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ON BORNOLOGICAL SPACES OF SERIES IN SYSTEMS OF
FUNCTIONS

MYROSLAV SHEREMETA

ABSTRACT. Let f be an entire transcendental function, M(r) = max{|f(z)| :
|z| =7}, (A,) be a sequence of positive numbers increasing to 4-eo and suppose that

the series A(z) = ¥ a,f(Ayz) regularly converges in C, i. e. Y |aq|Mf(rky) <
=1 n=1

n=
+oo for all r € [0, 4e0). Bornology is introduced on a set of such series as a system
of functions f(A,z) and its connection with Frechet spaces is studied.

1. INTRODUCTION

Let A = (A,) be a sequence of positive numbers increasing to +oo,

oo

fle)=Y fid (1.1)

k=0
be an entire transcendental function and My(r) = max{|f(z)| : |z| = r}. Suppose
that the series

A2) =Y anf(M2) (1.2)
n=1
in the system f(A,z) regularly converges in C, i. e. for all r € [0, +co)
M(rA) := Y |an|Ms(rky,) < +eo. (1.3)
n=1

Many authors have studied the representation of analytic functions by series in
the system f(A,z). We will focus here on the monographs of A.F. Leont’ev [1] and
B.V. Vinnitsky [8], where references to other works can be found.

Since series (1.2) regularly converges in C, the function A is entire. We remark
that the function In Mz (r) is logarithmically convex and, therefore,

d InM f(r)
F = — () — (%)
7(r) Ty T Tt
M
(in points where the derivative does not exist, I;lf(r) denotes theW right-hand
nr

derivative).
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We remark also that if Inn = o(I'¢(A,)) as n — oo, then [5] series (1.2) regularly
converges in C if and only if

1 1
lim —M;! = foo 14
e, A T <|an|> e (1.4)

where Mj?l (x) is the function inverse to M¢(r).

The growth of entire functions given by regularly convergent series (1.2) was
studied in articles [5], [6] and [7]. In addition, in [7] the belonging of the entire
functions (1.2) to a certain Banach space is investigated. For entire functions of a
finite generalized order the belonging to the Frechet space is investigated in [7].

In the second half of the last century, the concept of bornological space appeared
(see, for example, [2], [3] and [4]). Here we will define bornology on the set 2 of
all entire functions represented by series (1.2) regularly converging in C and prove
some of its properties. Clearly, 2l is vector space.

2. BORNOLOGY ON 2l

A bornology on a set X is a family B of subsets of X such that: a) X = |J B;
BeB
b)if AC®Band BC Athen BC B;c)if A C B and BC B then AUB C B. A pair

(X,B) is called a bornological space, and the elements of B are called the bounded
subset of X.

A base of a bornology B on X is any subfamily By of B such that every element
of 9B is contained in an element of 2B(. A family B of subsets of X is a base for a

bornology ®B on X if and only if X = (J B and every finite union of element of B
BeB
is contained in a member of 5. Then the collection of these subsets of X, which are

contained in an element of ‘B, defines a bornology B on X having B as a base. A
bornology is said to be a bornology with a countable base if it possesses a countable
base By = {B,}, ;.

For a vector space E over the complex field C, a bornology B on E is said to be a
vector bornology on E if %5 is stable under vector addition, homothetic transforma-
tions and the formation of circled hulls, i. e. the sets A+ B, AA, |J mMA belong to

n|<1
B, whenever A and B belong to 8 and A € C. A pair (E,*B) is called a bornological

vector space.

A vector bornology on E is called a convex vector bornology if it is stable under
the formation of convex hulls. Such a bornology is also stable under the formation of
disked hulls, since the convex hull of a circled set is circled. A bornological vector
space (E,B) whose bornology B is convex is called a convex bornological vector
space.

A separated bornological vector space (E,*B) is one where {0} is the only bounded
vector subspace of E.

Suppose that Inn = o(I's(A,)) as n — oo. In view of (1.4)
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1 1
——M;! 0 — o0
exp{ My <|Cln|>}_> , n ;

and therefore, there exists

_ BLNY=NAS.
1) =spe{ 7" (17) -

Note that MJI1 (x) can be < 0 on (0,xo] (for example, if M¢(r) =€, Mj?l (x)=lnx<
0 for 0 < x < 1). Thus, Y(A) can be a sufficiently large positive number. Therefore,
we denote

Bk:{AEQl:’y(A)gk}:{Aei’l:supexp{—iMfl( ! >}§k}, k e N.

> Jan|

Then By, C By and for every A € 2 there exists k£ € N such that A € By. Thus, the
family By = {Bx : k= 1,2,...} forms a base for a bornology B on 2.

Theorem 2.1. If Inn = o(I's(A,)) as n — oo, then (A,*B) is a separated convex
bornological vector space with a countable base.

Proof. Since the vector bornology ‘B on the vector space 2l is stable under the for-
mation of the convex hulls, it is a convex vector bornology. Hence it follows that
(2(,%8) is a convex bornological vector space.

To show that {0} is the only bounded vector subspaces on 2(, we must show that
2l contains no bounded open set.

LetU(e) ={A€A: y(A) < }. It is enough to show that no U (€) is bounded, that
is given U (€) there exists U(1), for which there is no ¢ > 0 such that U (¢) C cU (7).

Since I'p(r) ' +o0 as r — oo, for every € > 0 we have

W _ exp{ln M; <knln :) —1In M <7Ln1n z> }

honln (4/€) honln (4/€)
—ex / Mdl — / I'f(x)d1
=exp T nx p =exp r(x)dIn x
douln (2/¢) e
In (4
> T (2/e)n 8 e e

In(2/¢)
Therefore, for any ¢ > 0 we can choose m € N such that for n = €/4
My (AIn(4/€)) _ My (AnIn(1/m))
My (A0 (2/e) ~ My (AnIn(2/e))
1
My (Ann(2/e))

Y(An) = exp{—;me1 (\alm!) } =¢g/2<e.

Now we put a,, = and consider a function A,,(z) = a,, f (Anz). Then
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On the other hand, for every ¢ > 0

1 /[ ¢
ane) =exp{ ooy (L)
Lo MyQwln(1/n) ) } B
g ‘”‘p{ Ao 1 (|am|Mf (Al (2/e)) ) 1
must hold, that is A,,(z)/c) does not belong to U(n), i. e. A,(z) does not belong
to cU(n). This indicates that U(€) is not bounded. Thus, {0} is the only bounded
vector subspace on 2l and (2,B) is a separated vector space.
Finally, since B possesses a base consisting of an increasing sequence of bounded

sets, (2,*B) is a bornological vector space with a countable base. Theorem 2.1 is
proved. g

3. BORNOLOGY AND FRECHET SPACES

For g € N we define -
IAlly =Y lanlMp (ghn) - 3.1)

n=1
It is easily seen that, for every ¢ > 0, ||A||, defines a norm on the set of series (1.2)
regularly convergent in C. Let 9B, be the bornology on (2, || - ||;) consisting of the
sets bounded in the sense of the norm || - [|.

Proposition 3.1. |J B, C ‘B.
g>1

Indeed, if A € B, for g > 1, then f lan|M ¢ (ghn) < Q < oo, whence
n=1
lan| < Q/My(ghy)) for all n > 1 and, thus,

o= () <o { g (M)} -

=exp{—(1+o(l))q}, n—reo,
because M;l (x) is a slowly increasing function. Hence it follows that Y(A) <k, i. e.

A € By, for some k and, thus, |J B, C 5.
q>1

Conjecture 3.1. IfInn=o(I's(A,)) as n — oo, then |J B, =B.
q>1

The family ||A||; : ¢ € N induces on 2| a unique topology given by the metric d,

where 1A, — A
o 1 1 —Azllg
dAj,A)) =) ——————.

(41, 42) ;’12‘11+|1A1—A2Hq
The space with the metric d we denote by 2.

(3.2)

Theorem 3.1. IfInn = o(I'f(A,)) as n — oo, then Ay is a Frechet space.
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Proof. Tt is sufficient to show that 2, is complete. Let (A ;) be a d-Cauchy sequence
in A4 and so for a given € > 0 there corresponds a m = m(€) such that ||A; —Ag||, <€
for all j, k > m and g € N; consequently for these j, k and each ¢ > 1 we have

Y [af —al |My(qha) <&, (3.3)
n=1

i e. |a,(qj) —ag,k)] < € and (agj))jzl) is a Cauchy sequence. Therefore, a’ — a, as
J — oo. Letting k — oo in (3.3) one has for j > jj
Y o —anlMp(ghn) <. (3:4)

n=1

and consequently taking j = jo in (3.4) we get ). |a,(1j V) _a, |M¢(ghy) < € for afixed
n=1

q,i. e. |a$,j°) —an|My(gh,) < €.
1
‘a(j())‘

n

1
Since lim —Mj?l

= +oo, for every K > ¢ and all n > ny(K) we have
n—oo kn

]a,(f‘))] < 1/M¢(KA\,). Using this inequality we obtain

1 M'(qkn)
WM (ghy) < a0 M (ghy) +e< 28T L6 <9
|an| My (ghn) < |ai |M (g )+8_Mf(mn)+8_ €
i.e.
N 1 1 (Me(ghy)
lim —M; [ — ) > lim —m;! | 2L =
P <|an|>—nflxn ! ( 2¢ &

because M;l (x) is a slowly increasing function, whence in view of the arbitrariness
of ¢ it follows that series (1.2) with such coefficients a, regularly converges in C
and, thus, using (3.4), again we see that ||[A; —A||, < € for j > jo and the result is
proved. 0

For 2(; by 2, we denote the dual space, i. e. 2} is the family of all continuous
linear functionals L(A) on 2.

Theorem 3.2. IfInn = o(I'y(A,)) as n — oo, then the continuous linear functional
L on 2 is of the form

L(A) = Z angn, A(z) = Z anf(Anz), (3.5)
n=1 n=1
if and only if for alln € N and g € N.
|gn| < OMy(g)n)), Q= const>0. (3.6)

Proof. Let L € A, then clearly if A,, — A in 2,4, then L(A,,) — L(A).
m
Now let A, (s) = Y, a,f(z\y). Then we claim that A,, — A in 2(; (observe that
n=1

A, €Uy, To ascertain this, it is sufficient to prove that A,, — A under the norm
|| -||4 for every g € N.
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So let g be a fixed integer. Choose K > ¢g. Then as above we can determine an
integer m = m(€) such that |a,| < 1/M¢(KA,) for n > m+ 1, and it follows from
above that

[Am—Allg = Z anf(2ha)llg= Z |an| My (qhn)) Z Mf K HO, m — oo,
n=m-+1 n=m+1 n=m+1 f

and this ascertains our claim. From that and the continuity of L, we have lim L(A,,) =
m—yoo

L(A) in the topology given by d.
Note that L(A,,) = Z dngn, where g, = L(f(z\,)) for each n. Since L is continu-

ous on (Ag, || ||4), there exists a Q > 0 such that [g,| = |L(f(zM))| < O||f(zh))]lg
for each ¢ € N and so, using the definition of the norm || f(zA,))||4, we get (3.6).
To prove the other part, let now g, satisfy (3.6). Then

ILA)| < QY lanMf(ghn)), g €N,
n=1

and hence |L(A)| < Q||A||, for all g € N. Therefore, L € (4,]|-||4)* for all g € N.

Since 2 = U (™a,]]-[|4)*, we get L € 2. Theorem 3.2 is proved. O
g1
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