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LIPSCHITZ TYPE INEQUALITIES FOR AN INTEGRAL TRANSFORM
OF POSITIVE OPERATORS WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR

ABSTRACT. We introduce the following integral transform
D) (1) == [ 04+T) du(d), 1 >0,

where (1 is a positive measure on (0,c0) and the integral is assumed to exist for 7 a
positive operator on a complex Hilbert space H.
In this paper we show among other results that, if A > m; >0, B> my > 0,
then
1D (1) (B) = D () (A)| < [[B— Al [m1;ma] iy »
where D (u) (+) is a function of ¢ and [my,ma] () is its divided difference. If
f:[0,0) = R is an operator monotone function with f(0) = 0, then

[r@a= = @B < IB-Alllmmal -

Similar inequalities for operator convex functions and some particular examples of
interest are also given.

1. INTRODUCTION

Consider a complex Hilbert space (H, (-,-)). An operator T is said to be positive
(denoted by T > 0) if (Tx,x) > 0 for all x € H and also an operator T is said to
be strictly positive (denoted by T > 0) if T is positive and invertible. A real valued
continuous function f on (0, o) is said to be operator monotone if f(A) > f(B) holds
forany A > B > 0.

In 1934, K. Lowner [16] has given a definitive characterization of operator mono-
tone functions as follows, see for instance the recent paper [17, p. 326]:

Theorem 1.1. A function f : [0,00) — R is operator monotone in [0,0) if and only
if it has the representation

= A
t)=f(0)+b ——du(h 1.1
FO=FO)+br+ [ ), (.
where b > 0 and u is a positive measure on [0,).
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We recall the important fact proved by Lowner and Heinz that states that the
power function f: (0,00) — R, f(¢) = ¢* is an operator monotone function for any
o € [0,1], [14]. The function In is also operator monotone on (0,e). For other
examples of operator monotone functions, see [10] and [12].

A real valued continuous function f on an interval / is said to be operator convex
(operator concave) on I if

F(A=M)A+AB) < (=)(1—-1) f(A)+Af (B) (0C)

in the operator order, for all A € [0, 1] and for every selfadjoint operator A and B on a
Hilbert space H whose spectra are contained in /. Notice that a function f is operator
concave if — f is operator convex.

We have the following representation of operator convex functions, see for in-
stance the recent paper [17, p. 326]:

Theorem 1.2. A function f : [0,00) — R is operator convex in [0,o0) with f (0) € R
if and only if it has the representation

£ = £(0)+fL(0)t +et +/ o du(n), (12)

where ¢ > 0 and u is a positive measure on [0,).

Let B (H) be the Banach algebra of bounded linear operators on a complex Hilbert
space H. The absolute value of an operator A is the positive operator |A| defined as
A] := (A*A)Y2.

It is known that [3] in the infinite-dimensional case the map f(A) := |A| is not
Lipschitz continuous on ‘B (H) with the usual operator norm, i.e. there is no constant
L > 0 such that

[lA] = (Bl < L||A— B
forany A, B€ B(H).
However, as shown by Farforovskaya in [7], [8] and Kato in [15], the following
inequality holds

2 Al + 18]
11~ 131 < 3 14 - 81 (2-+ 1o (13)
n |A—B||
forany A, B € B(H) with A # B.
If the operator norm is replaced with the Hilbert-Schmidt norm ||C|| ;= (tr C*C) 172
of an operator C, then the following inequality is true [1]
AT = [Blllzs < V2[|A = Blls (1.4)

forany A, B€ B(H).
The coefficient v/2 is the best possible for a general A and B. If A and B are
restricted to being selfadjoint, then the best coefficient is 1.



LIPSCHITZ TYPE INEQUALITIES FOR AN INTEGRAL TRANSFORM 265

It has been shown in [3] that, if A is an invertible operator, then for all operators
B in a neighborhood of A we have

lAI- 18Il <@ |A-Bl +a@A-B+0(Ja-B), (15
where
_ _ _1n13 2
ar = [|A7"|[|A]| and a> = [JA][ +[Ja~"["flA]I".
In [2] the author also obtained the following Lipschitz type inequality

If (4) = f(B)I| < f'(a) |A—B]| (1.6)

where f is an operator monotone function on (0,0) and A, B> a > 0.

One of the problems in perturbation theory is to find bounds for || f (A) — f (B)]]
in terms of ||A — B|| for different classes of measurable functions f for which the
function of the operator can be defined. For some results on this topic, see [4], [9]
and the references therein.

We have the following integral representation for the power function when ¢ > 0,
r € (0,1], see for instance [5, p. 145]

_sin(rm) o A
oon 0 A+t
Observe that forr > 0, t # 1, we have

/“ d\ _Inz n Lo f(ute
o A)(A+1) t—1 1—t \u+l
for all u > 0.

By taking the limit over u — o= in this equality, we derive

Zf

d\. (1.7

h”_/“’ dA
—1 Jo tn)(A+1)

which gives the representation for the logarithm

° di
Int=(t—-1 / —_— 1.8
O A W Yy (1.8)

forall r > 0.
Motivated by these representations, we introduce the following integral transform
< ]

D t::—/ ——du(h), t >0, 1.9
(u) (2) OHtu() (1.9)

where u is a positive measure on (0,0) and the integral (1.9) exists for all > 0.
If du = w (L) dA, for a continuous and positive function w(A), A > 0 where dA is
the Lebesgue usual measure, we put

D (w) (1) :_—/medx, i 0. (1.10)
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If we take the kernel w, (A) = A=, r € (0, 1], then

= —Sinim) D(w,) (1), > 0. (1.11)

If we take the kernel wi, (A) = (A+1)"", # > 0, we have the representation
Int = —(t—1)D(w) (t), t > 0. (1.12)

Assume that 7 > 0, then by the continuous functional calculus for selfadjoint
operators, we can define the positive operator

D) (T) == [ (+T)" du (), (1.13)

where u is as above. Also, for a continuous and positive function w(A), A > 0,
@wgny:—/’waﬂx+n”dm (1.14)
0

forT > 0.
Let I an open interval and ¢ : I — R a differentiable function. Define the first
divided difference of ¢ to be the function defined on / x I with the values in R, [13]

% ifx#y, x,y €l

[X,y]¢ =
¢ (x), ifx=yel.
In this paper we show among other results that, if A > m; > 0, B > my > 0, then
1D (1) (B) — D () (A)|| < ||B—=All [m1,m2] gy »

where D (u) (+) is a function of 7.
If f:]0,00) — R is an operator monotone function with f (0) = 0, then

Hf(‘@Ai1 _f(B)BAH < HB_AH [ml,mz]f(.)(.)*l

Similar inequalities for operator convex functions and some particular examples of
interest are also given.

2. SOME PRELIMINARY FACTS

In the following, whenever we write D (u) we mean that the integral from (1.9)
exists and is finite for all # > 0.

Lemma 2.1. Forall A, B > 0 we have the representation

D () (A) — // (A+(1—1)A+1B)"!
—B)(A+(1—1)A+tB) 'dtdu()). (2.1)
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Proof. Observe that, forall A, B> 0
D @) -0 B = [ [0+ -0+ ). @2

Let T, S > 0. The function f(t) = —¢~! is operator monotone on (0,0), operator
Gateaux differentiable and the Gateaux derivative is given by

f(T+18) - f(T)

t

Vi (S) :=lim [

t—0

] =7 ls7! (2.3)

for T, S > 0.

Consider the continuous function f defined on an interval / for which the cor-
responding operator function is Géteaux differentiable on the segment [C,D)] :=
{(1—=¢)C+1tD, t €[0,1]} for C, D selfadjoint operators with spectra in /. We con-
sider the auxiliary function defined on [0, 1] by

fep (@) :=f((1—t)C+1tD), t €10,1].
Then we have, by the properties of the Bochner integral, that

ld

1
(D) =F(€) = | S fenl)dr= /0 Vi ocip(D—C)dr. (2.4

If we write this equality for the function f () = —t~! and C, D > 0, then we get the
representation

c'-p'= /01 (1—1)C+tD) " (D—C)((1—1)C+1tD) " dt. (2.5)
Now, if we take in (2.5) C = A+ B, D = L+A, then
(A+B) "' —(h+A)"! (2.6)
:/01((1—t)(x+3)+t(x+A))—1(A—B)
X (1—=t)(A+B)+1(A+A)) " dr
:/O1 (A (1—=1)B+1A) " (A—B)(A+(1—1)B+1A) " dt
and from (2.2) we derive (2.1). 0

Remark 2.1. If B > A > 0, then by representation (2.1) we derive that

D(u)(B) > D(u)(A),

which shows that D (u) is operator monotone on (0,0). For further results related
to the operator monotonicity of this integral transform see the recent paper [6].
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Remark 2.2. We observe that if A, B> 0 and r € (0,1], then by (1.11) we get the
identity

—1_gr-1 sin (rm)

0o 1
></ xr—‘/ (A+(1—1)A+1B)""
0 0
X (A—B) (A4 (1—1)A+1B) 'dtd\. (2.7)
If A, B> 0 with A—1 and B — 1 invertible, then
(B—=1)"'InB—(A—1)""InA

_/ (A+1) /7»+(17t)A+tB)
X (A—B)(A+(1—1)A+1tB) "did\. (2.8)

Corollary 2.1. Assume that f : [0,00) — R is an operator monotone function as in
(1.1). Then for all A, B > 0 we have the equality

B~ f(B)~AT'f(A)~f(0) (B! —AT")
:/°°x/1 (A+(1—1)A+1B)"' (A—B)
0 0
X (A4 (1—1)A+1B) " dtdu(L). (2.9)
If £ (0) = 0, then we have the simpler equality
B7'f(B)—A"'f(A)
:/mx/l(mat)AHB)l(AB)
0 0
X (A+(1—t)A+tB) 'dtdu(\). (2.10)

Proof. From (1.1) we have
fO)—=f©O [ A
b, )

FO=TO) . _py), (2.11)

t
where d/ (A) = Adu(X), A > 0. Then for A, B > 0,

D(¢)(A) —D(L)(B) = [f (B)— f(0)] B~ —[f (4) — f(0)]A™"

=B'f(B)~AT'f(A)~f(0) (B~ ~A"")
and from (2.1) we derive (2.9). ]

namely
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Corollary 2.2. Assume that f : [0,0) — R is an operator convex function as in (1.2).
Then for all A, B > 0 we have the equality

f(B)B2 = f(A)A> = fL(0) (B~ =A7") = £(0) (B> —A7?)
:/wx/l(mat)AHB)l(AB)
0 0
X (A+(1—1)A+1B) 'drdu(\). (2.12)

If £ (0) = 0, then we have the simpler equality

FBB2=f(A)A—FL(0) (B —A7")
:/mx/1 (A+(1—1)A+1B)"" (A—B)
0 0
X (A+(1—1)A+1B) 'drdu(\). (2.13)
Proof. From (1.2) we have that

f(t)—f(0)— £ (0)¢ o 9
12 _c:/o mdﬂ(x%

namely

fO—fO)—fi 0z

12

c=—D(0)(1),
fort > 0. Then for A, B > 0,
D(€)(A)—D(0)(B)=f(B)B >~ f(A)A = fL(0)(B™' —A"")
~f(0)(B2-47%)
and from (2.1) we derive (2.12). ]

Remark 2.3. Leta > 0 and f (1) = (t+a)? with p € [—1,0) U[1,2]. This function is
operator convex and f (0) = a”, f'(0) = paP~'. Then for all A, B > 0 we have the
equality

(B+a)’B*—(A+a)’A? —pa” ' (B —A"") —a? (B2 -A2)
:/wk/l(l—k(l—t)A—i—tB)_l(A—B)
0 0
X (A+(1—1)A+1B) 'drdu(N), (2.14)

for some positive measure u on (0,0).
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3. MAIN RESULTS
We have the following Lipschitz type inequality:
Theorem 3.1. Assume thatA > m; > 0,B > my > 0. Then
1D (1) (B) — D (u) (A)|| < 1B —All [m1,m2] ) G.D
where D (u) (+) is a function of t > 0.

Proof. From identity (2.1) by taking the norm we get that
1D (u) (B) — D (u) (A)]] 3.2)

S/Ow du ()
g/ow </01H(x+(1_z)A+zB)I(B_A)(x+(1_t)A+tB)1Hd:> du ()
< |yB_A||/O°° </01 H(x+(1_z)A+zB>leczz> du(N)

forall A, B > 0.
Assume that m, > m;. Then

/O] A+ (1=1)A+1B) " (B—A) (h+ (1 —1)A+1B) " dr

(I1=t)A+tB+A> (1 —t)m;+tmy+A,
which implies that
(1=DA+B+N) "< (1—=t)mi+tmy+1) ",
and
H((1 —1)A+B+N) " Hz < ((1—1)my +1my+ 1) (3.3)

forallz € [0,1] and A > 0.
Therefore, by integrating (3.3) we derive

/Ow </01 I t)A+rB+x)1H2dr) du())

< /Om (/01 (1 z)m1+rm2+x)2dz> du (%)

-_L (U= 1)+t 42!
my —miy Jo 0

< (my —my) (1 —1)my +tm2+x)*1dt) du(\)

_ D)) = DG m) o
my —mi
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and from (3.2) we deduce

1) ()~ D ) (4] < 13— A ZELLZRUE) g

The case my < m; works in a similar way and we also obtain (3.4).
Let € > 0. Then B+ ¢ > m+¢€ > m. From (3.4) we get

19 (8+)~ D) ) < 1AL () (o 4-) - D) )
_ HB_AH Q)(:u) (m—}—s)—ﬂ)(y) (m)

€
and by taking the limit over € — 04-, using the continuity and differentiability of
D (u) we deduce the second part of (3.1). O

Corollary 3.1. Assume that f : [0,00) — R is an operator monotone function. If
A>m;>0,B>my >0, then

£ (@)A™ — £ (B)B™' = £(0) (A" = B7)| (3-5)
m m717 m nfl .
(f( LG _ngggl) ifmi £ mo,
<|[B—A| x
Fm)—fOF s — s —

m

If £ (0) = 0, then we have the simpler inequalities

[f@)A™ =B B (3.6)
f(ml)m,,l;:',]:,(lmﬁm;l ifmy #my,
<|[B—A[ x
f(m):nf;/(m)m ifmy = my = m.
Proof. From (1.1) we have that
f(t) ;f(()) — b= —Q)(ﬁ) (Z),
where d¢ (A) = Adu(L), A > 0.
Then
1
e [D (0 (m2) — D (g0 ()
_ fm)my '~ f(ma)my' £ (0)
o my —mq mami
and

D' (1) (m) =
By making use of (3.1) we derive (3.5). ]
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Remark 3.1. LetA > m; >0, B> my > 0and r € (0,1]. Then by (3.6) we have the
power inequalities
my~ lfmg’l if ?é
r—1_ pr—1 my—my 172,
At =B | < [|1B—A]| % (3.7)

I—r
e ifmp =my =

If we take f(t) =1In (¢t + 1), then we get from (3.6) that

A In(A+1) =B 'In(B+1)| (3.8)
m n(my4+1)—m; 'n(my+1) .
L ] mz—m? 2 1fm1 #mz,
< [1B—All

(m+1)In(m+1)—m

preT ifm =my=m

Corollary 3.2. Assume that f : [0,00) — R is an operator convex function. If A >
my; >0, B>my >0, then

[f(B) B = f(A)A2=fL(0) (B~ A7) —f(0) (B2 =A%) (39)

< ||B—Al
my)my 2 —f(my)m;? ! mi Ly
L Smeims”_ L0) 7 (0) 222 iy £,
X
2f(m)—zf(0) _ fl(m )+f+ lfml = my =
If £(0) =0, then
£ (B)B™> = f(A) A2 = £L(0) (B~ —a7") | (3.10)
my)m, ~—J(m -2
SOm) rlnzf;(l 2)m; m1m2 lfml £ my,

<|B—A| x
2 f(m>7f( )+f+

mr | m } ifm =my=m

Proof. From (1.5) we have that

fO=fO)=fLO) —D(0) (1),

2
fort > 0.
Then
D (u) (m2) — D (u) (m1)
my —my
L [f(m)—f0)—fL(0)mi  f(ma)—f(0)—f1 (0)my
Comp—my m% m%
_ fm)m® = f(ma)my* £, (0) £ (0) ml;rl’;’lz'

nyp — n miniy mlml
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Since
<f(t) —f0)—fL (0)t>' _ (@ -£0)2 =2 (f() - £(0) — £ (0)1)
12 4
_ SO+ f0) S f0)—f(0)
B 12 13 ’
o ) (=2 LSO S0
and from (3.1) we obtain (3.9). ]

Remark 3.2. If we take f (1) = —1In(¢+1) in (3.10), then for A >m; >0,B>my >0
we get

|B*In(B+1)—A*In(A+1)—B'+A7!| 3.11)
my 2 In(my+1)—m; 2 In(mi41) 1
2 - mz,mi 1 + g if mp 7é ma,
<|B—Allx
21 1) .
1712’1(111—1_4%1) - nEnW;+ ) if my =my =m.

Proposition 3.1. Assume that A > 0, B > 0. Then

1) (B) =D @) < B=All[Ja| " 57, - G2

D(u)(-)

Proof. Since A and B are invertible, then [|A]|||A~"|| > ||AA~!|| = 1 which yields

that ||A|| > HA*IH_I and ||B|| > HB*IH_1 . Therefore by Theorem 3.1 written for

my; = Hfr1 Hfl and my = HB*l Hfl we obtain the desired inequality (3.12). O
If A > 0, B > 0, then by taking m; = HA‘I Hfl and my = HB_1 Hfl in Corollaries

3.1 and 3.2 one can derive some similar inequalities. However, the details are left to
the interested reader.

4. MIDPOINT AND TRAPEZOID INEQUALITIES
We have the following midpoint type inequalities:

Proposition 4.1. For all A, B > m > 0 we have the midpoint inequality
! A+B
|[ 26 -nasma-pu (*5F)

< 3 () (m) B Al

(4.1)

Proof. Since A, B>m, 442 >m>0and (1—1)A+tB>m>Oforallt € [0,1] and
by (3.1)
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H@( ) ((1—1)A+1B) — D(u) (“B)H “2)
<Dy H (1-1) A+tB_A+BH
= /G m)|r— 5 18-

forallt € [0,1].
Taking the integral in (4.2), we get

(1—1)A+1tB)dt — D (u) <A+B>H

g/o D (1) ((1—1)A+1B) — D (u) <2> d
, Ly
<0/ () (m) B4 [ i~ 3|ar = 1 ) B4
and the inequality (4.1) is proved. ([l

The case of operator monotone functions is as follows:

Corollary 4.1. Assume that f : [0,00) — R is an operator monotone function. If A,
B>m> 0, then

/01 (1=1)A+1B)"' F((1—1)A+1B)di — <A;3>1f <A+B> 4.3)

2
£ (0) (/01 (1—1)A+1B) " di - <A-;—B>1> '

£ (m) = £ (0) = f'(m)m.

m2

< |B-Al
~4
If £(0) =0, then
1 B A+B\ ' [(A+B
/0((1—t)A+tB) 1f((1—t)A—|—tB)dt—(2> f(z)
f(m)—f'(m)m

m2

‘ 4.4)

1
<-|IB-A
<5184

Proof. From (1.1) we have that

M_b:—ﬂ(ﬁ)(f%

t
where d?¢ (L) = Adu (L), A > 0.
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Then

/01 D) (1 —1)A+1B)dr

1

:A%U—QA+my{ﬂ@—0A+mynﬁﬂm/(u—nA+my%n—a

0

A+B A+B\"' [A+B A+B\ !
20 (*5°)-(57) 1(57) o (7))
and from (4.1) we get (4.3). ]

and

From inequality (4.4) we get the following power inequality

! A+B\' _ 1-r
1—1)A+tB) 'dr — [ —— B—A|, 4.5
[ =y ta- (42E) < 20 @)
where r € (0,1] and A, B>m > 0.
The following logarithmic inequality also holds
! 1
/ (1—=1)A+B) " ((1 —1)A+1B+1)dr 4.6)
0
A+B\"' (A+B
—(22) m(EE 4+
(*37) (57 )
(m+1)In(m+1)—m
< 5 1B—All,
dm? (m+1)

where A, B> m > 0.

Corollary 4.2. Assume that f : [0,00) — R is an operator convex function. If A,
B>m >0, then

[f«l—ﬂA+ﬂn2f«1—ﬂA+¢mdr—<A;B>2f<A;B> 4.7

—£(0) (/01 (1=1)A+1B) 2di (“f) 2)
—ﬂjm<4%0—0A+ﬂD1m—<A;B>1)”

<ﬂ@—ﬂ®_f@ﬂ%ﬂ®>

m 2

1
<—|B—-A
<5 B4l
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If £(0) =0, then
1 -2
/o (1=1)A+1B) 2 f((1—1)A+tB)dt — <A+B> f <A+B> (4.8)

2 2
_ff+(o)</ol((1—r)A+zB) di — <A+B )H
1 f(m)  f'(m)+fi(0)
< sralB-al (£ - ).

2
Proof. From (1.5) we have that

f@)—f(0)—fi (0)z

12

—c==D)(1),
fort > 0. We have

/ D) ((1—1t)A+1B)dt = /01((1—Z)A—HB)_zf((l—t)A—HB)dt
—f(O{Alﬂl—ﬁ)A+ﬁBYth
—f;<0)/01((1—t)A+tB)—‘dt—c

A+B A+B\ 2 [A+B A+B\ 2
o) (*37) = (%57) 1(%37) 10 (%57)
A+B\ !
—f1(0) <;> —c
and from (4.1) we get (4.7). ]

and

From (4.8) we get the logarithmic inequality

ARO—0A+£)HMO—0A+$+IMI (4.9)

A+B\ > [A+B
—(=—==) m(=—=+1
2 2

_/01((1—t)A+,B) dt+<AJ£B>
< 18- ||(’”+2 21n<r:1+1))

forA,B>m > 0.

We have the following midpoint type inequalities:
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Proposition 4.2. For all A, B > m > 0 we have the trapezoid inequality

Ha)(y)(AH@(u)(B) _/1@(#)((1_;)A+t3)dt
2 0

D' (u) (m) |B—A]l.

(4.10)

<

FNg-

Proof. Since A, B>m, (1—s5)A+s238, 5428 + (1—5)B>m > Oforall s € [0,1]
and from (2.5) we get

-2 (=945 E)] @.11)
< 5/ () (m) B Al

and
|20 @ -26 (212 +0-98)| 4.12)

< 3 (1) (m) B~ Al

From (4.11) and (4.12) we derive by addition, division by 2 and the triangle in-
equality that

D (u) (A) + D (u) (B)
S
3|20 (09245258 ) 4 00 (252 (=98 |

< 5 () (m) |B—Alls

forall s € [0,1].
By taking the integral and using its properties, we derive

' D (1) (A) +D(u) (B)
2

_% [/OIQ)(,u) <(1—s)A+sA—;B>

+D () (SA+B+(1—S)B> ds}

4.13)

-2
Now, using the change of variable t = 2s we have

2 o (a-0as A8 a= [ - 9a+smas

1
<30 () ) |- A [ sds = 3 ) () B A




278 SILVESTRU SEVER DRAGOMIR

and by the change of variable t = 1 — v we have

;/Ola)(y) <zA;LB+(1—z)A> dt:;/oli)(y) <(1—V)A;B+v3) dv.

Moreover, if we make the change of variable v = 2s — 1 we also have

;/01@(.“) <(1—V)A—£B +VB> dv = 1/12@(y) ((1—s)A+sB)ds.

Therefore

2 [ 20 (0945258 ) 4000 (12w 0-98) as

[ D) (1 —s) A+ sB)di + 1;2 D (1) (1 — ) A+ 5B) ds

0
1
_ / D (1) (1 —5)A+sB)ds
0
and by (4.13) we deduce the desired result (4.10). ]

Corollary 4.3. Assume that f : [0,00) — R is an operator monotone function with
f(0)=0.IfA,B>m >0, then

Hf(A)Al erf(B)Bl /01 (1—1)A+1B) " f((1—1)A+1B)dt||  (4.14)
< MHE—AH.
4m?

Assume that A, B > m > 0. Then by Corollary 4.3 we obtain the following power
inequalities

2

Ar—1+Br—l 1 . —r
= 1—1)A+1tB)" dt|| < B—A|, 4.15
[T [y < S meal @)
where r € (0,1].
We can also state the logarithmic inequality
A'In(A+1)+B 'In(B+1
H n(A+1)+B 'In(B+1) .16)

—/01 (1=1t)A+1B) 'In((1—t)A+1B+1)dt

(m+1)In(m+1)—
dm? (m+1)

provided that A, B> m > 0.

m
< |B-Al.
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Corollary 4.4. Assume that f : [0,00) — R is an operator convex function with
f(0)=0.IfA,B>m >0, then

Hf@%42+f
2

—110) (A_I;FB_] - /01 (1-1)A+1B)" dt> H

< st (L) L ALO)),

Assume that A, B > m > 0. Then by Corollary 4.4 we obtain the following loga-
rithmic inequalities

(B)Bz_/ol((l_t)AMB)zf((l—f)A“B)dt “17)

A2 In(A+1)+B2In(B+1)

7 (4.18)

—/01((1—t)A+tB)_21n((1—t)A+tB+1)dt

Afl B*l 1
([ )|
2 0
1 m+2 2ln(m+1)
< —||B—-A — .
= 4m? I | <m+1 m >
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