SARAJEVO JOURNAL OF MATHEMATICS DOT: 10.5644/SIM.11.1.02
Vol.11 (23), No.1, (2015), 17-35

COMPLETE SEMIGROUPS OF BINARY RELATIONS DEFINED
BY SEMILATTICES OF THE CLASS Z-ELEMENTARY
X-SEMILATTICE OF UNIONS

I. YASHA DIASAMIDZE, SHOTA MAKHARADZE, NESET AYDIN AND ALI ERDOGAN

ABSTRACT. In this paper we investigate idempotents of complete semigroups
of binary relations defined by semilattices of the class Z—elementary X —semila-
ttice of unions. For the case where X is a finite set we derive formulas by
calculating the numbers of idempotents of the respective semigroup.

1. INTRODUCTION

Let X be an arbitrary nonempty set, D be an X —semilattice of unions, i.e. a
nonempty set of subsets of the set X that is closed with respect to the set-theoretic
operations of unification of elements from D, f be an arbitrary mapping from X
into D. To each such a mapping f there corresponds a binary relation as on the
set X that satisfies the condition

ar = | (a} x f(@))
zeX
The set of all such oy (f : X — D) is denoted by Bx (D). It is easy to prove that
Bx (D) is a semigroup with respect to the operation of multiplication of binary
relations, which is called a complete semigroup of binary relations defined by an
X —semilattice of unions D.

We denote by ) an empty binary relation or empty subset of the set X. The
condition (z,y) € a will be written in the form zay. Further let z,y € X, Y C X,
a €Bx(D),T€D,0#D' CD,D=UD=Jy.pY and ¢t € D. Then by symbols
we denote the following sets:

ya={z € X |yazx}, Ya= Uya, 2X ={V |Y C X}, X* =25\ {0}
yey
V(D,a)={Ya|Y €D}, D\ ={T" D' |TC T}
Dsz{T'ED' |T'CT}, Dy={Z"eD |teZ'}, 1(D',T)=uU(D'\D}).
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By symbol A (D, D") we mean an exact lower bound of the set D’ in the semilattice
D.

Definition 1.1. Let o € Bx(D). If o« = «, then « is called an idempotent
element of the semigroup Bx (D).

Definition 1.2. We say that a complete X-semilattice of unions D is an X I-semi-
lattice of unions if it satisfies the following two conditions:
a) A(D,D;) € D for any t € D;
b) Z = U A (D, D) for any nonempty Z element of D.
tez
Definition 1.3. Let D be an arbitrary complete X —semilattice of unions, o €
Bx(D)and Y ={zr € X |za=T}. If
V(X*,a), it0¢ D,
Ve = ¢ V(X*, a), if ) e V(X* a),
V(X*,a)U{0}, ifd¢V(X* a)and e D,
then it is obvious that any binary relation « of a semigroup Bx (D) can always be
written in the form a = UTev[a] (Y x T'). In the sequel, such a representation of
a binary relation a will be called quasinormal.

Note that for a quasinormal representation of a binary relation «, not all sets
Y7 (T € V]a]) can be different from the empty set. But for this representation the
following conditions are always fulfilled:

a) YANYR =0, forany T, 7" € D and T # T';
b) X = UTeV[a]Yﬁ‘.

Lemma 1.4. [2, Equality 6.9] Let Y = {y1,92,...,yx} and D; = {Th,T»,...,T;}
be sets, where k > 1 and j > 1. Then the number s(k, j) of all possible mappings
of the set' Y on any such subset of the set D; such that T; € D} can be calculated

by the formula s(k,j) = j* — (j — 1)*.
Lemma 1.5. Let D; = {11,T5,...,T;}, X andY be three such sets, that ) #Y C

X. If f is such mapping of the set X, in the set D;, for which f(y) =T} for some
y € Y, then the number s of all those mappings f of the set X in the set D; is

equal to s = jIX\YT. (jIY\ — G- 1)\Y|)'

Proof. Let fi be a mappings of the set X\Y in the set D;, then the number of all
such mappings is equal to jIX\Y1.

Now let f2 be all mappings of the set Y in the set D;, for which f(y) = Tj
for some y € Y, then by Lemma 1.4 the number of all such mappings is equal to
GV = -

We define the mapping f of the set X in the set D; by

| Al fzeX\Y
fla) = { fo(z) ifzeYY

It is clear that the mapping f satisfies all the conditions of the given Lemma.
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Thus the number s of all such maps is equal to all number of the pair (f1, f2).
The number all such pair is equal to s = jIX\Y. (jm —(j— 1)'”). ([l

The following Theorems are well known (see, [1, 2, 3, 4, 5, 6]).
Theorem 1.6. [2, Theorem 2.1] A binary relation o« € Bx (D) is a right unit of
this semigroup iff « is idempotent and D = V (D, a).

Theorem 1.7. [2, Theorem 2.6] Let D be a complete X —semilattice of unions.
The semigroup Bx (D) possesses a right unit iff D is an X I—semilattice of unions.

Theorem 1.8. [1, Theorem 6.2.3], [5, Theorem 6] Let D, X(D), Eg)(Q) and
Ip denote respectively the complete X -semilattice of unions, the set of all XI-
subsemilattices of the semilattice D, the set of all right units of the semigroup
Bx(Q) and the set of all idempotents of the semigroup Bx (D). Then for the sets

Eg)(Q) and Ip the following statements are true:
a) If 0 € D and Xy(D) ={D' € (D) | § € D'} then
(1) Eg;)(Q) N Eg;)(Q’) = for any elements Q and Q' of the set Ly(D)
that satisfy the condition Q # Q';
(2) Ip = Uges, (0 E¥ (Q);
(3) The equality |Ip| = ges, () ’E@(Q)
X.
b) If 0 ¢ D, then
(1) E(T @ n Eg;)(Q’) = 0 for any elements Q and Q' of the set X(D)
that satisfy the condition Q # Q';
(2) Ip = Uges(n) ¥ (@)
(3) The equality |[Ip| = 3 ges(p) ‘Eg) (Q)‘ is fulfilled for the finite set X.

is fulfilled for the finite set

Theorem 1.9. [3] Let D = {ﬁ,Zl,Zg, .. .,Zn_l} be some finite X -semilattice
of unions and C(D) = {Py, P1,...,Pn_1} be the family of sets of pairwise non-
intersecting subsets of the set X. If ¢ is a mapping of the semilattice D on the
family of sets C(D) which satisfies the condition (D) = Py and o(Z;) = P; for
anyi=1,2,....n—1and D, = D\{T € D| Z C T}, then the following equalities
are valid:

D=PUPIU---UP, 1, Zi=PU |J @) (*)

Teﬁzi

In the sequel these equalities will be called formal.

It is proved that if the elements of the semilattice D are represented in the form
(*), then among the parameters P; (i = 1,2,...,n — 1) there exists a parameter
that cannot be empty sets for D. Such sets P; (0 < ¢ < n — 1) are called basis
sources, whereas sets P; (0 < j < n — 1) which can be empty sets too are called
completeness sources.

It is proved that under the mapping ¢ the number of covering elements of the
pre-image of a basis source is always equal to one, while under the mapping ¢ the
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number of covering elements of the pre-image of a completeness source either does
not exist or is always greater than one (see, [[3]]).

Lemma 1.10. Let D — {D,Zl,ZQ, . .,Zn,l} and C(D) = {Py, P1,..., Pu_1} be

the finite semilattice of unions and the family of sets of pairwise nonintersecting

subsets of the set X; ¢ = ( ? ? % in—l
o P P> ... Py

D on the family of sets C(D). If p(T) = P € C(D) for some D #T e D, then
D; = D\Dr for allt € P.

is a mapping of the semilattice

Proof. Let t and Z' be any elements of the set P (P # P,) and of the semilattice
D respectively. Then the equality PN Z' = (i.e., Z' ¢ D, for any t € P) is valid
if and only if T ¢ Dy (if T € Dy, then o(T) C Z' by definition of the formal
equalities of the semilattice D). Since Dz = D\{T" € D | Z' C T'} by definition
of the set Dz. Thus the condition T' ¢ Dy hold iff T € {T" € D | Z' CT'}. So,
Z' CT and Z' € Dr by definition of the set Dr.

Therefore, p(T)NZ’ = § if and only if Z’ € Dr. Of this follows that the inclusion
@(T) = P C Z'is true iff D; = D\Dy for all t € o(T) = P. 0

2. RESULTS

Definition 2.1. Let D be complete X —semilattice of unions and Z be some fixed
element of D. We say that a complete X —semilattice of unions D is Z—elementary
if D satisfies the following conditions:

a) D is not a chain;

b) every subchain of the semilattice D is finite;

c¢) theset Dy ={T € D| Z C T} is a chain with smallest element Z;

d) the condition TUT’ = Z holds for any incomparable elements T and T" of
D.

Example 1. The diagrams 1, 2, 3, 4 of the Fig. 2.1 respectively are Z1, 13, Zy and
Z5 elementary X —semilattices of unions:

Fig. 2.1

Lemma 2.2. If D is Z—elementary X —semilattice of unions, then D\ {Z} is
unique generated set of the semilattice D.

Proof. The given Lemma immediately follows from the Z—elementary X —semila-
ttice of unions. O
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Lemma 2.3. Let D be Z—elementary X —semilattice of unions. If subsemilattice
D’ of the semilattice D is not a chain, then D' is Z—elementary X —semilattice of
UNLONS.

Proof. Let D be Z—elementary X —semilattice of unions. Suppose that the sub-
semilattice D’ of the semilattice D is not a chain.

1) Tt is clear, that the length of any chain of the semilattice D’ is finite since
D' CD.

2)IfT € D)\{Z},then T € Dy since T € D' C D, Z C T. We have D7, C Dy.
Therefore, it follows that D', is a chain.

3) Further, let T and 7" be such elements of the set D’ such that T\T" # § and
T\T # 0 (i.e., the elements T and T’ of D are incomparable). Then T, 7' € D,
since D’ C D. From this we have TUT’ = Z by the definition of the Z —elementary
X —semilattice union D.

From the conditions (1), (2) and (3) it follows, that D’ is Z—elementary X —semi-
lattice of unions. O

Definition 2.4. Let C and C’ be finite different chains of the set 2% and Z € CNC".
We say that the chains C and C' are Z—compatible if C and C’ satisfy the following
conditions:
a) TUT' = Z for any T € C\C’ and T" € C'\C;
b) if Cy ={T€C|ZCT}and Cy = {T" €C' | Z CT'}, then Cy = Cly
(see diagram 1 and 2 of the Fig.2.2).

Fig. 2.2 Fig. 2.3

Definition 2.5. The chain C of a X —semilattice of unions D is called mazimal, if
the inclusion C' C C” implies that C' = C’ for any chain C’ of the X —semilattice of
unions D.

Theorem 2.6. Suppose X —semilattice of unions D is not a chain. Then D
is Z—elementary X —semilattice of unions iff any two mazimal subchain of the
X —semilattice of unions D are Z—compatible.
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Proof. Let D be Z—elementary X —semilattice of unions and C, C’ be two different
maximal subchains of the X —semilattice of unions D.

a)Let Cz ={T€C|ZCT}, Cy={T"€C'|ZCT}. By assumption the
sets Cyz, UIZ and Dy are maximal chains of the X —semilattice of union D with
smallest element Z. Then Dy = C; = UIZ since by definition of the Z—elementary

X —semilattice of unions D the maximal subchains Dz, C, C’ of the X —semilattice
D, with the smallest element Z are by definition unique.

b)Let T € C\C' and T" € C'\C. Then T C Z, T" C Zand T #T'. U T\T' #
and T'\T # () then T UT’ = Z by definition of the semilattice D. Therefore, the
chains C' and C’ are Z—compatible.

1) So, we can assumed that T\T" = () and T'\T # (). Further, let the element
T’ cover the element T} in the chain C’. Then TY\T # 0 or TI\T = 0. If T{\T # 0,
then we have T'\T D> T{\T # 0. But the inequality T\T # 0 contradicts the
equality T\T" = (). So, T{\T = 0.

2) Let T{\T = (. Then T D T} and continue this process we obtain T' D T} D
T; > --- D Ty and T)\T = 0, where T, Ty, T;,-, T, € C' and element T} cover the
element T}, | (i =1,2,...,q — 1). But, this process must stop, since the chains C’
is finite. So, there exists a natural number s, such that T > Ty > T4 > --- D T
and T\T # 0. We have T'\T D> T{\T D> T)\T D --- D T\T, i.e.,, T'\T # 0.
We have T'\T # 0, T\T' # 0§ and T' UT = Z by definition of the Z—elementary
X —semilattice of unions D. So, TUT’ = Z for any T € C\C" and T" € C"\C.

Therefore, the chains are compatible.

Let any two maximal subchains of the X —semilattice of unions D be Z—compa-
tible. Then we have:

1) By supposition D is not a chain.

2) Every subchain of the semilattice D is finite, since all Z—comparable chains
are finite.

3) By the definition of Z—comparable chains, the set Dz ={T'e D | Z C T} is
a chain with smallest element Z;

4) If T and T” are any incomparable elements of D, then there exist two maximal
different chains C' and C’ such that T € C\C’, T" € C’'\C and the chains C and
C' are Z—compatible, then TUT' = Z. O

Let D be Z—elementary X —semilattice of unions and
Q={To,T1,....Tj-1, 15, Tjs1,- -, Th—1, T, Tkt15 - - -, T—1, T }

be an X I—subsemilattice of the Z—elementary X —semilattice of unions D which
satisfy the following conditions:

ToCTlC"'CTj_l CTjCTj+1C"'CTk_2CTkCTk+1C"'CTm_1CTm,
TQCT1C"'CTJ'_1CTjCTj+2C"'CTk_1CTkCTk+1C"'CTm_1CTm,
Tit\Tsj # 0, Tsj\Tjx # 0, Tjx UTsj = Tjyhrs.
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(i.e., the number different elements covered by the element Z is two). Note that
the diagram of the semilattice D is shown in Fig. 2.3.
Further, let

CQ)=A{P;|i=0,1,...,5,j+k+s,j+k+s+1,...m—1,m}
U{le,...,ij}U{Plj,...,PSj}

be a family of sets, where every two elements are pairwise disjoint subsets of the
set X,

_( DTy - Ty Ty o Tj Thy oo Tsj Tikgs Tintstr - Tn—1 T
Po Py oo P Py oo+ Py Prj - Psj Pjygys Piykyst1 - Pno1 P )

Then for the formal equalities of the semilattice 2 we have :

Tm:PmUPm,1U~-~UPj+k+S+1UPj+k+SUPSjU"'UP1jUijU"'Ule
UPjU'"UPlLJPO
Tm:PmUPm_QU'-'UPj+k+S+1 UPJ‘_HH_SUPSjU"'UpljUijU'-'Ule
UP;U---UPLUR

Tj+k+5+1 ZPmUPj_HH_SUPSjU"'UpljUijU'-'Ule UPjU"'UPlUPO
Tj+k+5ZPmUPSjU'-'UPUUijU"'Ule UPjU"'UPlLJPO
Tjk:PmUPSjU~'~UP1jUijU"'UPj1UPjU"'UPlLJPO
Tsj:PmUPS,UU”'UPUUijU"'UleUPjU"'UPlLJPO

le:PmPSjU"'UPljUijU"'UleUPjU"'UPlLJPO
le:PmUijU"'UleUPjU"'UPlLJPO

T, =P,UPF
Tl = Pm
Here the elements Po, Pl, ey Pj_l, le, ey ij, Plj, ceey st, Pj-‘,—k:-‘,—su Pj+k+s+17
.., Py_1 are basis sources, the elements P;, P, are sources of completeness of
the semilattice Q.
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Lemma 2.7. Let QQ be a semilattice, whose diagram is shown in Fig.2.3. Then @
is a X I—semilattice of unions if and only if k =s =1.

Proof. Lett € Q, Q: ={Z € Q| t e Z} and A (Q, Q;) be the exact lower bound of
the set @ in @. Then from the formal equalities and by Lemma 1.10 we have:

t€ P, RQi=0Q Ty, if t € Py,
t€ Pn_1, Q: = Q\Qr,,_, Ton,s ifteP,

t e Pj+k+s+17 Qt = Q\QTj+k+s+l Tj+k+s+2; if t c Pj+k+s+1;
t € Pjtk+ts, Q= Q\QTj+k+s Titkyst1, ift € Pjpris,
tGPSj, Qt:Q\QTsj le, iftePSj,

t e Psfljv Qt - Q\QTsflj Tj, 1ft€ PS—1j7
teplja Qt:Q\QT1] /\(QaQt): Tja lftepljv

t € Pjy, Qt:Q\QTﬂC Ty, %fterk,

t € Pj—1, Qi = Q\Q1y,_, 1y, ift € Pjr-1,
tEle, Qt:Q\Qle Tj, %ftEle,

te P, Q: = Q\Qr, T, ift € Fy,

te P, Q1 =Q\Qr, ;2’ 1:??’

te P, Qi = O\Or, B e

Thus we have obtained that A (Q,Q:) € Q for all t € T,,. Let

Q" ={N(Q,Q) |t € Tn}
={To, 11, To, ..., T, Tj1, ..., Ty, Tjshystis-- s Tm—1,Tm}

and Q' be the semilattice of unions generated by the set Q.
Ifk>2o0rs> 2, i.e., sz S Q or ng S Q then Tj2 ¢ Ql or ng ¢ Q/. SO7 if
k> 2or s > 2, then Q is not XI—semilattice of unions.
Ifk=s=1,then T;; UTi; =Tj40 € Q' ie, Q' =Q.
Therefore, @ is X I—semilattice of unions.
O

Theorem 2.8. Let D be a Z—elementary X —semilattice of unions and Q be any
X I—subsemilattice of the X —semilattice of unions D. Then for the X I—semilattice
Q we have:
a) Q is a finite chain (see. diagram 1 of Fig. 2.4);
b) Q ={T,T',Z} UQ , where T and T' are elements of the semilattice D
such that TNT =0 and Q' = {T1,T>,...,Ts} € Dz\{Z} (see. diagram
2 of Fig. 2.4);
©)Q=QU{TT.T"ZYUQ" , where T, T, 7" € D, T c T', T c T",
T', T" are incomparable elements of D; Q' =0 or Q" =0, or Q', Q" are
subchains of the semilattice D satisfying the conditions Q' C Dz\{Z} and
Q" C D\ {T} (see. diagram 3 of Fig. 2.4).
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Proof. Let D be a Z—elementary X —semilattice of unions and @) be any X I—sub-
semilattice of the X —semilattice of unions D.

(@) If Z ¢ Q then by the definition of Z—elementary X —semilattice of unions
it follows that @ is a finite X —chain.

Now, let Z € @ and T be the unique element of the semilattice ) which is covered
by the element Z; If T} and T5 are any incomparable elements of the semilattice @
satisfying the conditions 77 C T and T» C T', then by the definition Z—elementary
X —semilattice of unions it follows that Z = Ty UTy C T. The inclusion Z C T
contradicts the condition T' C Z. So, we have T and Tb are comparable elements
of the semilattice @, i.e., T} C T or Ty C Tj. Therefore @ is a finite X —chain.
The statement (a’) is proved.

(0') Let T, T" and T" be different elements of the semilattice Q) which are covered
by the element Z in the semilattice Q. Then

Z=TUT =TUuT'=T'UT"
DIETNT =0, then T = Z\T’, T' = Z\T and
T=2Z\T'"=(T'uT"\\T'CT", T'=2\T = (TUuT")\T CT".

It follows, that Z =T UT' CT"UT" =T",ie., T" = Z since T C Z. But the
equality T" = Z contradict, that T" is an element which is covered by the element
Z in the semilattice Q.

2) Now suppose that the intersection any two different elements which are covered
by the element Z in the semilattice @) is not empty.

It is clear that T # ) and T = {J,cp A (@, Q4), since Q is XT—semilattice
of unions. From Lemma 2.3 it follows that @ is Z—elementary X —semilattice of
unions. By the definition of the Z—elementary X —semilattice of unions D imme-
diately follows that D\ {Z} is unique generated set of the semilattice D. It follows
that T = A (Q, Q) for some ¢’ € T. On the other hand, ' e T C Z =T UT",
e,/ €T ort' e T". Ift' € T, then we have T € Qp and T = A (Q,Qv) C T".
The inclusion T' C T’ C Z contradicts the assumption that element T is covered
by the element Z in the semilattice (). This contradiction shows that number the
elements which are covered by the element Z of the X [—semilattice () are less or
equal two.

For the elements T and T” of the semilattice ) we consider two case.

3) If T and T” are minimal elements of the X —semilattice unions Q. TNT’ =
and Q' = Q\{T,T’,Z}, then Q = {T,T',Z} U Q’, where Q' = {T1,T5,...,Ts} C
Dz\{Z} and Q' is a chain by definition of Z—elementary X —semilattice of unions
and Q. The statement (b') is proved.

¢’) Now suppose that the elements 7" and T covered by the element Z in the
semilattice @ are not minimal elements of the semilattice @, i.e., T C T’ and
T C T" for some T € Q. Then by Lemma 2.7 we have the element T covered by
the elements 7" and 7" in the semilattice Q. It is clear, that the set {T,T",T", Z}
is a X —subsemilattice of the semilattice Q.
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Further, let Q' = {Z' € Q| Z € Z'} and Q" = Q\ (Q' U{T,T',T", Z}). Then

we have
Q=Q u{r,T 17,2, uQ".
It is clear that Q" C Dz\ {Z} and is a subchain of the chain Dy.

Now, let Z" be any element of the set Q”. Then Z" € Q, Z" ¢ Q"U{T,T",T", Z}
and Z” C T or Z" C T” since T and T" are maximal elements of the set
Q\(Q'U{Z}). If Z"” and T are incomparable elements of the semilattice @) then
Z =T UZ" C T by the definition of Z—elementary X —semilattice unions and
by the conditions ' C 77 and Z”" C T’. But the inclusion Z C T contradicts the
conditions TV C Z. So, Z"” and T are comparable elements of the semilattice Q.
From this follows that Z” C T.

In the case Z”" C T" we can similarly prove that Z” C T.

Further let Z{ and Z§ are any incomparable elements of the set Q" satisfy-
ing the conditions Zy C T and ZJ C T. Then by the definition Z—elementary
X —semilattice of unions it follows that Z = Z/ U ZJ C T. The inclusion Z C T
contradicts the condition T' C Z. So, we have Z}' and ZJ are comparable elements
of the set Q", i.e., Z{ C Z} or Z) C Z]. Therefore Q" is a finite X —chain for
which @ C D7\ {T'}. The statement (¢) is proved. O

Definition 2.9. Let C(D) denote the set all chains of the Z—elementary X —semi-
lattice unions D. N(D) = {|C] | C € C(D)}, h(D) be the largest natural number
of the set N(D),

Ce(D) ={C e C(D)[|C] =k} (1 <k <h(D))),

It (py ={a € Bx(D) |aca=qa, V(D,a) C Cx(D)},

Ic(py ={a € Bx(D)|aoca=a, V(D,a) CC(D)}.
It is easy to see, that: C(D) = C1(D) U Ca(D) U ---U Cypy(D).
Theorem 2.10. Let Q = {1y, T1,...,Tm} be a subsemilattice of the semilattice
D such that Ty C Ty C --- C T,, (see Fig. 2.5). Then a binary relation «
of the semigroup Bx (D) that has a quasinormal representation of the form a =
Uik, (Y x T;) is a right unit of the semigroup Bx (Q) iff @ = V(D,a) and Y{* U
YU UYR DT, YONT, #0 foranyp=1,2,....,m—1and ¢=1,2,...,m.
Proof. Let Q = {Ty,Th,...,Tm} be a subsemilattice of the semilattice D such that
Ty ¢ Ty C --- C Ty,. Then the given Theorem immediately follows from the
Theorem 1.6 and Corollary 3 of [5]. (see, also, Corollary 13.1.2 of [1]) . O
Theorem 2.11. Let Q = {71y, T1,...,Tm} be a subsemilattice of the semilattice

D such that To C Ty C --- C Ty If Eg;)(Q) is the set of all right units of the
semigroup Bx(Q), then

EV@Q) = (2\T1\To\ _ 1) (3\T2\T1| _ 2‘T2\T1‘) -
((m 4 )T\ Tl m|Tm\Tm71|) (m + 1) X\Tnl

(see, Theorem 6.5 of [2] or Corollary 13.1.5 of [1]).
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Definition 2.12. Let y = {(T,T") | T,T' € D, TNT' =0} # 0, Q(T,T',Q") =
(1,7, 2) U@ where (T,T") € 1, ' € D\ {2},
C'(D) ={Q(T,T",Q") | (T\T') € n, Q" € Dz\{Z}}

and

CUD) ={QT.T'.Q) e C'(D) | [Q'| = s} (0= s <2P\A),

It py={a € Bx(D)|aca=a, V(D,a) C Ci(D)},

Itypy={a € Bx(D)|aca=a, V(D,a) C C'(D)}.
It is easy to see, that C'(D) = Cy(D) UCI(D) U+~ UC, b, 2y (D).

~/~

)
)

Theorem 2.13. Let Q = {T1,Tz,...,Tn} (m > 3) be a subsemilattice of the
semilattice D such that Ty, To ¢ {0}, T'NTe =0, ThUTy = T3, T3 C Ty C -+ C Ty
Then the semigroup Bx(Q) has right unit iff Ty NTy = () (see [6], Theorem 1).

Theorem 2.14. Let Q = {T1,Ts,...,Tn} (m > 3) be a subsemilattice of the
semilattice D such that Ty, To ¢ {0}, T'NTe =0, ThUTy = T3, T3 C Ty C -+ C Ty,
(see Fig. 2.6). Then a binary relation o of the semigroup Bx(Q) that has a
quasinormal representation of the form a = \Ji~, (Y, x T;) is a right unit of the
semigroup Bx(Q) iff Q =V (D, ) andY* D T1, Y3* D T, YUY U---UY® D T,
and Y N'T, £ 0 forany k=4,5,...,m—1and ¢g=4,5,...,m —1 (see Corollary
13.2.3 of [1]).

Fig. 2.6

Theorem 2.15. Let Q = {T1,T%,...,Tn} (m > 3) be a subsemilattice of the
semilattice D such that Ty, To ¢ {0}, ThNTo =0, TWUTy =T3, T3 CTy C -+ C Ty
If E&”(Q) is the set of all right units of the semigroup Bx(Q), then

ED(Q) = (4|T4\T3| _ 3|T4\T3|) (5\T5\T4\ _ 4\T5\T4\) .
(m|Tm\Tm71\ ~ (m— 1)\Tm\Tm71\) X\ Tml

(see Corollary 13.2.1 of [1]).
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Definition 2.16. Let
o= {(T, T, T") | T, T/, T" € D, T < T',T  T", T\T" # 0, T'\T' # 0} £0,
Q(T, T/,T”, Q/, Q//) _ Q/ U {117 T/, TN, Z} U Q//
and C”(D) be set of all Q(T,T",T",Q',Q"), where (T, T, T") € v, @ = 0 or
Q" =0, or Q', Q" are subchains of the semilattice D satisfying the conditions
Q' CDz\{Z} and Q C D\ {T}.
Further, let
o (0,11, D) ={Q(T. 7", T",Q", Q") | 1Q'| = 5,|Q"| =k} ((T.T,T") € v),
Ié‘//k(T,T/,T”,D) = {OZ € BX(D) | aoa =a, V(Dv OZ) c ;/k (Ta Tla Tllv D)} )
Icnipy={a € Bx(D)|aoca=a, V(D,a) CC" (D)},
where 0 < s < 21P2\MZ} and 0 < k < 2|DZ\{Z}|.
It is easy to see, that C" (D) = U (T, T, T", D).
(T, 1", T")€v
Theorem 2.17. Let Q = {To,T1,...,Tim} (m > 3) be a semilattice and j be a
fixed natural number such that 0 < j < m — 3 and
To C Ty C"'CTjCTjJ,_l CTj.:,.gC"'CTm,
To C Ty C"'CTjCTj+2CTj+3C"'CTm,
Tjsa\Tjr2 # 0, Tip2\Tjr1 # 0, Tj1a U T2 = Tjes
(see Fig. 2.7). A binary representation « of the semigroup Bx(Q), which has a
quasinormal representation of the form o = J\~, (Y x T}) such that @ =V (D, a),
is an idempotent element of the semigroup Bx (D) iff
)/OQU}GQU".U}GO‘ 2Tj+1ﬁTj+2,
YUY U UY UYL, 2 T,
YEUYPU--UYE DTy, YONT, #0
foranyp=0,1,2,....m—1,¢g=1,2,....m (p#j+2, g#j+3) (see Corollary
13.3.1 of [1]).
Theorem 2.18. Let Q = {1y, T4,...,Tj,...,Tn} (m > 3) be a semilattice and j
be a fized natural number such that 0 < j < m — 3 and
To C Ty C"'CTjCTjJ,_l CTj.:,.gC"'CTm,
To C Ty C"'CTjCTj+2CTj+3C"'CTm,
Tj4i\Tjr2 # 0, Tjp2\Tj41 # 0, Tjp1 U T2 = Tjys.
If Eg) (Q) is the set of all right units of the semigroup Bx(Q), then the following
statements are true:

a) ‘E@(Q)’ = (2\T1\T2| — 1) (2\T2\T1\ _ 1) (5|T4\T3| _ 4|T4\T3|)
((m+ 1)/ T\ Tmal m|Tm\Tm,1|) (m +1)X\Tnl
If] = 0 (ZG,TJ = To);
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b) |[EQ(Q)] = 1\T0l = 1) (4 )TVl - gl
(] + 1)|Ti+1ﬁTi+2\Ti\ ((] + 2)\Tj+1\Tj+2\ _ (] + 1)‘Tj+1\Tj+2‘)
((] + 2)|T]‘+2\TJ‘+1|
((] + 5)|TJ‘+4\TJ‘+3|

o (m 4 DTNt I To\Tial ) (g 1)\

if 1 <j<m—3 (T; #Tp) (see Corollary 13.3.3 of [1]).

i+ 1)|TJ‘+2\TJ‘+1|)
j+4)|TJ‘+4\Tj+3|

=
=

Theorem 2.19. If D is Z—elementary X —semilattice of unions, then the following
equalities are true:

[lew)| = ‘Ia(D)‘ + ‘152([,)‘ ot

)

ng(D)

*

’
O pB (2}

. E *
|I //(D)‘ = ’IC;k(T,T/,T”,D)’ .
(T, T, T")€ev

’IC’(D)} = IE‘{,(D)’ + (D) >

Proof. The given Theorem immediately follows from the Theorem 1.8. O

Theorem 2.20. Let D be Z—elementary X —semilattice of unions and o € Bx (D).
Binary relation « is an idempotent relation of the semigroup Bx (D) iff binary
relation « satisfies only one condition of the following conditions:

a) a= (X xT), where T € D;

b) a = (Y xTo) U xTh) U---U (Y2 xTy), where Ty, Th, -+ T € D,
ToCTi C-- CTy, 2< k< h(D), Y. ...V, ., Y* ¢ {0} and satisfies
the conditions: Y* UYy* U---UYY O T, Y NT, # 0 for any p =
0,1,....k—1land q=1,2,...,k;

c)a=YExT)U Y xT)YJ (Y X Z), where T, T € D, 1 N Ty = 0,
YR, YR & {0} and satisfies the conditions: Y DT, Y D T';

d) a=YrxT)U X xTo)U---U Y xTs), where Th, T, ..., Ts € D,
Tl = T7 T2 = Tl) T3 = Z; 4 S S S 2‘DZ\{Z}|7 Tl mTQ = Qy Yla5}/2a7
Yo, v, Ye ¢ {0} and satisfies the conditions: Y* D Th, Y5 D Th,
YPUYRUYSU---UYr DT, and Y2 NT, # 0 for any p=4,5,...,5 -1
and q =4,5,...,5s;

e) o= (Yoa X TQ)U(Y&O‘ X Tl)U' . 'U(Y}a_l X Tj_l)U(ija X Tj)U(ijﬁ_l X Tj+1)
U (ij(iQ X Tj+2) U (Yvﬁkg X Tj+3) u---u (ng—l X Tm—l) U(Yg X Tm), where
TO) o aijlvTa T/a T//v Za Tj+3a B aTmflvT’m € D7 TJ = T7 Tj+1 = Tlv
Tjio = T, Tjis = Z, Yg", Y%, ..., onilv Yja7}/ji17)/ja~(%27}/jaflr4v"'vy7${ ¢
{0} and satisfies the conditions:

Yo UY U UYS 2 T N Tiga,
}/OQU}/laU"'UYjaU)/ﬁFZ 2 Tjyo,

%QUSGQU"'UYYPQQT;, Y:IaﬁTq#(Z)
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foranyp=0,1,....m—1,g=1,2,... m (p#j+2, q# j+3) (see
Corollary 13.3.1 of [1]).

Proof. The given Theorem immediately follows from the Theorem 2.10, 2.14 and
2.17. ]

Theorem 2.21. Let D and Ip be any Z—elementary X —semilattice of unions and
all idempotent elements of the Z—elementary X —semilattice of unions respectively.
Then the following conditions are true.

a) |ID| = |IC(D)|; ifu: 0 andl/:@;

b) |ID| = |IC(D)| + ‘IC’(D)‘ ifu 75 0 and v = (Z),'

¢) Ip| = |Icpy| + |Icrpy| if p =0 and v # 0;

d) [Ip| = |Icy| + ey | + [Tcrpy| if w# 0 and v # 0.

Proof. The given Theorem immediately follows from the Theorem 2.19. O

Theorem 2.22. If D is any Z—elementary X —semilattice of unions, then for
any idempotent binary relation € from the semigroup Bx (D) the order of mazimal
subgroup Gx (D, €) is not greater than two.

Proof. Let D be any Z—elementary X —semilattice of unions and eoe = ¢. As is
known (see [1]) the group Gx (D, ¢) is anti-isomorphic to the group of all complete
automorphisms of the semilattice V (D, ¢). In this case the number of all complete
automorphisms of the semilattice V(D, ) is not greater than two. Therefore the
order of maximal subgroup Gx (D, ¢) is not greater than two. ([

Fig. 2.8 Fig. 2.9

Example 2. Let D = {Z4,Zg,Z2,Zl,.b} be Z;—elementary X —semilattice of

unions satisfying the conditions

Z3CZ2C21CD,23CZ1CD,Z4\Z37£@
Z\Zs £ 0, Zs\Zo # 0, Zo\Z3 # 0 (2.1)
ZaUZy =71, Z3U Zy = 7.

The semilattice satisfying the conditions (2.1) is shown in Fig. 2.8.
Let C(D) = {Py, P, P2, P5, Py} be a family sets, where Py, P, P2, P5, Py are
pairwise disjoint subsets of the set X and

(D Zy 29,75 Z4
\ PP PPP
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is a mapping of the semilattice D onto the family sets C(D). Then for the formal
equalities of the semilattice D we have a form:

D=PyUPLUP,UP;UP;
Z1 =P UP,UP;UP,
Zo=FPyUP3UPy
Z3=FPyUP, UP,

Zy = FPyU Ps.

Here the elements Py, P», P3, Py are basic sources; the elements P, are sources of
completeness of the Z; —elementary X —semilattice of unions D.
Further, we have Z4ﬁ23: (P()Upg)ﬁ(P()UPQUP4):P0.

(1) IfZ4ﬁZ37£@(P()?é@),thenh(D)le,,u:V:@

Cu(D) = {{Z:} {2} {22} {21}, {D}}

- _{ {24722}7{24721}7{24717%7{23,21}7{237[7}7{22721}7

(7.0) {200)
C3(D) = Zz,Z1,l§} ;4 Ly, Zl,D} , {Z4, Zz,D} AZ4, 22,2, }, {Za, Zhb}}
Cy(D) =144 Za,Z2,Z1,D
C(D) = C1(D) U C2(D) UCs(D) U C4(D)

and |Io(py| = Loy oy | + [Tow )| + [Tes )| + [Teup)|, where

[ 1&,y| = 53
118, (py| = 2172\l — 1) 21X\ 22l 2‘21\Z4\+2\Z1\Zg\+2\zl\22\_3) 9l X\ 24|
+ (2Pl g 2lPv5l g ol g olP\al ) 500l
12,0y | = (217221 —1 glB\Z1| _ o|przi |\ g|x\B)|
+ (27l -1) (slPval ol 3|X\f’|+<2‘zz\z4\_1 SIB\ZzI_QID\Zz|)3|X\D|
(21 (3170l gzl gl (9205l q) (3PVA] - glPval) gl

’12'4(D)‘ — (2\22\24\ _ 1) (3\21\22\ _ 2\Z1\Z2\) (3|é\21| _ 2|D\Z1|) 4|X\é|
(see Theorem 2.4).
If X ={1,2,3,4,5}, D = {{3,5},{2,4,5},{3,4,5},{2,3,4,5},{1,2,3,4,5}}

then |12, )| = 5, |Tey00| = 28, [Teo)| = 18, [T | = 1 Hoem| = 4.
QYU Z,NZs =0 (Py=0), then p={{Z4,2Z3}},v =0, h(D) =4, s=0,1 and

(D) = {21, } 25} 122} {2}, { D} }
— {Z%%}gzba}{zbb}gzaa}{Z&D}gzbzg,
2(D) = {227[)}{21713} )
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Cs(D)={{2,.2,,D {24,21,1)} {24,22, } (Za, 7o, 71}, {23,21,[)}}
(D) =141424,25,Z1,D

Cy

C(D) = C1(D)U (D) U C3(D) U Cy(D)
Co(D) = {{247 Z3, Zl}}
C1

(D) = {{24,23,21,1)}}.
and |Ip| = |Io,(py| + Loy | + [Losoy| + [ewmy| + [eyy| + 1oy (py|, where

p =b;
1(D)
]éQ(D) (2\Z2\Z4\ — 1) 21X\ Z2| (2\Z1\Z4| 4 2121\Zs| | 9lZ1\ 22| _ 3) 9l X\Z1|

(2|D\Z4| 4 2ID\Zs|  9|D\Za| 4 9| D\Z| _ 4) 9 X\D).

Ié‘g(D) (2\Z1\Z2\ _1) 3|D\Zl| _2|E\Z1| 3|X\E| 4 (2\Z1\Z4\ — 1) + (2|Z1\Z4| — 1)
( 3[D\7| _ 2|B\Zl|) 3I¥\D| 4 (9122\2l 1) (3|5\Z2| _ 2|D\Z2|) 3[X\D|

+(2172\%4] —1) (317:\22] 9120\ Z2 ) 3IX\Zul 1 (212006 1) (3ID\le_2|D\ZzI 3[X\D|

12,y | = (2172\5] - 1) (3121\ 72 — 9171\ 221) (3|f>\zl| _ 2|b\zll) 41X\D|
* _ a|X\Z1|

gy =371 ]

* D\Z D\Z X\D

2y :(4| \Zi| _ |D\ 1|)4| \D|

(see Theorems 2.11 and 2.15).
If X ={1,2,3,4}, D = {{3},{2,4}.,{3,4}, {2 3,4}, {1 2,3,4}} then
I*

Ié‘l(D)‘ =

)‘ =1, |Ip| = 51.

IéS(D) ‘ =13,

Example 3. Let D = {Z5,Z4,Z3,Z2,Z1, } be Z;—elementary X —semilattice
of unions satisfying the conditions

Z5CZ2CZ1CIV), Z5CZ4CZ1CE, Z3CZlC.bZ4\Z375®
ZN\Zy # 0, Zi\Z2 # 0, Zo\Zs # 0, Z3\Z2 # 0, Z2\Z3 # () (2.2)
ZysUZ3 =74 UZy = Z3Udy =Z5UJd3 = 7.

The semilattice satisfying the conditions (2.2) is shown in Fig. 2.9.
Let C(D) = {PQ, P1 N Pz, P3, P4, P5} be a family sets, where Po, Pl, Pg, Pg, P4, P5
are pairwise disjoint subsets of the set X and

(D Zy Zy,Zs Zy Zs
Y=\ p P P, P P, P,

be a mapping of the semilattice D onto the family sets C(D). Then for the formal
equalities of the semilattice D we have a form:

D:P()UplUPQLJngP4UP5

Z1=FhUP,UP3;UP,UP;
Zo=FyUP3;UP,UP;s
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Z3=FPhUP, UP,UP;
Zy=FUP,UP3UP;5
Zs = Py U Ps.

Here the elements Py, P», P3, Py are basic sources; the elements Py, Ps are sources
of completeness of the Z; —elementary X —semilattice of unions D.
Further, we have Z5ﬁ23: (P()UPg)ﬁ(P()UPQUP4UP5) :P().

(1) If Z5ﬂZ3 75 @ (PQ 75 (Z)), then o= (Z), vV = {(Z5,Z4,ZQ)}, h(D) = 4, s = 0,1,

Cu(D) = {{Zs} {2s} {Z:} {22} {21} {D}},
(Zs, 24} {Zs, Zo} , {Zs, 21}, ZS,D},{24,21},{24,1’7},{23,21}, }

C2(D) = {23713}7{22721}7{2271’7}{Zhb}

DR NARY YN 7{25722721}7{2572271'7}7{2572171'7}7
Cs(D) = {Z4,Z1,15},§Z3,21,D%,{Zg,Zl,D} }
04(D):{{ 5,24,21,15},{25,22,21,1”)}}

Co (D) = {{Z5, 24, Z>, Z1 }}
C{’(D):{ 25,24,22,21,[7}}

C(D) = C1(D) U C2(D) U Cs(D) U Ca(D), C"(D) = C(D) U C (D).
and |Ip| = |Ic,(p)| + [Low ()| + [Losp)| + [Toum) | + Loy oy | + oy (p)|, where

|18, ()| = 6;
12,0| = (2\21\25\+2\zl\z4\+2\zl\zgw+2\zl\22\_4 ol X\Z1| 4 (9122\Z5] _ 1) 91X\ 21
+(2‘Z4\ZS‘—1 9lX\Zal 4 2|’3\Zf»|+2|’5\Z4|+2|15\ZS|+2|’5\ZZ|+2|D\ZI|—5) 9lx\DI,

12,0y | = (2\24\25\ _1) (3121\2al _ 91Z:\24] 31X\ Z1]

+(2122\%51 1) (31P\Z2| _g|D\Z2| g|X\D| 4 (9]22\Z5] _1 3\21\22\_2\21\22\)3\X\le
+(2172\751 _1) (31P\Z2| _o|D\Z2| g|X\D| 4 (9121\Z5| _1) (3|D\Z1| _o|D\Z1]) g|X\D|

+(217:\2al _q 3|f)\zl|_2|b\zl| 3|X\D|+ olzi\Zs| _1 3|f)\zl|_2|b\zl| 3|X\D|

+(2\Z1\Z2\ _1) (3l2\z1] _ 9| D\Zi] 3|X\ﬁ|;

|154(D)‘:(2\Z4\25\_1 3121\Za| _ 9lZ1\Zal) (g|D\Z1| _ 9| D\Z1| 4 X\ D]
+ (2\22\25\ 1) (31%1\22| _ 9lz1\22| (3|D\Z1| _ 2|D\zl|) 4lx\D|

(t‘(/{(D) — 2222\24 _ 13 §2Z4\Z2 _ 13 4\X\Z1\;

* — (9lZ2\Z4l _ |Za\Z2] _ [D\z1| _ |b\zl|) [x\D|
L] = (2 1) (2 1 (5 4 5
(see Theorems 2.11 and 2.18).

If X ={1,2,3,4,5,6},
D = {{37 6} Y {27 3’ 57 6}7{274’ 57 6}7{3’47 556} I {273747 57 6}7{1727374757 6}}

then ‘Igl 6,

(D)‘ = I&(D)‘ = 69, 183(D)‘ = 98, ‘184(D)‘ = 6, ‘I*g(D)‘ =4,
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(2) If Z5 N Zs = 0 (Py = 0), then u = {(Zs, Z3)}, v = {(Zs, Za, Z4)}, W(D) =
=0,1,
)= {{Z} 124} {2} 422} {2}, § 38
Ca(D) = {Zs, 22} {25, Za} {Z5, 21}, { Z5, D } {Z4, 21}, {Z47 } {Zs,7:},

{Z3715},{22,Z1} {Zz,lu)} {Zl,D}

(Zs, Za, 22}, { Z5, 24, DV {25, 2o, 21} {Z ZQ,D},{Zs,Zl,[)},
(D) = {24721717} Zs, 71, D {2272179} ’
cu(p) = {{ 2,2, 2:,D}, {25,2272179}}

CE(D) = {{2s, Zs, 21}}, CH( {{z Zs, 21, D}},

CU(D) = {{Zs, Zs, Zo, Z1}}, CV(D) {{25,24,22,21,1)}}

C(D) = C1(D) U C2(D) U C3(D) U Ca(D),
C'(D) = Cy(D)u C1(D), C"(D) = Cg (D)UY (D)

and |Ip| = |Ioy () |+ Loy ()| + Ty (m) | + [ Low oy |+ ey i) | + [ Teg oy | + Loy (o) | +
’I i/(D)” where

’IEI(D)‘ =6;
’Ié (D)‘:(2\21\25\+2\Zl\Z4\+2\Zl\23\+2\Zl\Zz\_4 Q\X\Zl\+ 2lZ2\Z5| _ 1) 9lX\Z1]
2
+(2\Z4\st_1) 9lX\Zsl 4 (9 P\Zs| 4 o|D\Za| 4 o|D\Zs| | o|D\Z2| | o|D\ 21| _5) olx\D).
|Ié‘ (D)‘ — (2\Z4\Z5\ — 1) (31%1\24] _ 9lZ1\Zal ) gIX\Z1]
3
+(21%2\2s51 _q 3|§\Z2|_2|E\Z2| 3|X\D|_|_ olZ2\Z51 _ 1 3\21\22\_2\21\Z2\)3\X\Zl\
+(21%2\2s51 _q 3|§\Z2|_2|E\Z2| 3|X\D|_|_ olZ:1\Zs5| _1 3|§\Z1|_2|E\Z1| 3|X\D|
4 (2121\241 _q 3|D\Zl|_2|5\21| 3|X\f)|+ olZi\Zs| _1 3|D\Zl|

_2|b\zl| 3|X\B|
+ (2\21\22\ _1) (3l2\21] _ 9| D\2Z4] 3|X\D|;

IS E (2‘24\25‘ - 1) (3‘21\24‘ _olz\zal) (3|D\7] _2|15\le) 4lx\D|

+ (2\22\25\ — 1) (3121\22] _ 9lZ1\Z2] 3|é\Z1| _ 2|é\Z1| 4|X\f’|

* X\Z
IC()(D)‘ — 3\l

cim)| =
* [Z2\Za| _ [Za\Z2| _ [X\Z1]
IC(,),(D)—ZZ“124214V17 ) ]
é‘i’(D) — (9l22\Z4] _ 1 (9lZ4\22] _q (5|D\Z1| _ 4|D\Z1|) 5|X\D|
(see Theorems 2.11, 2.15 and 2.18).
If X ={1,2,3,4,5},

<4|D\zl| _ 3|1:3\zl|) 4|X\D|

D ={{3},{2,3,5},{2,4,5},{3,4,5},{2,3,4,5},{1,2,3,4,5}}

then |I7, ‘ = 6, |I, (D>] = 69, Ie, <D>’ =6 ’I*aw)’ =3

Iz, ‘ — 58,

‘I /(D) C//
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