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ABSTRACT. We investigate the global dynamics of the following ra#bdif-
ference equation of second order

AR+ EX-1
X2+ f
where the parametefsandE are positive real numbers and the initial conditions

X_1 andxg are arbitrary non-negative real numbers such that xg > 0. The
transition function associated with the right-hand sidéhis equation is always
increasing in the second variable and can be either incrgasi decreasing in
the first variable depending on the parametric values. Theguenfeature of
this equation is that the second iterate of the map assdoidth this transition
function changes from strongly competitive to strongly petive. Our main
tool for studying the global dynamics of this equation is tireory of monotone
maps while the local stability is determined by using centanifold theory in
the case of the nonhyperbolic equilibrium point.

X1 = s l’]:O7:|.7...7

1. INTRODUCTION

In this paper, we investigate the global dynamics of thefwithg difference equa-
tion
_ AR +EX 1
Xnt1 = X%—F f
where A E, f € (0,00) and where the initial conditiong_; and Xy are arbitrary
non-negative real numbers such tkat + xg > 0.
Equation (1) is a special case of equations

AR +Ex, 1+F
aetex, 1+ f’

. n=01,..., (1)

X1 = n=0,12,.. 2
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and
AR +BXX 1+Cx_y + DX+ Exy 1+F

o1 =
M AR XXn_1 + O+ dX+ €% 1+ f

The dynamics of Equation (2) was investigated in [10] and es@pecial cases
were considered in [10, 11]. It was shown that Equation (2)Jeay rich dynamics
ranging from global attractivity of the equilibrium to glalbperiod doubling bifur-
cation to non-conservative chaos. Some special cases eaftiBgy3) have been
considered in the series of papers [8-10, 19, 21].

The special case of Equation (1) whén= 1 andE = 0, is the well-known
sigmoid Beverton-Holt or Thomson equation

2

. n=01,.... (@3

Xn+1 n=0,1,..., (4)

ol f’
which is used in the modelling of fish populations [25].

Notice that Equation (1) is an example of a rational diffeeerquation with an
associated map that is always strictly increasing witheesi the second variable
and that changes monotonicity with respect to the first taéajd.e. can be increas-
ing or decreasing depending on the corresponding paransgizice. There are not
many papers that study in detail the dynamics of second eatienal difference
eqguations with quadratic terms that have associated mapsttange monotonicity
with respect to their parameters (see [12,13,19]).

Consider the difference equation

Xn+1 - f(xnaxn—1)7 X_1,Xp € |7 n= 0717"' ) (5)

where f € C[l x 1,1] andl is some interval of real numbers. Some of our results
will be based on the following theorem, see [1, 5].

Theorem 1.1. Let| be a set of real numbers and F x | — | be a function which
is either non-increasing or non-decreasing in the first ahté and non-decreasing
in the second variable. Then, for every solutifw,},,__, of Equation (5) the
subsequence®on to_o and {Xzn-1},_o Of even and odd terms of the solution are
eventually monotonic sequences.

The consequence of Theorem 1.1 is that every bounded sobift{®) converges
to either an equilibrium solution or period-two solution torthe singular point,
and the most important question becomes finding the basiatirattion of these
solutions as well as any unbounded solutions. The answéiggtiestion follows
from the theory of monotone maps in the plane. As we have slmasequence of
previous papers the boundaries of the basins of attractitmtally asymptotically
stable equilibrium solutions or period-two solutions dre global stable manifolds
of neighboring saddle points or stable type non-hyperbedjailibrium solutions
or period-two solutions, see [2—4, 16]. The major diffeeitetween the cases
when f (u,v) is non-decreasing io and whenf (u, V) is non-increasing im, is the
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orientation of the stable manifolds, which are decreasimgtions in the first case
and increasing functions in the second case. Consequentymay assume that
all solutions of such difference equation will eventualitex an invariant interval
where f (u,v) has specific monotonic behavior with respecttdn other words,
the existence of solutions which oscillate between theoregivhere the function
f(u,v) changes monotonicity with respect tioseems to be not feasible. In this
paper we give an example of such a case whenf and study the global dynamics
of that case by using semicycle analysis [14, 15].

By using center manifold theory we investigate the locabititg of nonhyper-
bolic equilibrium points (similar to that in [6, 15, 22, 23])0ur investigation of
the global dynamics of Equation (1) makes use of the theomafiotone maps
(see [7,16-18,20,24]) since we show that in all cases eXxcept, all solutions of
Equation (1) will eventually be attracted to an invariartemal where the transi-
tion function f (u,V) is either increasing in both variables or decreasing in tise fi
and increasing in the second variable. As we know from [4]iHe second iterate
T2 of the map associated with Equation (5) will be either sttprgoperative or
competitive. This fact has been used to obtain several btbveamics results for
this type of second order difference equation. For the shkerapleteness we list
two such results from [7]:

Theorem 1.2. Let I C R be an interval. Consider the EQq.(5) wheréxfy) : I x
I — I is continuous. Suppose that:

(ag) f(intIxintl)Cintl, and f(x,y) is strictly decreasing in x and strictly
increasing iny ininf x int /.

(a2) There exists an equilibrium poimte int 7 and the region of initial condi-
tions (Q1 (X,X) U Q(X,X)) NintZ x intI contains no period-two solutions or equi-
libria other than(x,X) . In addition, f is continuously differentiable on a neighbor
hood ofx, andX is a saddle.

Then the global stable manifold of the equilibriuit® (X, X) is a curve inl x I
which is the graph of a continuous and increasing functioat fhasses through
(%,X) and that has endpoints (I x I). Furthermore,

(ii.1) If Iis compact or if there exists a compact get_ | such that f(I x I) C
X, then there exist minimal-period two solutiofgg ) and (, @) .

(ii.2) If minimal period two solutiong@, Y) and (Y, @) exist inQ (X,X) N I x
I and Q4 (X,X) N I x I respectively, and if they are the only minimal period-two
solutions there, then every solutigm,} with initial condition in the complement
of the global stable manifold of the equilibrium is attratt®e one of the period-two
solutions. That is, whenevey x» X, either %, — @ and %n.1 — U, or, Xon — Y
and %ny1 — @.

(ii3) If there are no minimal period-two solutions if?, then every solution
{X,} of Eq. (5), with initial condition in7/_ is such that the subsequen{®e,}
eventually leaves any given compact subset,afnd every solutio{x,} of Eq.
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(5), with initial condition inW/, is such that the subsequenfen 1} eventually
leaves any given compact subset of

Theorem 1.3. Consider Equation (5) where f is continuous function and f is
decreasing in first argument and increasing in its secondiargnt. Assume that
X is a unique equilibrium point which is locally asymptotigsstable and assume
that (¢, @) and (@, @) are minimal period-two solutions which are saddle points

h that
suc a ((p7qj) =<se (X,X) jse(l-pa(p) :

Then the basin of attractioB((X,X)) of (X,X) is the region between the global
stable manifoldsi/s((@,p)) and WS((y, @)). More precisely

B((XX) ={(%Y) :Fyu Y - Yu <Y <H, (60) € W(@W)), (X.Yu) € W3(,9))}-

The basins of attractiorB((@,J)) = W3((e,W)) and B((W,®)) = W3((Y,)) are
exactly the global stable manifolds @, ) and (y, @).

If (X_1,%0) €Wy ((P,9)) or (X_1,%0) €W- ((9,P)) then T"((x_1,Xp)) converges
to the other equilibrium point or to the other minimal peribgo solutions or to
the boundary of the regioih x 1.

Remarkl.1 The analogous results hold in the case whife V) is increasing
in both arguments with the only change being that the orilemts: of the stable
and unstable manifolds are reversed, that is the stable-folaisi are decreasing
functions while the unstable manifolds are increasing fions, see [3, 4].

Remarkl.2 The dynamics of Equation (1) can be described in terms ofdation
theory as the paramet& — f passess through several critical values. The first
critical value is—A?/4 where transcritical bifurcation occurs and two additiona
fixed pointsx_ < x, appear. The second critical value is 0 where two fixed points
x_ and 0 coincide and the zero fixed point changes in local #iafibm locally
asymptotically stable to repeller. The third critical vais 3A% /4 where the locally
asymptotically stable period-two poif, ) appears and the positive fixed point
changes in local stability from locally asymptotically lstato saddle point, giving

an example of period-doubling bifurcation. The fourthicet value isA? where

the period-two poinf@, Y) disappears.

2. LINEARIZED STABILITY ANALYSIS

In this section, we present the local stability of the etpuilim points of Equa-
tion (1). The equilibrium points of Equation (1) are the pisi solutions of the
equation

_2 —
x— BXEEX ©)
. X2+ f
or equivalently
X (%~ AR— (E - f)) =0, 7)

from which we obtain
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and
A+ /A2 +4(E—T)
2 7
wherex, >0if E > f — 2A?andx_ >0whenf — A2 <E < f orO<E=f — A%,
The existence of the equilibrium points of Equation (1) isat@ged in Table 1.
Now, set

Xy =

AP +Ev

Then Equation (1) has a linearized equatipry = pz, + qz,_1, where
of 2u(Af-vE) of E

ou (W24 f)>? Tov W+

Lemma 2.1. The equilibrium poink; = 0 of Equation (1) is:
i) locally asymptotically stable if & f,
i) arepellerifE> f,
iii) a nonhyperbolic point if E= f .

Proof. Since

of of E

from the corresponding characteristic equat\dn- pA —q = 0 we obtainAy» =

i\/E.Then
<
A12/¢ = p1&E f. 0
> >

The partial derivatives at a positive equilibrium poxgatisfy:

o= O (5 x) = ZALSE) _ 2mixE) _ 2((fei-8)i¥E) _ar )
g:cj (R%+1) (%-+1) (®+1) 1% ®)
9= *X =iy

A

X

X

Lemma 2.2. The equilibrium poink, of Equation(1) is:
i) a nonhyperbolic point iD < E = f — A2 (whenX_ =X, = 5) or E =
f+3A2 (whenx_ =x, = %),
i) locally asymptotically stable i® < f — %Az <E<forE=forf<E<
f+3A2,
iii) a saddle point if f+3A% < E.

Proof. Notice that 0< 1—q= =E% < 2,

f+x2

i) If E= f — 4 then forx, = g we have that
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2
ai-g 2(5) o
f+x2 2 4f + A%
" f+<é>
2
_E  E 4 4-A
TR T AN afiA AT A
(E) T

and the corresponding characteristic equation has thenfilfy form
(A—1) ((A*+4f)A—A*+4f) =0,

from which AZ_ Af
A=1 —1<)\2:m<

This means that the equilibrium poiRt = % is nonhyperbolic of the stable type.
Suppose tha = f + 3AZ. Thenx, = % and

0.

3
Ip=|1-q&x.=3(E-f) o E= f_|_ZA2'
i) If0 < f—2A2<E < f, then

2(f—E) f-E+x

<l-qg& <
[Pl a f+x2 f+x2

x> f-E,

which is true because

A+ /A2 L 4(E—f ? A2

X, =

If f=E, thenx, =Aand
2(f—E)_ ~E E
f+x2 q_Xerf_AerE’

sothatl—q:l—ﬁ%:$2<2.

Assume thaf < E < f+ 3A% Then
2(E—f) <xi+f—E
f+x2 X2 + f
& X2 >3(E—f) o A242A/A2+4(E— )+ A +A(E—f) > 12(E—f)
& AA2HA(E—T) > 4(E—T)—A2 & A*HAN2(E— ) > (4(E—f)—A2)2
& (E—f)(4f —4E+3A%) >0 E< f+§A2.

pl<1-q&

iiiy If £+ 3A2 < E, then (similarly as in i)
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2E—-f) X +f-E

p|>1-q&

f+x2 X2+ f
X <3E—1) o A4 2A /AR +A4(E—f)+A2+4(E—f) <12(E—f)
<:>4(E—f)(4f—4E+3A2)<O<:>f+£§1A2<E. O

Lemma 2.3. The equilibrium poink_ of Equation(1) is:
i) a nonhyperbolic point iD < E = f — 1A% (whenx_ =X, = 5) or E = f
(whenx_ =%, =0),

ii) a saddle point if0 < f — 1A2 <E < f,

i) arepellerif f <E < f+ %Az (whenisx_ =%; =0).
Proof. i) This was shown in the proofs of Lemmas 2.1 and 2.2.

i) Assume that 0< f — A <E < f, then

2(f—E) f—E+Xx®

)
> <f-E
f4+%2 f %2 N

pl >[1-ql <

2
& (A— A2+ 4(E— f)) <4(f—E)
S A LAE—T)<A/AR+4E-T)
& (E—f) (A 4f +4E) <0,

which is true when & f — —A2 <E<Tf.
i If f<E<f+ %Az thenx, =0 and is a repeller. This was shown in the

proof of Lemma 2.1. d
The conditions The equilibrium points P2-solutions
1) [ 0<E<f—IA %1 = 0 (LAS)
%1 =0 (LAS) f
2) | 0<E=f-1A2 Xp = - X =% =4 <A<
4 (NH, il_l)\ze(fl.o)) 2 E
%1 = 0 (LAS)
3 |o<f-IR<E<T %> =X_ (SP) - Acaxo<x <A<y
X3 =X, (LAS)
_ X1 =%X-=0(NH, A2 ==£1) _ A Af
4 | E=f {xz7x+7A(LAS)p X =A=T%
3a2 X1 =%X_=0(R) ) Af
5 | f<E<f+3A {Xz—X+(LAS)p X >A> &
Xl—O(R)
6) | E=f+3A2 X =X; = 3A B % >AS Al
(NH, )\1—71 )\26(0 1))
3p2 2 %1 =0(R) (pW) (LAS) At
7) | T+ 3A<E<f+A {Xz—X+(SP) (.¢) (LAS) W>X >0>A> ¢
2 X1 =0(R) R Af
8) | E>f+A {Xz—X+(SP) X >A> ¢

Table 1: Existence and local stability of equilibrium andipe-two solutions.
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3. PERIOD-TWO SOLUTIONS

In this section, we investigate the existence and the Idahllgy of the minimal
period-two solution of Equation (1).

Theorem 3.1. If f + 3A% < E < f + A2, then Equatior(1) has the minimal period-
two solution

{...,ov,0y,...}, (p#wande>0andy >0), 9
where
(E—f)(A—\/W) (E—f)<A+\/m)
0= 2(f—E+A2) o= 2(—E+A?) - (10)

Proof. Assume thaf...,@ Y, @, ...} is a minimal period-two solution of (1) with
@Y € [0,+0) and@+# Y. Then
_ AY?+EgQ = A +EY
ot T @4
from which
(WP +f) = Ay +Eg, (11)
W (@ + ) =A@ +EU. (12)
By subtracting (12) from (11) we have

(0— ) (f —@—E+Ap+AY) =0,

ie.,
f—ou—E+A(p+y)=0. (13)
Similarly, by adding (12) to (11) we obtain
e+ ) (F+ @ —E—-A(p+V)) +2App =0. (14)
If we denote thatp+ = s (> 0) and@y =t (> 0), then from (13) and (14):
f—-E=t—As

s(f +t) = SE+AS — 2At,

which implies that
s(f—E+A%) =A(E-T).
Now,
i) if f=E, thens=1t =0, which means that there is no minimal period-two
solution;
ii) if f>E,thens< 0, and there is no positive minimal period-two solution;
iii) if f <E, then forE < f 4+ A2

AE-f) AE-f) (f —E)?
_AETD o t—f—E4A — 0
fE+AZ N <f—E+A2 fETA
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and

_AE-f) _ (f-E* E-f
V=g WET g e A Y
from which
1 or i 4(E-T) 11 (. 4E-)
¢=3s 2\/<s A >s, lp_25+2\/<s A >s,
i.e.,
—1) (A- VA(E-T)-3R) 1) (A+/AE-T)-3R)
0= >0, = >0,

2(f—E+A?) 2(f—E+A?)

for 3
f+ZA2<E< f+ A2,

Lemma3.2. If f + 3A? <E < f +A2 then
Af
P>X>0>A> —.

E
Proof. Indeed i)

(E—f)(A— ZE_f)— 3A2)
¢ 2(f—E+A2)

s (E—-f) [ A—4/4( 3A2>>2A (f —E+A?)

@—(E—f)< 4(E — f)— 3A2

> A(3f — 3E + 2A?)

A N————

& (E—f)(\/4(E—f)—3A2) < A(—3f +3E—2A?%)

N—

& (E— )2 (4(E— ) - 3A%) < A2 (—3f 4 3E — 2A%)°
& (E— )2 (4(E—f)—3A%) —A2(—3f +3E—2A%)° <0
s —4(f—E+m)° <0,

which is true ifE < f + A2,
i)

A

A /REAEST)  (E-) (A-VAE-T)3A) A+«/A2+4 E-T)

P<X= 2 o 2 (—E+A2)

o (E—f) (A— 4(E—f)—3A2> <(f-E+A?) <A+\/m>
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& A(2(E-)-A?) < (f—E+A%) /A2+-4(E—f)+(E—f)/4(E—)—3A2

& 4(E—1)-32 <\ /(A2 +A(E- 1)) (4(E~)-3A2)

& 4A% (4f —4E+3A%) <O,
which is true becausé+ 3A? < E.

ii)
At /A2+4(E—f) At /A2—|—4(E—f) (E—f)<A+\/4(E—f)—3A2>
2 ve 2 = 2(f—E1A?)

X, =
& (f—E+A%) A2+ 4(E—T) <A(2(E—f)—A%)+(E—f)\/4(E—f)—3A2

& 2A%(f—E) (4(E—f)—3A%) < 2A(2(E—f)—A?) (E—f)/4(E~f)—3A2,
which is true becausé+ 3A%2 < E < f + A2, O

By the substitutionx,_1 = un, Xn = V,, Equation (1) becomes the system of

Unt+1 = Vn
} . (15)

equations

y _ AG+Euw
n+1— V%+f

The mapT corresponding to Equation (15) is of the form

T<5>:<h<vv,u>>’ (19

whereh(v,u) = A\‘éi‘f“. Since(y, @) and (g, ) are the fixed points of the second

iterationT? = T o T of the mapT, i.e.,
2f U\ v _( h(vu)
T <v>_T<h(v,u)>_<H(v,u)>’ (17)

where h2( )
A (v,u) +EvV
H(V,U) - hz(\/,U)—|—f 9

the Jacobian matrix of the mafy is of the form
oh(vu)  ah(vu) )
v .

JTZ(U>V) = ( aH(9(37u) OH(vu
du ov

=

Since,
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oh(v,u) E oh(v,u) 2VAf—uE

ou V2 f’ o T (24 f)?
oH (v,u)  oh(v,u) 2h(v,u) (Af —EvV)
ou U (RP(vu)+f)°
oH (v,u)  dh(v,u) 2h(v,u) (Af —Ev) E
ov oV (R2(v,u) + )2 h2(v,u) + f
and , @ 2
Ay +Eog Ay +EY _ Ar+Eu
I W= @+ f (v, w) = v f
we obtain ,
Ay +Eo@

By Lemma 3.2 we have
h E h 20 (Af—
oh(y,9) _ oo W9  2W(AT-¢E)

ou Y4t ov W2+ )? ’
OH(w,9) _ oh(y, ) 2h(y,¢) (Af—EY) E

ov o Ry, +f)?  PPWe+ T
OH(Y.@) _20(Af-GE)20(Af-Ey) E

ov W2+ 02 (@) P
OH(Y. @) _ oh(w,¢) 2h(p, @) (Af-Ey)  E 2¢9(Af—Ey)

ou ou (R2(, @) + f)? P2+ £ (@P+f)2

It follows that the Jacobian matrix of the ma@g at the point(y, @) is of the form

E 2Y(AT—gE)
I A (W2 1)
o) E_20AT-EY) 20(Af-GE)20ATEY  E |
@+

W (@) )T (@)
The corresponding characteristic equation is
A —pA+q=0,
where

E 2tlJ(A—<p)2<p(A—uJ)+ E

Po= TR0 =5t =t @rt @rf
E2
qa = DetJrz(qJ’(p):(f+L|J2)(f+(p2)>0’

sinceAf—gE = (A— @) (?+ f) andAf—YE = (A— ) (¢*+ f) by Lemma 3.2.
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Theorem 3.3. If f + %Az < E < f +A?, then the minimal period-two solution (9)
of Equation(1) is locally asymptotically stable.
Proof. i) By Lemma 3.2 we have that
E? E? E?
l1+g<2« <ls < <1
T T T (@) (A (T

SE2- (f+A) = (E—f—A%) (E+ f+A%) <O,

which is true becausg < f + A2,
i) Since
E E, 4pb(Af—gE) (Af—EY)

p= +
et @t @2 (@)’
2
_E (2f +(o+W)" - 2<|1IJ) Ao (A2£2 4+ E2qp — ATE(+ 1))
(f+u?) (f+¢?) (W2 + )% (@ + f)?
A(E-f) \? f—E)? f—E)? f—E)? A(E—f
E<2f+<f(E+A)2> ‘2< f(E+)A2>> 4( f(E+3\2> (A2f2+'52< f(E+)A2>_AfE(f(E+A)2>>
~ PR T R ATEATES | FREZEA DI ELARFELA T2 AZFE2
(f-E+A2)? < (f—E+A?)? >
_ —OAZE3AACEZ126f2E2H6E420f E3—163E+8AZ f3H4AY f21 414 22A2 fEZ21A2 f2E—BA*fE
- T2 EZ{EZ2fE+AZ T3+ ATTZ—AZTE2
and
B E2(f —E+A2)?
9= Y2E21 E7_27ES 1 AZT3 1 ATTZ _ AZTEZ’
we obtain
f —E)?(f — E+A?) (4f — 4E + 3A2
p<l4+qe ( ) ( ) ( ) <0

f2E2 4+ E4—2fE3+ A2f3 + A3f2 — A2fE2 ’
which is true if 3
f+ZA2<E< f+A2,
because
0< (¢+1) (W24 1) = 2+ 1 ((9+ W)~ 2(qw))
_|_

2 2

2 A(E - f) s (f—E)
f —E+AZ2 f —E+ A2
f2E2 + E4— 2fE3 + A2f3 + A%f2 — A2fE?

(f —E+A2)?

)

i.e.,

f2E2 4 B4 2fE3+ AZF3 4 A2 AZFE2 = (@24 f) (@+T) (F—E+A)°. O
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4. GLOBAL ASYMPTOTIC STABILITY

Notice that the functiorf (u,v) is always increasing with respect to the second
variable, and could be increasing or decreasing with redpethe first variable.
" . : . , _ _ Af
The critical pomt of the functiorf (u,v) in the first variable i = =

So, |fv< ' the functionf (u,v) is increasing in the first variable, andif- At
the functlonf(u V) is decreasing in the first variable. Since

Af
flu Af —AUZJFE(F) =A (18)
"E ) w+f 7
we distinguish the following three cases:
Q) AEf =AsE=T,
Af
2) = >AsE<T,
Af
3) = <A E>T.

4.1. CaseE=f

This case corresponds to Case 4 in Table 1, where the zeldeaguo is nonhy-
perbolic of the resonance tyge 1,1) and the unique positive equilibrium solution
is locally asymptotically stable.

If E = f, then Equation (1) becomes

AR +Ex, 1
Xnt1 = X+E (29)
and we obtain the following global result.
Theorem 4.1. If E = f, then the equilibrium poirt, = X, = A of Equation(1) is
globally asymptotically stable i(0,). More precisely the following statements
are true.
(@) Ifx.1>Aandx > A, then x > Aforalln>0and I|mxn A.

(b) Ifx_1 <Aandx <A, thenx <Aforalln>0and I|mxn A.
(c) If either x 1 < A< Xg Or xg < A< X_1, then {xn}n:_1 oscnlates about the

equilibriumx, = X, = A with semicycles of length one ar"]@ Xn = A.
If xo{ = A, thenxy § }A, and ifx_l{ }A, for

}A, thenxok.1 {
k=1, 2, .... This follows from

AG+EX 1 , _Xn1—A
el A=ET
X5 +E Xs+E

Proof. Assume thafxo,x_1) € (0,0) x (0, ).

IV IA
IV IA

X1 —A=
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If o <A (X > A), then

X5_1 (A—Xok_2)

>0 (<0),
X3 ,+E (<0)

Xok — Xok—2 =

which means that the sequenoex},._, is increasing (decreasing) and is bounded
from above (below) byA. Therefore, since there is a unique positive equilibrium
solution and there is no a minimal period-two solution, weeha

[im xox = A.

k—o0
Similarly, if x_3 <A (X_1 > A), then

2
Xoi (A —Xak-1)
Xoki1— Xk 1= ————— >0 (<0),
2k 11— Xok—1 2+ E (<0)
which means that the sequer{oe, 1 },._o is increasing (decreasing) and is bounded
from above (below) byA. Therefore

Iim X2k+1 =A

It follows that I|mxn Afor all (xp,X_1) € (0,00) x (0,0) (that isx, =X, = Aisa
global attractor) and by Lemma 2.2 the equilibrium péint= X, = Ais globally
asymptotically stable iii0, o). O

Remarlkd.1l Equation (19) is an example of a difference equation thasblgions
which oscillate between two regiori,A] x [A, ) and (A, ») x (0,A) where the
function f(u,v) is increasing and decreasing respectivelyuiso the theory of
monotone maps is inapplicable. Notice that the functi¢n,v) is increasing in
both variables in(0,A]? and is decreasing in first and increasing in the second
variable in(A, «)?,

4.2. CaeE < f

In this case, we have three qualitatively different sitegi 1), 2) and 3) in
Table 1.

Lemma 4.2. Suppose that & f. Then an invariant and attracting interval of
Equation(l) is {0, %f] and the function (u,V) is increasing in both arguments in
this interval.

Proof. Notice that the functiorf (u,v) is nondecreasing with respect to both vari-

ables m[O Af] Also, we have

Af1? Af
f- [o,ft IR [O,E],
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which implies that the intervaﬁo, %f} is an invariant interval, since

max f(x,y):f(A—f,A—f> and min f(x,y) = f(0,0)
(xy)e[0A1]? EE (xy) €[04 ]2

andf (4. 4) =A< %, t00 =0

Now, we prove that the interve{D, %f} is an attracting interval. X, 1 > %f >
A, then

AR +EXy 1 X2 (A—Xn_1) +%1_1(E— )
_— . == ———— . pr— O
XI"H-l Xn—1 X%—i-f Xn—1 X%"‘f <,
i.e., the sequenceSux o and {Xzx1}y.o are decreasing, which implies that
there existkg,lg € N such thatxy < %f for k > ko and xok 1 < %f for k > lo.

Otherwisexa > & andxpq1 > 4 for all k= —1,0,1,..., and limxy > Al and

Amxz”l > %f, which is a contradiction because there is no minimal petiozl
solution of Equation (1). O
Theorem 4.3. Assume thati® < E < f — ATZ. Then the unique equilibrium point
of Equation(1), X = 0, is globally asymptotically stable.

Proof. From Lemma 4.2 we see that Equation (1) has only the zeroileduih
point in the invariant and attracting interv@, Aff} , and the functiorf (u,Vv) is non-

2
decreasing with respect to both variables{(m%f] . From Theorem 1.4.8 in [14]

and Lemma 2.1, we see that the equilibrium p@iat 0 is globally asymptotically
stable. O

In the following analysis, we find conditions for local sesti&bility of the posi-
tive equilibrium pointx, = % of Equation (1), when & E = f — ATZ, using center
manifold theory.

Proposition 4.1. Assumethad<E = f — ATZ. Then the nonhyperbolic equilibrium
pointX, = 5 of Equation(1) is semi-stable from above.

Proof. To prove thak; is semi-stable we will use center manifold theory. Equation
(2) is of the form

_ AR+ Ex, 1
R +E+IA
By the change of variablg, = X, — %A, we obtain the following equation (for
Q=2E+A

Xn+1 (20)

AV 4 A2y + 2By 1
yn+1 - )
2y5+ 2Ayn + Q

(21)
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which has a zero equilibrium. By the substitutign 1 = un, ¥ = Vi, Equation (21)
becomes the system

Un+1 = Vn,

T AV 4 A%, + 2E u, (22)
LT T 2AL,+Q

The Jacobian matridy at the zero equilibrium for (22) is

0 1
Jo=1 & a

Q Qq
and the corresponding characteristic equation has the form
A2 2E
M- A-"==0
Q Q ’

with

A=1and ;= —% €(-1,0).

System (22) can be written as

Un+1 Un Y (Un, Vi)
=J 23
[Vn-i-l] O[Vn]+[Z(Un7Vn)] (23)
where
V(U,V) = 07
Z(u) — —Vv(2A%2 + A (A2 — 2E) v+ 4AE U+ 4E V) (24)
(uv) = Q(2v2 + 2Av+Q) '
Let
Un n
=P 25
o -els] &
whereP is the matrix that diagonalizels defined by
1 1
T
such that
pi___ @ [-g 1
T Q+2E —1 1|’
and
P~ 1JyP = { ] . (26)
6
By (25) we have
Un =I'n+ Sy,
2E
Vn - rn -

63’17
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and by substitution in (24) we have

Y(Un,Vn) =Y (', ),
4

{(Un,Vn) = {(rn, )
ie.,
V(rnas“l): 07
Z(tns) (2E5—Qrn) (2Q3r2H+AQ3r—4A’EQr,si+2AE (6E+A%) Qs,—16E3S7)
n, =

Q2 (2Q2r2+2AQ2%r —8EQr,si—4AEQs+8E2s2+Q3)
Thus, (23) can be written as
M+1 Mn V(rmSW)
P =JP =
i lwla ) [ |

or equivalently

2] lz]oo 113

Sn+1 Sh (fn,Sn)
and by using (26):
M1 1 0 In 1| Y(rn,sn)
= P = . 27
il Flalelion ) e
So, the normal form of System (23) is:
M1 1 0 :| |: M :| |:/y\(rn751) ]
= +1| 2 , 28
RO R S R Ra i @9
where
V(rnaa”l) - _Z (rnas"l)a
and

() = (2Es—Qrp) (2Q3r24+AQ3r—4AZEQr S +2AEQ (Q+HE) 5 16E3%57)
Yl S = T (Q12E) (2Q2rZ1 28021, _8EQrys, 4AEQS, | 8E2SL1 Q3)
Now, we lets =X (r) = W(r) + O (r*), whereW (r) = ar>+pr3, a,p € R is the

center manifold, and where the mgmmust satisfy the center manifold equation
(for A, = —%):

~

X (r+y(r,x(r))) —Azx(r) = Z(r,x(r)) =0. (29)
If we approximatey(r,s) by a Taylor polynomial as follows

3 i
V09 = 5 (ray00 +s5y00)) +0n (30)
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we obtain
,—AQ? - 2rQ? + 2A’rQ — BAraE?

/y\(rv)((r)) =T Qz(Q—I—ZE) —|—O(I’4) ’

and
X (r+y(r,x(r)) = r?a + <B— QT?E) rP+0(r4).

Then from (29) we have the following system
2A (28(2E + A2) E + 3A%) o + (2E + A2) (4E + A2)°B = 4 (2E + A2) (E + 2A2),
=A

o (4E + A2)° = A (2E 4 A2),
2 2 2 2 4
with the solution(a, B) = <’?§§i’;§ , 2(2E+A )( ‘(ulziEAng E+A )> _

Lets=x(r) =W(r)+O(r*), where
W(r) = A(2E +A?) 2. 2(2E + A?) (16E2+ 4APE + A%) 3
(4E + A?)? (4E + A2)*
In view of Theorem 5.9 of [6] the study of the stability of thera equilibrium of

Equation (21), that is the positive nonhyperbolic equilibr X, = % of Equation
(20), reduces to the stability of the following equation

ht1="Tn ‘|‘V(rn73*|) =G(m), (31)

where
r (4E (8B +A?) 12+ A(4E +A2)°r — (4B +A?)°)

G(N) = r+Y(rY() = - o

Since%G(O) =1land

d? 2A

a2® 0= " a g <0

from Theorem 1.6 of [15], the zero equilibrium of (31) is arstable fixed point,

that is semi-stable from above. Therefore, from Theorenob[6], the zero equi-

librium of Equation (21), that is the positive nonhyperbadiquilibriumX, = % of

Equation (20) is semi-stable from above. O
The next result shows global behavior of Equation (1) when®= f — ATZ.

Theorem 4.4. Assume thaD < E = f — ATZ. Then Equatior(1) has two equilib-

rium points: X; = 0 which is locally asymptotically stable and = % which is

nonhyperbolic of the stable type, more preciselys semi-stable. There exists a

setC C Q,(X2,X2) U Qu(X2,%X2) with endpoints on the axes ard*((X2,%2)) = C

is an invariant subset of the basin of attraction(®,X,). Also, C is a graph of a
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strictly decreasing continuous function of the first vatéabn an interval and sep-
arates ® =[0,4)? into two connected and invariant componefé. ((X2,%z))
and W, ((X2,%2)), where

W ((R,%2)) = {(xy) € R\ C:3(X,y) € Cwith (x,y) <ne(X,Y)}
and
W, (X2, %X2)) == {(xy) € R\ C:3IX,Y) € Cwith (X,Y) Zne (X,¥)},

such that:
(i) if (X-1,%) € Wy ((%2,%2)), '[h(—:‘nrlli_ryx)xn =4

(i) if (x_1,X%0) € W ((X2,%2)), thenr!im Xy = 0.
— 00
Proof. Since
A (=% (0t %) +E(n-1—%)

X1 — 5 = )
2 XR+E+ &

this means tha0, 4] and[4, +) are invariant intervals, i.e., {&_1,%o) € [0,4]°

(or [4,4)?), thenx, € [0,4] (or [4,+)) foralln=1,2,....

By using Lemma 4.2, Proposition 4.1 and the theory of mor®taraps in
the plane, more precisely, the theory of cooperative mapse she corresponding
mapT? from (17) is a cooperative map, the conclusion of the thedi@iows. In
other words, the version of Theorem 1.2 for a function insiregin both variables
applies. O

Theorem 4.5. Assume that < f — ATZ < E < f. Then Equation(1) has three
equilibrium points:X; = 0 andxs = X, which are locally asymptotically stable and
%2 = X_ which is a saddle point. There exists a et Q, (X2, %X2) U Qs (X2, %2) with
endpoints on the axes ari®((X2,X2)) = C is an invariant subset of the basin of
attraction of(Xy,%2). Also,C is a graph of a strictly decreasing continuous function
of the first variable on an interval and separats= [0, +)? into two connected
and invariant component®/_ ((X2,X2)) and W, ((X2,X2)) such that:

(i) if (x_1,%0) € W ((X2,%X2)), thenrlli_rgoxn =X;

(iN) if (x_1,%) € M- ((X2,%2)), thenrl]imoxn =0.
Proof. It follows from Lemmas 2.2 and 4.2 and the theory of monotora@snin

the plane, more precisely theory of cooperative maps, $ireceorresponding map
T2 is a cooperative map. O

4.3. CaseE > f

In this case, we have four qualitatively different situaso 5), 6), 7) and 8) in
Table 1.



148 MUSTAFA R.S. KULENOVE, MEHMED NURKANOVIC, AND ZEHRA NURKANOVIC

Lemma4.6. If f < E < f + A% then an invariant and attracting interval of Equa-

tion (1) is [A, AT E} and the function fu,v) is decreasing in the first and in-

creasing in the second argument in this interval.

Proof. If v> A > 2! then the functionf (u,v) is decreasing in the first variable

and increasing in the second variable, which implies that

oot — AR+Ex_1 AR+EY
TR f X2+ f

Therefore, if there exists an invariant interval of Equatfd), then it is of the form

[A,U]. Since, the functiorf is decreasing in the first variable and increasing in the

second variable ifA,U]%, we obtain that
U> max f(xy)_f(AU) and min f(xy)_f(UA) A

=A

(xy)elAU]? (xy)€[AUT
ie.,
A4+ EU A3 5
> > — - >
U>fAU)<U > A2+f <:><U_f Az_EandE<f+A>,

from which we can sdl = f+A2 £ WhenE < f +A?. This means thaﬁA

is an invariant interval of Equation (1) whén< f + A2,
On the other hand, i,_1 < %f < A, we obtain
AR +EXy 1 X (A—Xn-1) + X1 (E— )
27 - Xn—l - 2 > 07
X+ f xa+ f
i.e., the sequenceSox o and{Xak+ 1} are increasing, which implies that there
existko,lp € N such thatxy > %f for k > kg andXok 1 > %f for k > lp. Otherwise

xok < & andxacy1 < 4 forallk=—1,0,1,..., and limxx > & and limxa;1 >
n—o0 Nn—o0

4 f+A2 :|

Xnt+1 — Xn—1 =

f , Which is a contradiction because the zero equilibrium iseler and there
is no a minimal period-two solution of Equation (1) [ } This means that

[A, = A2 } is also an attracting interval for Equation (1) whenc f +A%. O

Theorem 4.7. Assume that K E < f + %Az. Then Equatior{1) has two equilib-
rium points: X; = 0 which is a repeller an&, = X, which is locally asymptotically
stable. Also, the positive equilibrium poitit = X, is globally asymptotically sta-

ble in (0, +c).
Proof. The functionf (u, v) is decreasing in the first variable and increasing in the

2
second variable n{A and there is no a minimal period-two solution.

g f+A2 E}
Since [A, H—ﬁj_—E] is an invariant and an attracting interval of Equation (Ejng
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Theorem 1.4.6 in [14] and Lemma 2.2, we see that the positjudilerium point
X2 = X, is globally asymptotically stable ifD, +co). O

Now, by using center manifold theory we find conditions fag #tability of the

positive equilibrium poink; =X, = 3A of Equation (1), wheiE = f + 3A2.

Proposition 4.2. Assume that E= f + %Az. Then the positive equilibrium point
=X, = %A of Equation(1) is locally asymptotically stable.

Proof. To prove thafX, is a local sink we will use center manifold theory. Since
E = f+ 3A2, Equation (1) is of the form

(32)

By the change of variablg, = x, — %A, we get the equation (fap = 3A2 + 2E)
—AYZ — 3A%n + 2Eyn 1
Ynt1 = ) )
2yn + 6Ayn + CD

which has a zero equilibrium. By the substitutipn ; = un, yn = Va, Equation (33)
becomes the system

(33)

Un+1 = Vn,

 _AZ-3A% 1 2Eu, (34)
Vil = ~ 27 6An B

The Jacobian matridy at the zero equilibrium for (34) is

0o 1
o= 2 _aw

o "o
and the corresponding characteristic equation is
3A2 2E
N+ A-—=0
® o} ’
with e
M=—-1LA= ey S (O, 1)
System (34) can be written as
Un+1 Un Y (Un, Vi)
=J 35
[Vn-i-l] O[Vn]+[Z(Un7Vn)] (35)
where
y(u,v) =0,
Z(uv) = V18A3v+ 6A%V2 — Avd — 12AUE — 4uvE (36)
e ® (D + BAV+ 22) '
Let

HEH!
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whereP is the matrix that diagonalizely defined by

1 1
P:|: 2E:|'
-1 5
Then
1@ £ 1
O+2E| 1 1’
and
_ -1 0
P 1J0P:{ 0 @] (38)
[6)

The normal form of system (35), obtained in a similar manisendhe proof of
Proposition 4.1, is

RN

where R
Y(rn,sn) = —(rn, &)

and

Gt s) = Or,—2E §, —2D3r2+16E352+5Ad3r 4+ 2ADE (¢+125)31+12A2¢Ern31.

®(P+2E) 292r3+8E2s5 —6AD?r,+ 12APE 5, — 8PE s, +P3

Now, lets=X (r) =W (r)+O(r%), whereW (r) = ar?+pr3, a,B € R is the center
manifold, and where mapmust satisfy the center manifold equation (fer= %)

~

X (—=r +Y(r,X(r))) —A2x(r) = ¢(r,x(r)) =0. (40)
By (30), we have that
S (1) = _5Aq>2r2+2(q> (—®+ 15A%) — 4AQE (® — 3E)) r3

4
2 (1 2E) +0(r),
and

a(®+ 2E)r? 4 (10Aa — (P +2E)B)r3
®+2E

X (=1 +Y(r,x(r))) = +0(rf).
Then from (40) we have the system
2A(BE — 50) (® 4 2E) o + P (P + 2E)? B = 20 (D — 15A4?) |

o (P2 — 4E?) = 5AD,

. . 2 2
with the solution(a, 3) = (% A(ZAFEJ:-S:SAAZ) ) %6 (jsj;’/@)z) )

Lets=x(r) =W(r)+O(r*), where
5 2E+3A* , 26 2E+3A% 4

W)= 2_ =90 _cETon
) =3a@E+3m0" "3 (aE 13827
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Now, according to Theorem 5.9 of [6] the study of the stapiit the zero equilib-
rium of Equation (33), that is the positive nonhyperboliaiggrium X, = %A of
Equation (32), reduces to the study of stability of the follog equation
1= —Tn+Y(n,S) =G(m), (41)
where
R r (4(-E-+18A) 12+ 15A (4E+3A%) 143 (4E+3A%)%)
G(r)=-r+y(r,W(r))= :

3(3A2+4E)?
. 2 3 8(188%2—E
Since §G(0) = —1, $>G(0) = — 3% and $:G(0) = —W, then the
corresponding Schwarzian is of the form
ds 3/ d? 2 2
SG0)=——G(0)— =z | =—sG(0) )] =—=—=—=<0
© drd © 2<dr2 ( )> N2 4E

and from Theorem 1.6 of [15], the zero equilibrium of (41) isiak. Therefore,
from Theorem 5.9 of [6], the zero equilibrium of Equation (3Bat is the positive
nonhyperbolic equilibriunx, = %A of Equation (32) is a sink. O

The next result shows global behavior of Equation (1) whehis f + %Az.

Theorem 4.8. If E = f + 3A2, then the positive equilibrium pois =X, = 3Ais
globally asymptotically stable if0, +).

Proof. The proof is the same as the proof of Theorem 4.7 since theilgum
pointX; is stable (see Proposition 4.2). O

Theorem 4.9. Assume that f 3A? < E < f + A%, Then Equatior(1) has two
equilibrium points: :X; = 0, which is a repeller an&k, = X, which is a saddle
point, and has the unique minimal period-two solutiong@, W, @, Y, ...}, which is
locally asymptotically stable, whergand § are of the form (10). There exists a
setC C Q (%2,%2) U (R, %X2) and W3 ((X2,%2)) = C is the basin of attraction of
(%2,%2). The seC is a graph of a strictly increasing continuous function a first
variable on an interval and separatey = [0,0)%\ {(0,0)} into two connected

and invariant parts,‘w,(l) ((X2,%X2)) and ‘Wf) ((X2,%X2)), where

WY (%2, %)) (xy) € R\ C:3(X,Y) € Cwith (x.y) <se(X.Y)}

—{
W (Re%) + ={(xy) € R\ C:3K,Y) € Cwith (X,Y) Zse (X Y)},
such that:
() if (01, %0) € WY (R, %e) ), then im xan = @and lim xens1 = W

(i) if (x-1,%0) € W (%, %z)), then im xon =  and lim Xan.1 = @
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Proof. Itis follows from Lemma 4.6 and the theory of monotone mapghéplane,
more precisely, competitive maps, since the correspondiagT  is a competitive
map, see [7, 16]. In other words Theorem 1.3 applies. O

Lemma 4.10. Suppose that E- f +A2. Then an invariant and attracting interval
of Equation(1) is [A, +).

Proof. If x,—1 > A (> %f), then

AR+Ex, 1 AR+EA AR+EA Af
Xni1 = X'g'z ol >ﬂi > X'%z = =A>—,
xs+ f xg+ f xg+ f E

so that

Xn—1,%n € [A7+°°) = Xn+1 € [A7 +°°)>
i.e., [A,+) is an invariant interval for Equation (1). The proof of thetfthat
[A,+) is also an attracting interval of Equation (1) is the samenakemma
4.6. OJ

Theorem 4.11. If E > f + A?, then Equatior(1) has two equilibrium pointsg; =

0, which is a repeller anck, = X,, which is a saddle point. There exists a set
C C Qq(R2,%2) U Q(X2,%2) and WS((X2,%2)) = C is the basin of attraction of
(%2,%2). The seC is a graph of a strictly increasing continuous function a first
variable on an interval and separate® = [0,2)%\ {(0,0)} into two connected

and invariant parts,‘w_(l) ((X2,%X2)) and ‘W+(1) ((X2,%X2)), such that:
() if (x_1,%) € WY (%, %2)), then i Xon 1 = +e0 and lim xon = A;

(i) if (x-1,%) € WY (R, %)), then lim xons1 = A and im xgn = +oo.
— 00 — 00

Proof. By using Lemma 4.10 it follows that every solution of Equat{(d) eventu-
ally enters the intervalA, +). Since then the functioffi (x,, X,—1) is decreasing
in the first variable and increasing in the second variablAir-o), we can ap-
ply Theorem 1.1 and the theory of monotone maps, the cometipg mapT?
is a competitive. More precisely Theorem 1.3 applies. Itasyeto see that if
rl]igl)xmﬂ = +o0, thennirgxzn =| < o0, which implies

A+ Eﬂz—x"2n
I H I H 2n+1
| = limxoni2 = lim =
n—oo n—oo 1_|_ -
Xon+1
Also, if lim Xpn = 40 then limxon 1 = A O
Nn—o Nn—o
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