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FORMULAS FOR LINEAR SUMS THAT INVOLVE
GENERALIZED FIBONACCI AND LUCAS NUMBERS

ZVONKO CERIN

ABSTRACT. We extend Melham’s formulas in [16] for certain classes of
finite sums that involve generalized Fibonacci and Lucas numbers. We
study the linear sums where only single terms of these numbers appear.
Our results show that most of his formulas are the initial terms of a series
of formulas, that the analogous and somewhat simpler identities hold for

associated dual numbers and that besides the alternation according to
n(n+1)
the numbers (—1)" 2 it is possible to get similar formulas for the
n(n—1)
alternation according to the numbers (—1)" 2 . We also consider

sixteen linear sums with binomial coefficients that are products.

1. INTRODUCTION

The main goal of this paper and its sequel [5] is to improve several results
by R. S. Melham in [16]. His idea was to consider identities for those finite
sums of (products of at most two) generalized Fibonacci and Lucas numbers
where the right hand side has a pleasant form. In order to achieve a balance
between elegance and generality, he choose to employ the following four
sequences that we now define.

Let a, b and p be arbitrary complex numbers such that p # 0 and p? #

—2, —4. The roots a = % and g = pfg/x, where A = p? +4, of the
equation 22 —pz —1=0 are distinct (because p? # —4 < A #0). The
values p = 0 and p? = —2 are excluded because they give sequences that are

not interesting. The first two sequences are given by their Binet forms as

w, = A= BB 4 X, = Aa"+ B A"
a—p
for any integer n, where A=b—af and B=b—aa.
For (a,b) = (0,1), we write W,, = U,, and X,, = V,,. Then {U,},cz and
{Vi}nez are the third and the fourth sequences, respectively.
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Of course, these numbers can also be defined recursively since the identi-
ties Wo=a, Wi =b, W, =pW,_1+W, o and Xg=2b—ap, X1 =2a+
bp, X, =pX,_1+ X,,_o are true for all integers n. Moreover, W,, and X,,
generalize U, and V,,, respectively, which in turn generalize F,, and L,, (Fi-
bonacci and Lucas numbers), respectively. Aspects of W,, and X,, have been
treated, for example, in [1], [13], and [21], and more recently in [15].

We shall employ also another four similar sequences that we call dual
and denote by wy, =, u, and v, (the corresponding small letters) which
come from the equation 22 —pz + 1 = 0 under the assumption that p # 0
and p? # 2, 4. Let 6 = p? — 4. For example, the numbers w,, satisfy wy = a,
wy =b, wy, =pwp—1 — wp—2 (for n > 2) and are given explicitly by w, =
7090;:51#”’ where ¢ = p+2\/3’ ) = p_Q\/S’ C=b—ayand D=b—ap.

Aspects of u, and v, have been treated in [9] and [11]. These papers
mention that the sequence {u,} generates the natural numbers when p = 2
and that for p > 2, some familiar properties of the natural numbers can be
found in {u,} (for example, the formula Y 7 | ug;—1 = u2 is analogous to
the familiar identity > 1 ; (2 — 1) = n?). Also, for p = 3, we have u, = Fy,
and v, = Lg, while for p = 6, we have u,, = P, (the Pell subsequence).

As in [16], in each of our sums the lower limit is allowed to vary. Accor-
dingly, we always assume the upper limit to be greater than the lower limit,
and that either limit may be negative.

In Sections 2-9 we present our results that are collected into eight sets of
sums covering the linear sums in Sections 2 and 3 of [16] and then conclude
by giving in Section 10 a sample proof.

2. THE FIRST SET OF SUMS

In the formula (2.1) in [16] (see also [3] and [4]), Melham proved that the
sums of either 4k 4+ 1 or 4k + 3 consecutive terms of the sequence (W;);cz
is a simple product. Our first two formulas show that the same holds for
all sequences (W) ez, where s is any integer. Hence, instead of a single
formula we obtain a whole sequence of formulas (one for each value of s).

Let 7, k and s denote arbitrary integers. Define linear functions &, £ : Z —
Z by €(s) =s=2sand O(s) =5 =2s+ 1 for every s € Z. In order to get
short formulas we shall use these two functions & (for even) and O (for odd)
(i. e., letters with underline and/or overline) and the following five substitu-
tions (i. e., short names) f =k+i, m=k—i, A\=2k+i, pu=2k+i+1
and v =2k+1i+ 2.

i+n i
V2 [ Wsx+Ws,] ifn=4k+1;

VE Wg': sk 2N 3 ’ 21

]z; J { Ug(E+1)[X§M+XgV], ifn=4k+ 3. ( )
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The next two series of identities cover the case when instead of the odd
multiples s j of the index j we consider its even multiples s j.

i+n '
sk[Ws)\‘i‘Wﬁﬂ]’ ifn—=dk+ 1;
" Z Wsj { (k+1) [Wﬁﬂ + Wﬁl/} , ifn=4k+ 3. (22)

These sums for the numbers w,, are always products (regardless of how
many terms are in the sum) and have the following forms that depend only
on the parity of the number of terms.

° I us k+1) [ws(€+1) + ws@] , ifn=k. .

3. THE SECOND SET OF SUMS

The following identities give an analogous extension of the formula (2.2)
n [16].

i+n

Vo [Wax — Wi ifn=4k+1;
Z+j _ sk S Kl )
s Z Wi = { Us(pry [ X5 — X5, ifn=4k+3. (3.1)
i+n .
L U*[W)\—W ] ifn=4k+1;
_1\¢tJ - sk s Splo )
UiZ( DT W { Us(rr1) (W= Wsy], ifn=4k+3. (3:2)

These sums for the numbers w,, are again always products (regardless of
how many terms are in the sum).

Us gf (—1)i+j Wz, = [ Us (k+1) — U§k:| W3y, ifn = EJ (3 3)
5 j=i 57 Uz (k+1) [ Wsyp — w§(€+1)} , ifn—= k. .
v HZEL (_1)’L+.7w . = Uszgfv 1f n = é) (3 4)
s —! EV) —Us(k+1) Tsi+s, ifn=*k. .
J= s s

4. THE THIRD SET OF SUMS

The extension of the identity (2.3) in [16] consists‘ of the following group
of formulas. Let M7 and My denote [Ug(k+1) + (—1) ng] W5, and UE(kJrl)
[WE (e+1) — (—1)i ng], respectively.

i+n 3(]+1) - (_1)z(z+l) L £ = E;
kU § j Wy, = M - (4.1)
(—1)" 2 My, ifn=F.
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Let M3 and M, stand for the products V, 7 [(—1)" Wsx — Wy ] and U, (Ft1)
[X§1/ —(=1) Xgu], respectively.

+n .
i(i—1) 3G+ | Mz, ifn=4k+1;
(D77 V) ()T W _{ My, ifn=4k+3. (42)
=1

Here it is possible to consider the same sums using the alternation accord-
, CE , G+1)
ing to (—1) "2~ instead of the one according to (-1) *27". The formulas for

these sums differ only slightly from the formula for the original sum (usually

in signs of two terms). For example, the corresponding identity for the first
i(i+1)
2

half of (4.1) above is the following formula (note the change of (—1)
into (—1) s and of the plus sign into the minus sign in the bracket). Let

M7 be [Us (1) — (=1)" Us] Wsy.
o (—1) i(i—1)
(DFUSD ()T Wy = (-1 My (4.3)
j=i

For the dual numbers wy,, these sums are somewhat simpler again. Let
m3 = v,y [(—1)Zws>\ — wsu] and my = Ug(Ft1) [:rsy + (—1)11'3”].

i+n
i(i—1) Gy - f omg, ifn=4k+1;
(17T ) (S = { ma, ifn=4Fk+3. (44)
j=t

The alternation according to (—1)@ in the first part of (4.4) is given
by the following identity. Similar changes occur in the second part of (4.4).
iy TR iG=1) :
(D)7 v Y (=177 we=uv,g [(—1) wen+ way] . (4.5)
j=i

It is interesting that in the above sums we can add different terms and
still end with almost the same formula. For example, for the first part of

(4.1) this modification gives the following identity.

k
= iG+1) W

U§§ (=1)72 Wiysj = (—1)'“ [Ug(k+1) + ng] i+5k- (4.6)
—

5. THE FOURTH SET OF SUMS

The formula (3.1) in [16] is also the first of a whole series of formulas.
VgEV?%é’ ifn= E7

Us (541 [V[;j;qu)'f‘WEﬁ] ifn= %
B

%

+

n

Ws; = (5.1)

<.
Il
-
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AR U:Wy,  ifn=k
UJZ Wsj = { szw)stz, o T (5.2)
Another way to write the first part of (5.2) is the following.
itk
ng Wsj = [Ug(EH) + U§E} Wise. (5.3)
j=i

For the numbers w,, these formulas are as follows. We simply replace big
letters with small and only in the third formula V is twice replaced with
u and not with v. They also follow from formula (2.3) for s =4 s+ 2 and
s =4 s. The identity us [w§(k+1) + w§k] = us w,z and its special case when
w is replaced with u imply the following shorter forms.

i+k i+k
Us g Wsj = U f W, Ug g Wsj = Ug 4 1) Wyg- (5.4)
=i =i

The formula (3.3) in [16] can be extended in a similar way.
i+n Uﬁi‘i‘%ﬁ, if n=k;

L Us
—1)"HT Wy, = 5.5
k+n .
o Vi Wse, if n =k;
VSZ<—1>”"WSJ'={ Uy
j=i

: = (5.6)
_U§(E+1) Xng if n=k.

The above remark applies again to the versions of these formulas for the
numbers wy. This time, in the first part of (5.6), the letter U is twice
replaced with v and not with u. Of course, these formulas are much simpler
because there is no need to consider separately even and odd multiples of j.

+n .
ERTVEE DN BN £ 272 if n = k;
Us Z (=17 ws = { ~Ug(kt1) Typ, 1f 0=k (5.7)
j=i =

6. THE FIFTH SET OF SUMS

The following is the extension of the formula (3.4) in [16]. Recall that m
is the difference k& — ¢ and ¢ is the sum k + 1.

4k
Voo 1€ z VVz ) i =9,
2 Z (_1)J(J;-1) WZ] _ { AU, W, (40+1) lf:z (61)

V. X, (40+1)> if
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Once more, these sums for the numbers w,, are simpler.

4k
iG+1)
Vs Z (1) > Wsj = Vs Usm Ts (464+1)- (6.2)
j=4it+1
The following two formulas cover the alternation according to the numbers

iG=1)

(=1)"2 in (6.1) and (6.2).

4k
‘/22 i(G-1) { V:’JXZ(4€+1)7 ifz:g;
-1 2 W,,; = : 6.3
Uszm J%:H( ) 2 AU, W, 4041y, ifz=s. (6.3)
ok iG=1)
Us Z (=177 wsj = 6 ts ugm Ws (4¢+1)- (6.4)
j=41i+1

The following is the extension of the formula (3.5) in [16].

© o (6.5)

4k
\ZP iG+1) L UZXz(4Z+3)7 ifz=7%
Z (=D =W { VoW, (aeq3), ifz=s.

_ 2z =
%2(2771_1) j=4i+3 -
This sum for the numbers w, is the following.

4k

J(i+1)
Us Z (_1) 2 Wsj = Us Us(2m—1) Ws(4£43)- (66)
j=4i+3

The following identity extends the formula (3.6) in [16].

4k+3 . _

Vo, iU+ U, X, (4043 if z=75;
—_— 1) W, = <tz (4e43)) . ’ 6.7
Viz(m+1) 24:@'( ) Z { AU W, (ae43), ifz=s. (6.7)
Once again for the numbers w,, this sum is simpler.

4k+3

GiaD)
Us Z (_1)] E Wsj = d us Uy s (m+1) Ws (4043)- (6.8)
j=4i

The following identity improves the formula (3.7) in [16].

4k+3 . _
Vo, iU+ A V. Ws4egs), ifz2=75;
Z (_1) ’ WZ] { U. X§ (44+5)> ifz=s (69)

Here is the corresponding identity for the numbers wy,.

4k+3
J+1)
Us Z (_1) 2 wsz:6u3U2§m$5(4g+5)- (610)
j=4i+2
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7. THE SIXTH SET OF SUMS

The following formulas are also similar to (3.4)—(3.8) in [16]. Let My =

Wieti) — Wg(ﬁﬁ)’ My = _W§(£+€) - WE(ZH)’ M = WE(EHH)_ Wg(iﬁ)
and M3 = Wg(2+2+2) + Wg(2+2+1)- For each t =0, 1,2, 3, the following iden-
tity holds.
di+t44k+1 »
D S L T (7.1)
Sk j=ditt

The alternation according to (—1)@ gives similar identities. If the
pairs {(+,—), (=, —), (+,—), (+,+)} describe the signs in the four cases on
the right hand side of (7.1), then the pairs {(+,+), (+,—),(—, —),(+,—)}
give the signs in the formula for this alternation.

Let Mo, My, My and Mz be Wiz 5y — Wiy, Wiy + Waaay,
W5(2+€+1)_ WE(Z+€+2) and —W§(2+5+3) — Wg(@-ﬂ-z)v respectively. For each
t =0,1,2,3, the following identity holds.

di+t+4k+3

o
. ST Wa =M, (7.2)
S(k+1)  j—ditt

Us

The pairs {(—, —), (+,—), (+,4), (—,+)} describe signs of terms on the
s
right hand side for the alternation according to (—1)J 7 in (7.2).

Let My, My, Ms and Ms be [ng + UEE] Wg(ﬁ_}rl’), [UgE — UEE] Wg(

l4i)

— [Ufk + Ugg] WE(ZH) and — [ng — Ug%] WE(Z+E+1)7 respectively. For each
t=0,1,2,3, the following identity holds.
ditt+4k e
Ug Z (—1) 2 ng = Mt. (73)
j=ditt

j(G+1)
In the alternation according to (—1)J >+ above the signs of terms in the
bracket are given by the pairs {(—,+), (+,+), (+,—), (=, —)}.

If My = — {Ugﬁ + UE(EJrl)} Wty M1 = — [Ugg— Ug(%ﬂ)] Wiy M2

= [UEE + Ug(#l)} Wityi41) and Mz = [U§E - UE(EJrl)] Wi(24i42) then

for each t = 0,1, 2, 3, the following identity holds.

4i+t+4k+2 iGa1)
Us > ()72 Wsj=M,. (7.4)
j=ditt
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The pairs {(+, =), (—, =), (=, +), (+, +) } describe signs of U.; and Us (%41

in a similar formula for the alternation according to (—1)J T
When we replace the quotient [}J =
sk

with % and every § with s in the rest
sk

h i(G+1)
of (7.1) we get the formula for the sum Zj‘iﬁﬁ (1) En W .

; i(=1) . .
For the sum Zj‘iﬁiﬁ k+1 (—1)] 2 W ;, the paragraph after the identity

(7.1) now applies.

Similarly, if we replace the quotient (Uf : with ¢ (Vf : and every s with
5 (k+1 s (k+1

s in the rest of (7.2) and on the right side every W with X we obtain the
4itt+4k+3 3G+
ji4i+t (1) Wy,
i i(G—1) . .
For the sum Zj‘iﬁiﬁ k+3 (—1)] 5 W j, the paragraph after the identity
(7.2) now applies.

formula for the sum )

8. THE SEVENTH SET OF SUMS

Some linear sums with binomial coefficients are also products. There are
no sums of this type in [16]. However, there is a vast literature of papers
that consider various sums in which binomial coefficients and (generalized)
Fibonacci and/or Lucas numbers appear. Our references list only a few of
these simply as examples of such papers.

Our first identity, for ¢ = 0, a = 0 and b = 1, is the Corollary 2 in a recent
paper [10]. Hence, for s=1,a=0,b=1 and p=1 (when W, is the n-th
Fibonacci number F,, for every integer n), it agrees with the identity (3) in
the more recent paper [7].

k

k
> <J> Witsj = Vi Wisak (8.1)

j=0

The following identity for i =0, a =0 and b = 1, is Corollary 1 in [10].
Hence, for s =0,a =0, b =1 and p = 1 it agrees with the identity (2.3) in
[2].

k
1 k | Witsk, if kis even;
S 2 <j) Wivs; = { Xivsp, if k is odd. (82)

k
1 (K W; if k is even;
. —_1)\J . R l+§k7 9
INGE JZ(:)( 2 <]> Witsj _{ ~Xiisp, if k is odd. (8:3)
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k
- (k
> 17 () Waimy = (<104 VE W (8.4
— ] =
7=0
The same form have the sums in which the binomial coefficient (I;) is
multiplied with the integer j.
k

(kK B
Z J ( ) Witsj = kV; ! Wits (k+1)- (8.5)
— " \J
J
Let M =k Alsl=1 k-1,
k
(F ] M X5 ey if k is even;
jz::() ’ (J) Wivss = { AMW;isk41), if kisodd. (86)

Finally, the same holds for alternating sums of sums in (8.5) and (8.6).
Let M =k Alzl-1 k-1,

k
-k M X, if k is even;

AR A i+s (k+1)> )
Z;)J( b (]> Witsj {—MWi+S(k+1), if k is odd. (8.7)
- s
k "

307 (5) Wy = b 0PV W e (33)
7=0

9. THE EIGHTH SET OF SUMS

The sums from the previous section for the numbers w,, are a bit simpler.

Mk
> (J> Witsj = Vs Witk (9.1)

7=0
Let A= (p+2)" (us+1 — us)
1 . n Wi+sk, if n :E7
= - LT 2
A jzg (]) s { Wits(k41) T Witsk, i n=k. (92)

When s =0, i =0, a =0 and b= 1, the above identity appears as the
identity (2.1) in [9].

When ¢ =0, a =0 and b= 1, the above identities (9.1) and (9.2) are
similar to the identity (2.1) in [11].

SR (k Wit sk if n = k;
- ~1)! <> Witsj = { el : = 9.3
o* ug JZ(:) 1) i) WiFs1 ™ Wik HN=F (83)
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Let A= (p—2)F [us1 + us]™

1 & . (n Witsks if n =k;
1 Z (-1) <j> Witsj = { ek = (9.4)
§=0

Weysk — Wesk+1, i n=k.

When i =0, a =0 and b =1, the above identities (9.3) and (9.4) are
similar to the identity (2.3) in [11].

k
[k -
Z J ( ) Witsj = kol Wit s(k+1)- (9.5)
=0 M
Let A=n (ugy1 —us)" + and M = (p + 2)k 1.
1 ¢~ (n M[w£+E+1+w£+E]’ it n=k;
A i+5) = y § : = 9.6
Aj;>]<j>w+J { P+2)Mweysprry, ifn=k (9:6)

When s =0, i =0, a =0 and b =1, the above identity appears as the
identity (2.2) in [9].

When ¢ =0, a =0 and b =1, the above identities (9.5) and (9.6) are
similar to the identity (2.2) in [11].

1 S - (n SFly. o if n=k;
LSy (j)wmj:{ Do B o)

Let A=n [usi1 4 us]" ", M =(p—2)F"1and N = Wyy 1 — WopsTor

1 — . In M N ifn=k;
_ (1)) N ’ Ly
A jgo J(=1) (j> Witsj = { (p—2) M w541y, i1 =F; (9.8)

When ¢ =0, a =0 and b =1, the above identities (9.7) and (9.8) are
similar to the identity (2.4) in [11].

10. A SAMPLE PROOF

Each of our formulas can be discovered and proved with the help of a
computer. Here we describe how to do this for the first formula in (2.1).
In Maple V, the following code performs search for those sums of consec-
utive terms of the sequences (Ws;) ez which are products. In order to figure
our some pattern, we consider the values 7, n and s in some small ranges
(for example, 1 <i <4, 1<n <10 and 1 <s<3). We use the fact that
the products have considerably smaller number of parts than the high order
polynomials that do not factor.
for i from 1 to 4 do for n from 1 to 10 do for u from 1 to
3 do if nops(factor(add(W(a,b,p, (2*u+1)*j),j=i..i+n)))<8
then print([i,n,ul]);fi;od;od;od;
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Of course, the function W is the Binet form of the numbers W,, from the
introduction.

As a result of this search, we conclude that products show up only when
the integers n are either 4k + 1 or 4 k + 3.

Next we repeat the above search for n = 4k + 1 and for a small range of
values k take a closer look into the factors. One factor contains a, b and
p, while all other factors are polynomials only in p and are (factors of the)
polynomials V,,. The trick here is to multiply the sum E;Zl Ws; with Vs in
order to conclude that these factors of the second kind (that do not contain
a and b) are in fact V_1.

Finally, the first factor (the one containing a, b and p) does resemble
numbers W, but not quite. The idea here is to select the index n simply to
eliminate the leading term of the first factor (considered as a polynomial in
p). It is useful here to remember that polynomials (in p) on both sides of
(2.1) have equal degrees. After we subtract this W5, what remains is W5 .
The first factor is therefore W5, + Wy .

Hence, so far we know that the identity

i+n
(x) Ve Wij= Vi [War+ Ws
J=
holds for some very small ranges of values i, k and s. In order to prove that

it is true for all values of i, k and s, note that the left hand side of (x) is
LHS =f-(b—aB)—g-(b— aa), where

e B (a§+5§)(a2gﬁ_ l)agi
A N e [F

and g = f(B,a). The right hand side is RHS = F - (b—aff) — G - (b — a«),
where

(a§E+ﬂ§E)(a§—|— 1)a§(€+k)
a—p
and G = F(B,a). If we replace each /5 in the difference F' — f with —é we

obtain zero. Similarly, we conclude that G = g so that LHS = RHS and
the first identity in (2.1) is true for all integer values of i, k and s.

F=F(a,p) =

Remark 1. The method of proof for the identities in the seventh and the
eighth group (the sums with binomial coefficients) is similar to the proofs
of the Corollaries 1 and 2 in [10].

11. CONCLUDING COMMENTS

Each of our formulas for the sums of the numbers W,, has a version for
the corresponding sum of the numbers X,. On the right hand sides the
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letters W and X are changed into the letters X and W and in the later case
an extra factor A appears. Similarly, every formula for the sum of the dual
numbers w,, has a version for the corresponding sum of the dual numbers
Zp. On the right hand sides the letters w and = are changed into the letters
x and w and in the later case an extra factor § appears.

The concluding comments in [16] explain the role of Russell’s papers [17]
and [18] in this area and how the contribution [16] and therefore also the
present paper (only for the linear sums) and its sequel [5] (for the quadratic
sums) want to explore those cases when these formulas are particularly sim-
ple. Of course, this is possible only for more specialized Horadam numbers
like W,, and w,,.

We hope that this paper for linear sums and its sequel [5] for quadratic
sums constitute a partial realization of Melham’s prediction ”we expect that
there is scope for further research along the lines that we set forth” on the
first page of [16].
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