZ operators.

Let us give our first main theorem.
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Theorem 2.1. Let f be a function of bounded variation on [0,1] and w be
an absolutely continuous function on [0, 1] satisfying conditions (C1), (C2).
Then we have MY f is an absolutely continuous function on [0,1] and also

1M fllv < [Ifllv-

Proof. By Proposition 1, (C1) and (C2), we have the absolute continuity of
w~ ! on [0,1]. Since absolute continuity implies bounded variation, w™? is a
function of bounded variation on [0, 1]. Hence we obtain f ow™! is a func-
tion of bounded variation which implies (MY f) is an absolutely continuous

function on [0, 1]. Then

HMWM—/IM“ (2)|dz

<0y (T e - e )|
r=0

where 1
/ w" w(x))"W' (z)dz.
0

By substituting ¢ = w(z) and using the beta function, we obtain

r+n-+ 1 r+1
MY <( 1 _
| fllv <tn — ( >' o )(r+n+1)

~(Jow xr+n>/’f< o)t
SRS D S (R | PRPRE

T r+n+1
r=0

—(fow ) (=)|Blr+ Ln+1)

B > 1 r+1 B -1 r
_E_:(fow 1) e )
< I fllv

which completes the proof. O

Now, one can also rewrite the operators (M)" via a direct computation
in the following form

(3 Y () = L2

o) w'(z) - T(x), z € (0,1),

where

> r+n _ r -
:Z< , >(fow 1)(T+n)[r—(r+n+l)w(az)]w (), x € (0,1).

r=0
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If we take < i
Ln(w(@) = (=@ Y ("= 0 D)),
then we have r=0
1 ,s=10
0 ,s =1
L (w(@) = { (n+ () 5 =2
(n + 1)eo(@)(1 + w(2)) 5=3
(n+ Dw(@)[1+3(n+2)w(x) + w(z)(1l +w(x))] ,s :(;l.l)

On the other hand with the use of Taylor’s formula for the function fow™!
at w(z) as long as w” and f” exist, we get

f&) = (fow H(w(®)
= (fow™ ) (w(@)) + (w(t) —w(@))(f ow™) (w(x))

+5(t) — @) 0w (w(a) (22
w(t)—w(z)
+; /0 [w(t)—w( ) — ] (f o w™ )" (w(x) + v)dv.

If we apply the operators (M¥)" to (2.2), we obtain

(02 Y () = £) 2O iy 3 ( * ”) r— (4 n 4 De(a))u" (z)

w(z) N\ T
! 7(1_(”(:17))”00 MY g w(x @) ) (@
@S (7)) el (e )@
11 (F 0wy e L) iy

l\D

w(z)

(””)r— (et (o] —w(sc))zw"(:c)

r=0 r+n
%(“7‘””” : (r +n)? <T+n>[r_(””“)”(l‘ﬂwr(ﬂc)

=f(2)An(2) + f'(2)Bn(z) + (fow 1 (w(@))w' (2)Cn(@) + Dy(x). (2.3)

Note that A, (z) =0 and B, (z ) =1 for every n € N by (2.1).
Now we give some lemmas which are used in the proof of the second main
theorem.
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Lemma 2.2. Let w be an absolutely continuous function satisfying condi-
tions (C1) and (C2). Then we have

2 2 2v/21
()| < 2 > 2
|C, (a:)]_n—l—n(n_l)—Fn — "

Proof. Using basic computation, we get

Cp(x) =
_ A -w(@)" f: "+ () — 2() <7U(”“’) — ”(””)>2w’“(x)

w@) & il r+n
-2 () ()

U(2) = 2w(@)][U () - w(@)Pw" (2)

- Qe < . 2) %[U (2) — w(@)|[U(2) - w@)Pw (z)

w(x) ~ T n—1)
(1 —w(z r+n—2 1
il (@) 2w(@)][U (2)—w (@)’ (2)
ol z%( > D)
(1 —w(x)” > (r+n—2 1
o5 (7 )

(2.4)
{ (@) (z) — dw(@)U ()(>+5w2<x>v<x>—2w3<:c>}w<x>—f<

where U(x) —7’—(7‘+n—1)w(x) and

. 1—w )= [T+ —2 1
h= Z( >n<n—1><r+n>
e > (@)U () — w(@)Pu ().

By using the equations given in (2.1), we have

Colz) = (1-w@)1—3w(@) @@ -wx) .

n n(n —1)
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Applying the Cauchy-Schwartz inequality, we get
1 1 —w(x)
n*(n—1) w(z)

{5 (e n= vt -2 (7477}
{0y 3 (1= ety ) ()
1 (-

r=0
(z)) n— w :
< o D 0 bt + 40
{(n — Dw(z)[1 + 3nw(x) + w(z)(1 + w(z))]

K| <

E

1
2

—4w(z)(n — Dw(x)(1 + w(x)) + 6w’ (z)(n — Dw(z) + w4(a:)}

1
2

< 2n—1 {n+3} {n—l 3n—|—3)+8(n—1)—|—6(n—1)+1}
y

1
2
< - {n—l—?) {n—l 3n+17)—|—n—1}
n n—l
1
2

< m{%} {(n —1)3n + 18)}
C VIV 2Rl (2.5)

- n?(n—1) Cnyn—1

Combining (2.4) and (2.5), we obtain for n > 2

]Cn(x)\gng 2 + 2\/ﬁ' O

n nn-1 nyn—-1
Lemma 2.3. Let f € C[0,1] and w be an absolutely continuous function
satisfying conditions (C1) and (C2). If w"” and f" are absolutely continuous
on [0,1], then we have

Tn? 2 1 1 !
D, <{— —1y\m
[Pl < {36n * n\/ﬁ+ (n—1) * 2n(n—1)}/0 (Fow ) (u)
where ||.||1 is usual norm in the space of all absolutely Lebesque integrable
functions on [0, 1].
Proof.

du,
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()
: /0 [r = (r +n)(w(z) +v)*(f ow™)" (w(x) + v)dv
— ) — B, (2.6)

where

and

(@)

T+
/ [r— (r 4+ n)(w(z) + )]2(f o w™ )" (w(z) + v)dv.
0
Let us give upper bounds for ||E1||1 and || Ezl|1.

B2l <

1/ (1 —w(z))"
< ~ 000 N 77
w r:O

/W_M I — (r + 1) (w(@) + 0)P|(f 0w )" (w(@) + v)|dvdz

L[ O S (o

r:O
— (w(@) + V)P|(f ow™)" (w(x) + v)|dvda.

e}

8

(@) g

[

“Jo r+n

After making the substitution w(x) + v = u and taking into account

2 2
i — (w(@) +v) for 7 < v <w() orw(z) <ov <
one can observe that

1
L[ A—w@) 8= )] (1
”El”lﬁao/wi”@)z r+n)? < )“’ )

(l‘) r=0

< r+n_w( ) r+n7

r+n

-/[r—<r+n> I(f 0w )" (o) | dudz

w(z)
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L e, S e m)? e
§2 0 w(x) (); (r +mn)? ( r > (z)
o w(@)
( [-] >|(fow Y ()| dud
0 0
-5
where
L 1 w(@) S nw@P fr Y
Y s D ik <> )

- /0 (F 0w " () duds.

In order to obtain upper bounds for ||Ei||l1 and |[E?||; we need the follow-
mg:

(1 — w(@)" & (r+n)w(@)? (r+n\ ,
X= w(z) ;} (r+mn)? < r )w ()
(1—w(z)) [r—(r+n r+n—1"
w(af) Z r—|—72 (el rin! )w (z)
1—w(:13 r+n-—1 1 1
- onw(r) ;( ><r+n—1_(r+n><r+n—1)>
= (r + nw(@)P (@) (2.7)

_—(1—w(a:))" (2 r—(r+n—Dwx) — w@) P (x
e o () ) et @)

r=

_ U zw@)" L (ren2 r—(r+n—1Dw) —w)P (z
Bl e e e @

n(n —Nw(x) = r+n r

= L 1-w@f, w(@)(1 = 2w(z)) — wi(z)| —

— A - Dt - 2ue)) - )| - 01

_ 1w — —2w(z)) — (2| —

2 - )1 - 20() - w2(a)| - 1 (2.)
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Using the Cauchy-Schwartz inequality for M, we get

M| < nzl__—% [(1 () 2 <r + " 2)

(n

=t —1w(e) — w(x)]‘lw"(:c)} ’

J-wtoyr 3 (= 00 = Do) — () o)

T
r=0

[NIES

N[

= m(l —w(z)) [3(71 —1D2w(z) + (n — 1)(1 + 3u?(2)) + w?’(x)]
. [n—1+w(x)]2
! L 3w?(e) | W) ] w(z)]?
— 2 —w(o) |3ule) + 2L 1)2} m[lj “l)]
< n—ln(l —w(z)) [3w(a:) + 14 3w (z) + wg(a:)} i [1 + w(gj):| ’
= % nz2 (2.9)
From (2.8) and (2.9), we have
1 4 n 4 1 4
Xl = n(n—l){(n_1)+1}+n\/ﬁ - n(n —1) +n\/ﬁ = n—1 +n\/ﬁ'
1 1 L i 1w’ T “() o w N (W) dudz
Blsy(citor) [ e [ (o™
< %(n o+ %) (@) —w) [ |(Fow ™) wdu (210)
1
() [ ool

On the other hand

o

1 1
=5 ——
| 1| 2T:0 (r+n)2

oty uau(”
I (")

1
. /0 W (2)[r — (r 4+ n)w@)P(1 - w@)"w  (z)de

and substitute w(x) =y, then we can rewrite the above equality

(o) (w)du Rk
/ (")

[e.e]

1 1
B =5 —
=t 2;0(7"—1—71)2
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=y

Using the beta function, we get

<r + n) /Ol[r — (r+n)y)P1 - y)nyr—ldy‘ _

r

5r2n + 3rn? — 2n? + 612 <
(r+n+1)r+n+2)(r+n+3)| ~

Hence we obtain

2 G 1 HL" ° —1\m d
B o ) | oe ]
< G 1 ! —1\m d (2 11)
<3 Grap ), [Fee @) ~
<= [ |orowyan

Combining (2.10) and (2.11), we have

= (3 ate)
) {Q—Z ' 2<"1— DN njﬁ } /01 (f ow™)"(w)

To give an upper bound for ||Esl|1, notice that

1 E2(11
YA —w@)™ , > 1 r+n\ ,
é/o fw(w)2m< r >W (z)

(fow™)"(u)|du

du.

dvdx
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H @)
(- Poeeroos
:% / (1_w(x>>nwf<x>;] = e (@)

Q= —w<x>>"§f el = P (T )
(=

1
+n—1 7‘+n(7‘+n—1)>

-t <:c>]2(7" ")
- —w:pnoor—r n—1Dw(z) — w()]?
= ) T O ete) i)

' <r+:—2>wr($)

L —w@)"Y ——r — (1 — Dw() — w(@)]?
r=0
1

~n(n—1) r+n
(rtn—2 Wwi(z) = —w(@)[(n — Dw(z) + w?(z)] —
(771w = s (- w0 - Dule) + @) - P (212)
where
Pi= ol (- w(@) 0 sl —(r+n—1w(x) —w@)? (" ().
If we consider W < % we have
1 1
P < sy~ w@)ln = Dwl) + w(x)] < "D (2.13)
By (2.12) and (2.13), it is satisfied that
1 1
@< n—1 +n(n—1)'
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Hence we get from the last inequality

Ry Ry
<n - 1 n(nl— 1)>

T (ow ) wau ("
/ )

dudzx

(fow™)"(u)

du  (2.14)

du.

1 1
B3 < 5

and again by substitutmg wx)=1y

[e.e]

1 1 r+n\ [
) Y —— — 2(1—y)™y" dy|
| 2|_2;(r+n)2 < . )/0[7“ (r+n)yl"(1-y)"y dy‘
Then using the following inequality

r+n\ [t { r2n + rn? 4+ 2r2 — 2rn + 2n2 | 1
_ 1—y)"y"d -
( )/0[7" (rn)y]*(1-) ‘ ‘r—l—n—l—l r+n+2) r—l—n—|—3‘ 3’

[(fow ) )au

r
we obtain
|E2| < 1 1 (fow /// dui 1% [t (fow_l)m(u) du
276 7107“4-712_6671 )
From (2.14) and (2.15), we get (2.15)
2 1 1 1 .
<< — N '
HE2H1_{36n+2(n—1)+2n(n_1)}/0 (fow ™) (u)|du
Combining the above inequalities, we have
72 1 2 1
D,ll1 €< — m
[1Dnll < {6n+2(n_1) +nm}/0 (f ow™)"(u)|du
7T2 1 1 ! —1\m
+{%+2(n—1)+2n(n_1)}/0 (fow™)"(u)|du
77T2 ! 2 1 ' —1\m
_{36—n+n—1+n\/ﬁ+2n(n_1)}/0 (fow™ )" (w)|du. O

Theorem 2.4. Let f € C[0,1] and w be an absolutely continuous function
satisfying conditions (C1) and (C2). If w"” and f" are absolutely continuous
on [0,1], then we have
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102 ) — fllv < %{Hfl!v ; Hf"uv}, 02,

where S := TRmax{H + ||w" || + 3llw”||% + BH + 1)||w"|lcc, H + 1 +
3H||w"||so} such that R := max{-2, r =2,3,4}, H > 1 and ||.|| 4s usual
supremum norm.

Proof. By using Lemma 2.2, Lemma 2.3, (2.3) and condition (C'1), we obtain
1M f = fllv = M) = f'll

1
<5 [ |¢ee @ @ew
(1 1 V2l ] /1
0

dl‘-l- HDnH1

<14 (f 0™ (w(@))w (x)|da

n -1 Van—1)]

7_7T2 1 2 1 ! ow 1" (u
+{_36n+n—1+n\/ﬁ+2n(_n—ll)}”/o (f | ) E/)
(. V21 / f(ﬂc)) f'(x)w”"(z)

0

du

W' (z)dz

Il
|
4

2 (W)

77T2 1 2 1 ! — n /
+{%+n—1 +n\/ﬁ+2n(n—1)}/0 (fow™ )" (w'(w) | da
[ 1 V21 o) flaw ()]
- {H T -1 T A - 1)] | e~ Tty e
T2 1 2 1
+{ﬁ+n—l+n\/ﬁ+2n(n—l)
) @) (@) fl)w (@) )W (@),
o [y W e +r N w @)z
1 1 21 17 1l lloo
S[E+71(n—1)+2\/ﬁ(n—1)]{ —— m?
7n? 1 2 1 1Nl SN T llw” oo
- 36n n—1+n\/7_z 2n(n—1)}{ m? 3 m3 *
I f H17|7!Lc; [ +3Hf HlHtZ lloo
o7 {IIf”Hl N ||f’||1||w”||oo}
“—n-—1 m m2
6 (17 | Il oo N W0 oo | o 1 T lIW" oo
+n_1{ s + 3 +3 }

7
= mR{IIf”Ih I Tl lloo + I1L£” 1+

Bl lle”lloe + 1L N1 lleo™ oo + 3Hf’||1HW”Hoo},

where R := max{-1:, r =2 3, 4}.

m”’
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Following the Stein’s inequality [13], we write

1l < HNA I M < HALS 171D

such that H > 1. Let S = TRmax{H + ||w" |l + 3||w"|% + (3H +
D|w”)loos H+ 1+ 3H||w"||so }- Then we have

!/ !/ S / n
sy = 1< i)

and hence
a0 - 51 < L + 1571 .
This completes the proof. O
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