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ON THE CONVOLUTION AND NEUTRIX CONVOLUTION
OF THE FUNCTIONS sinh~ 'z AND z"

BRIAN FISHER AND FATMA AL-SIREHY

ABSTRACT. The neutrix convolution sinh ™'z ® 2" is evaluated for r =
0,1,2,.... Further results are also given.

1. INTRODUCTION
The functions sinh ™'z, and sinh™' z_ are defined by
sinh™' 2, = H(x)sinh™ 'z, sinh™' z_ = H(—z)sinh ™'z,
where H denotes Heaviside’s function. Note that
sinh™!z = sinh ™'z, +sinh ' a_.

If f and g are locally summable functions then the classical definition for
the convolution f *x g of f and g is as follows:

Definition 1. Let f and g be functions. Then the convolution f % g is
defined by

(Feo)e) = [ " F 0l — 1)

for all points « for which the integral exists.

It follows easily from the definition that if the classical convolution f * g
of f and ¢ exists, then g * f exists and

frg=g=f. (2)
Further, if (f * g)" and f x ¢’ (or f'x g) exist, then
(f*x9)=fxg (orf xg). (3)

2010 Mathematics Subject Classification. 33B15, 33B20, 46F10.
Key words and phrases. Convolution, neutrix convolution, neutrix limit.
Copyright © 2015 by ANUBIH.



38 BRIAN FISHER AND FATMA AL-SIREHY

The classical definition of the convolution can be extended to define the
convolution f * g of two distributions f and ¢ in D’ with the following
definition, see [9].

Definition 2. Let f and g be distributions in D’. Then the convolution
f * g is defined by the equation

(f x9) (@), p(2)) = (f(y), (9(x), p(x +y))) (4)

for arbitrary ¢ in D', provided that f and g satisfy either of the following
conditions:

(a) either f or g has bounded support,
(b) the supports of f and g are bounded on the same side.

It follows that if the convolution f % g exists by this definition, then
equations (2) and (3) are satisfied.
The following theorems were proved in [10].

Theorem 1. The neutriz convolutions (taunl1 r)®z> L and (tan}' v) @ 22"
exist and

B "2 1\ (DR,
1 2r4+1 __ 2 : 2r—2k+1
(fan} o) @27 = — ( 2k > 2k +1)2" '

+ Z 2T + ]. 1)k+1ﬂ-x27“72k
%k +1) 4(k 1 1) :
3 2r\ (=1t
1 2r __ 2r—2k
') 057 = 3 (%) 2k 12"

k=0
+ - 2r (_1)k7rx2r72k+1
£ \2k—1) 4k ’

forr=0,1,2,....

Theorem 2. The neutriz convolutions 2" 71 & tabnjr1 x and 2% @ tanjrl T
exist and

T T
_ 2r+1 _ 2r +1 -
2t g tan+1 = Z ( TQk >m2r 241G (2) — Z (2; i 1>x2r 2k (2),
k=0

k=0
" /2o = 2r
2r -1 2r—2k 2r—2k—1
— — F;
™ ®tan, " x kz_o<2k>w Gi(x) ;<2k+1>x k(x),

forr=0,1,2,....

The next theorem was proved in [6].
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Theorem 3. If A A+ p < 0 and p # 0, then the neutriz convolution
ei_(A\x) * e exists and

ei_(Az) x " = —p tn(1 4 p/X)e!.

The dilogarithm integral Li(z) see [6] is defined for by

TIn|l —
Li(x):—/ Ll Kk
0 t

and the associated functions Li; (z) and Li_(x) are defined by
Lit(z) = H(x) Li(z), Li_(x) = H(—=x)Li(x) = Li(z) — Liy(x),

where H(x) denotes Heaviside’s function.
The following theorem was proved in [6].

Theorem 4. The neutriz convolution Liy(x) &) x" exists and

r

. .1 r1\ (1)
L1+($)®f”:r+1z<f)<r(_i)+1>zx

=0

forr=20,1,2,.... In particular
Liy (2) ® H(z) = 1,
1

Lij(2) ®zy =2 — 3

2. MAIN RESULTS
We need the following lemmas to prove our results on the convolution and

neutrix convolution.

Lemma 1.
T

sinh™ 2 = 2! 727y ( 2r k) (=1)""* cosh(2kz) + (—1)"27%" <2r), (5)

r— r
k=1

"2 —1
sinh® ' g = 22727 ) " (:_ . > (=1)"*sinh(2k — 1)z, (6)
k=1

forr=1,2,....
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Proof. We have

2r
sinh2r z = 2—27"(6:(: - e—:c)?r —9~2r Z (2T> (_1)ke(2r—2k)oc

k
k=0
=1 /o, 2r
— 92 Z ( . ) (_1)k(e(2r—2k)m + e—(2’r—2k)z) + (_1)r2—2r ( X >
k=0
= ol=2r i 2r (—1)T7k cosh(2kx) + (—1)"272" 2r
= \r—k r)’

proving equation (5).
Similarly, we have

2r—1
sinh2 !y — 21727"(61 . 671)21"71 _ gl-2r TZ <2r - 1> (_1)]@6(27'72]671)-%

k
k=0
o1
— ol=2r Z ( i >(_1)k(e(2r—2k—1)z o e—(2r—2k—1):c)
k=0
L for—1
:222722<kfk)(—lykﬁnh@k——nx,

proving equation (6).
For shortness, we will write

r
sinh’z = Y _[ay; cosh(kx) + by sinh(kz)], (7)
k=0
forr=1,2,..., where
agrop—1 =0; k=1,2,...,m,
a1, =0; £=0,1,2,...,2r — 1,
bor—12r=0; £=0,1,2,...,r —1,
bork =0; k=1,2,...,2r

so that
T
sinh®" x = Z asr 2 cosh(2kx), (8)
k=0
T
sinh? 1z = Z agr—1,2k—18inh(2k — 1)z, 9)
k=1

forr=1,2,...and k=1,2,...,r.
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Lemma 2.
A A
Sjnh(27‘"[;) = Z <2k. - 1) ( J )(_1)k+]+1 COSh2r—2k+2]+1 ZL‘SiIlhl‘,
k=1 7=0
(10)
LR 21 (k-1
h(2r — 1 — - -1 k+7+1 h2r—2k+2j inh
sinh(2r Z(Qk—l)( j >( ) cos xsinhz,
k=1 j=0
(11)
forr=1,2,....
Proof. Using de Moivre’s Theorem, we have
cos(2rz) +isin(2rz) = (cosz +isinz)?.
Equating the imaginary parts, we have
T
: _ 2r k+1 ., 2r—2k+1 . o 2k—1
sin(2rzx) = Z <2k - 1) (—1)""" cos x sin x
k=1
: 2r
= Z (—1)** L cos? =2k (1 — cos? z)F L sina
2k —1
k=1
r k—1
2 k—1
= (2k: i 1) (—1)FFLcog?r—2h+1 xz ( j )( 1)J cos¥ z sin z.
=1 7=0
(12)
Replacing z by iz in equation (12), we get equation (10).
Similarly, we have
sin(2r — 1)z = ZT: ar—1 (—1)** 1t cos? 2% g sin?* L
2k —1
k=1
T
27”—1> k+1 . 2r—2k 2 Nk—1 ..
= Z (1)t cos? 2 z(1 — cos* z)" 'sinx
£ <2k —1
r k—1
2r —1 4 E—1 .
= (212 B 1) (—1)FHIFL cog?r =2 4 Z ( , ) cos¥x sin .
k=1 =0\ 7
(13)
Replacing = by iz in equation (13), we get equation (11).
For shortness, we will write
sinh(rz) Z ¢y cosh” rsinh z, (14)

k=1
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forr =1,2,... and k = 1,2,...,r, where ¢y, o1 = cor—12k—1 = 0, for k =
1,2,...,r, so that

r

sinh(2rz) = Z Cor 2k +1 cosh?" ~2k*1 2 sinh 2, (15)
k=1
T
sinh(2r — 1)x = Z Cor—12k cosh®’~%¥ zsinh z, (16)
k=1
forr=1,2,...and k=1,2,...,7. O
Lemma 3.
r k b
/sinhrxda; = Z rk M1 cosh? zsinh (17)
forr=1,2,....

Proof. Using equations (7) and (14), we have

/sinhT rdr = Z /[ank cosh(kz) + b, i, sinh(kzx)| dz
k=1

B zr: ay j sinh(kx) + by, cosh(kx)

k
k=1

r

a kbk;
g L U sinh z,
1i=1

k
proving equation (17). O

Theorem 5. The convolution sinh ™!z * x' ewists and

r k,.r+1 -1
_ r\ [(=1)*z " sinh™" x
inh 1 ro_ Ly
sinh™ x4 * 2’ E (k)[ ]
k=0
k+1 i

ZZ%“’ B (52 1 1)if2 (1)

forr=0,1,2,....
Proof. Tt is obvious that sinh™! z * 2, =0if z < 0. When z > 0, we have

sinh ™t w4 % 2, / sinh ™' t(z — t)" dt

— I; ( ) /x(—t)ksinhl tdt. (19)
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Making the substitution ¢ = sinh u, we get

x sinh
/ thsinh~ ' tdt = / wsinh” u cosh u du
0 0

2t lginh 1z /Sinhl T ginhFt! u,
- —  du
k+1 0 k+1
k1 ginh ™! Agy1,:0 i, 2
_ ; 1)4/ 20
R D Dy A

on using equation (17). Equation (18) now follows from equations (19) and
(20). O

Replacing = by —z in equation (18), we get
Corollary 1. The convolution sinh™' z_ % 2 exists and

r 1)k ginh !
sinh_lm_*xi—z<;)[( ) k+s11n

k=0

k+1 4

ak-f—ll i,j 2 k+1 /2
ZZ ) (x® +1)7/2|, (21)

forr=0,1,2,....

The definition of the convolution is rather restrictive and so the non-
commutative neutrix convolution was introduced in [2]. In order to define
the neutrix convolution we first of all let 7 be a function in D satisfying the
following properties:

(i) 7(z) = 7(—x),
(i) 0 <7(x) <1,

(i) 7(z) =1 for |z| < 3,
(iv) 7(z) =0 for |z| > 1.

The function 7, is then defined by

1, || <n,
() = ¢ (0" —n™), x >mn,
T(n"z +n"th), < -n
form=1,2,....

The following definition was given in [2].

Definition 3. Let f and g be distributions in D" and let f, = f7, for
n = 1,2,.... Then the neutriz convolution f ® g is defined as the neutrix
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limit of the sequence { f, * g}, provided that the limit h exists in the sense

N—lim(f, * g, ) = (h, )
n—oo
for all ¢ in D, where N is the neutrix, see van der Corput [1], having do-
main N’ = {1,2,...,n,...} and range N”, the real numbers, with negligible
functions being finite linear sums of the functions
" tn, In"n (A>0,r=1,2,...)
and all functions which converge to zero in the usual sense as n tends to
infinity.
In particular, if

lim (fy * g, ) = (h, ¢)
n—oo
for all ¢ in D, we say that the convolution f x g exists and equals h.

Note that in this definition the convolution f, * g is as defined in Gel’fand
and Shilov’s sense, the distribution f, having compact support. Note also
that because of the lack of symmetry in the definition of f ® g, the neutrix
convolution is in general non-commutative.

The following theorem was proved in [2], showing that the neutrix convo-
lution is a generalization of the convolution.

Theorem 6. Let f and g be distributions in D' satisfying either condition
(a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutriz
convolution f ® g exists and

f®g=[xg.
We now prove the following theorem.

Theorem 7. The neutriz convolution sinh™! z, ® x” exists and

r r kE+1 4 apar ibi d
sinh ™z, ® 2" = Z (k;)( 1)kgr=+ |:Ck+1 Z Z +/<;z—|— 1] ] . (22)
k=0 =1 j=1
forr=20,1,2,..., where
0, k odd, 0, j even,

ST e T () de
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Proof. Putting [sinh~! z,],, = sinh ™' 2, 7,,(2), we have

n+n="

n
[sinh 2], ¥ 2" = / sinh~!t(z —t)" dt + / sinh ™ t(x — )" 7, (t) dt
0 n

—Z( > e k/ t* sinh Lt dt
0

n+n="
+ / sinh ™! t(z — t) 7, (t) dt
0

Replacing = by n in equation (20), we get
n k41 ginh—! n k+1 4 a
thsinhedt = o k1% 192, (24
/0 sin F o1 ZZ i+ 1 2+1) (24)
Now,
o0
1/2 .
[Sinh_l 1,‘] ( —-1/2 _ 33_1 Z < / ) —2i
and so
1/2
inh™ 'z =Inz — t. 25
sinh™z=Inz ;( ; >2Z+cons (25)
Hence, for £ =0,1,2,..., we have
0, k odd,
N—limn*sinh ' n = C(-1/2\1 k oven
= Cg, (26)
for short.
Further,
o .
2 /2 _ g 372\ o
n*+ 17 =n Z( L
=0
and so for j =1,2,..., we have
j even,
N-— hmnn +1 ]/2 3/2 )
dd
n—00 ] + 1 /2 ] 0
= dj, (27)

for short.
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It now follows from equations (24) to (26) that

r k+1 1
) . ap41,ibi,5d;
N—llmh:}j(;)( D ’f[ckﬂ }j}j R } (28)

n—00
k=0

Next, it is easily seen that s = O(n™") and so

lim I = 0. (29)
n—oo
Equation (22) now follows from equations (23), (28) and (29). O

Replacing = by —z in equation (22), we get

Corollary 2. The neutriz convolution sinh™! x_ ® x” exists and

k+1 4

r ibijd;
sinh'z_®z" = — Z (Z) x" [Ck—i-l Z Z Clk+k1: +’1J ], (30)

k=0
forr=20,1,2,....
Corollary 3. The neutriz convolution sinh™' z & 2" exists and

k+1 4

sinh 'z ® 2" = Z (Z) [(—1)F —1]2"* [Ck+1 ZZ a’”; f ’fd ] (31)

k=0
forr=20,1,2,....
Proof. We have
sinh 'z ®az" =sinh oz, ® 2" +sinh ' z_ @ 2"
and then equation (31) follows from equations (22) and (30). O

Corollary 4. The neutriz convolution sinh™' z. ® x”_ exists and

k+1 4

1 PN (T ek r—k akHZb i
sinh x+®$_—z<k>( 1) [Ck—i-l ZZ i(k+1) ]

k=0
“(r (—1)7"*']“:6:_“ sinh !z
‘ k E+1

k=

k+1 4

af+1,ibi Qht+1,i00,5  r—k+1 2
ZZ D) (22 +1)1/], (32)

forr=20,1,2,....
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Proof. We have

(=1)"sinh 'zy ® 2" =sinh™'xy ® 2" —sinh ™t oy x0T,

=3 ()bt - 3oy
k k+1 —
k=0 =1 j=1
Z 1)* H'l sinh !
k—i—l
k-l-l i ak+1 y
Ahe+1,i%,5 P 2
DI e AR
=1 j=1
on using equations (18 and (22) and equation (32) follows. O

Replacing = by —x in equation (32), we get

Corollary 5. The neutriz convolution sinh™ ! z_ ® x', emists and
E+1 i

sinh™'z_ ® xl, = ZT: (;) x' [Ck+1 Z Z akif ’fd }

k=0 i=1 j=1

i M\ [(=1) k2" sinh~?
>\ kil
k+1 7

ak+1,z r+j r— ]
+ZZ o 1 (—1)rHithgr—ktlg2 | 1)]/2:|7 (33)

forr=0,1,2,....
For further related results, see [4], [5], [7] and [8].
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