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PERIODICITY OF SOLUTIONS FOR A SYSTEM OF
NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS

MOUATAZ BILLAH MESMOULI, ABDELOUAHEB ARDJOUNI AND AHCENE
DJOUDI

ABSTRACT. In this paper, we study the existence of periodic solutions
of the nonlinear system of integro-differential equations

d t

Gr == A8z + Q) alt~ T (1)), teR

t—7(t)

In the process we use the fundamental matrix solution to convert the
given integro-differential equation into an equivalent integral equation.
Then by using Krasnoselskii’s fixed point theorem we obtain the ex-
istence of periodic solution and by contraction mapping principle we
obtain the uniqueness. An application in two dimension is given.

1. INTRODUCTION

A qualitative analysis of periodicity, positivity and stability of solutions
of neutral differential equations has been with delay studied extensively by
many authors. We refer the readers to [1]—- [3], [6]- [14], [16,19] and references
therein for a wealth of reference materials on the subject.

Recently, E. Yankson in [19] studied the existence and uniqueness of a
periodic solution of the system of differential equations

d
£$(t):A(t)l‘(t—T), teR, (1.1)
where A (+) is an n X n matrix with continuous real-valued functions as its
elements and 7 is a positive constant.
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In the present paper, we study the existence of periodic solutions of the
system of nonlinear integro-differential equations

t
<o) = —/ At 8)x(s)ds + Q (ta(t), x(t — 7 (1)), tER, (1.2)
dt t—r(t)

where A (-,-) is a nonsingular n X n matrix with continuous real-valued
functions as its elements and G : R xR"™ x R® — R" is a continuous function.
In the analysis we use the fundamental matrix solution of 2’ (t) = D (t) x (¢)
coupled with Floquet theory, where D (-) is a nonsingular n x n matrix with
continuous real-valued functions as its elements used to invert the system
(1.2) into an integral system. Then, we employ the Krasnoselskii’s fixed
point theorem to show the existence of periodic solutions of system (1.2).
The obtained integral system is the sum of two mappings, one is a compact
operator and the other is a contraction. Also, transforming system (1.2) to
an integral system enables us to show the uniqueness of the periodic solution
by appealing to the contraction mapping principle.

The organization of this paper is as follows. In Section 2, we present some
remarks from [19], the inversion of (1.2) and the fixed point theorems that
are used to prove the existence and uniqueness of solutions to equation (1.2).
In Section 3, we present our main results. A two dimensional application is
the topic of Section 4.

2. PRELIMINARIES

For the definitions of different notions used throughout this paper we refer
to [2,4,15,17,18]. For T > 0 define Cr={¢: o € C (R"), ¢ (t+T) = ¢ (t),
t € R} where C (R™) is the space of all n-vector continuous functions. Then
Cr is a Banach space when it is endowed with the supremum norm

I = 1|,
() = max fe (1)
where |-| denotes the infinity norm for € R™. Also, if A is an n X n real
matrix, then we define the norm of A by

n

Al = i ()] .

40 = o (o 3 sy (1)
j=1

Definition 2.1. If the matrix D (-) is periodic of period T', then the linear

System

y () =D(t)y() (2.1)
is said to be noncritical with respect to 1" if it has no periodic solutions of
period T except for the trivial solution y = 0.
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In this paper we assume that
At+T,s+T)=A(t,s), Tt+T)=71()>7">0forallt,s € R, (2.2)
where 7 is twice continuously differentiable with 7* is constant and
7 (t) # 1, for all t € R. (2.3)

For t € R, z, y, z, w € R", the function Q (¢, x,y) is periodic in ¢ of period

T, it is also globally Lipschitz continuous in = and y. That is
Qt+T,2y)=Q(tx,y), teR (2.4)

and there are positive constants k1 and ko such that

|Q(t7$ay) - Q(t,z,'LU)| < kl ||l'— Z” +k2 Hy_wH RS Rv T,Y,2,Ww e R"™.
(2.5)
Throughout this paper we assume that the system (2.1) is noncritical.
Next we state some known results [4] about system (2.1). Let K (t) repre-

sents the fundamental matrix solution of (2.1) with K (0) = I, where [ is
the n x n identity matrix. Then:

a. det K (t) #0, t € R,

b. There exists a constant matrix B such that K (t +T) = K (t)e!?,
t € R, by Floquet theory.

c. System (2.1) is noncritical if and only if det (I — K (7)) # 0.

The following lemmas are fundamental in our results.

Lemma 2.1. The equation (1.2) is equivalent to

d t d / B(t,s)x(s)ds + B(t,t — 7(t))(1 — 7' (t))x(t — 7(t))

£l‘( ) N & t—7(t)
+Qtx(t),z(t—7(1)), (2.6)

where
s t—7(t)
B(t, s) :/t A(u,s)du and B(t,t—71(t)) = /t A(u,t — 7 (t)) du.

Proof. Differentiating the first integral term in (2.6), we obtain
d t

— B(t,s)x(s)ds
it )y v (t,5)x(s)

t

= B(t,t)x(t)—B(t,t—7(t))(1 — 7' (t))z(t — 7(t)) + /t_ o %B(t, s)z(s)ds.

Substituting this into (2.6), it follows that (2.6) is equivalent to (1.2) pro-
vided B satisfies the following conditions

B(t,t) =0 and %B(t,s) = —A(t,s). (2.7)
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This equality implies

B(t,s) = _/0 A(u, s)du + ¢(s) (2.8)

for some function ¢, and B(t, s) must satisfy

t
B(t1) = _/ Alu, t)du + (t) = 0.
0
Therefore, .
o(t) = /0 A(u, t)du.

Substituting this into (2.8), we obtain

s

B(t,s) = —/0 A(u,s)du—i—/os A(u, s)du = ) A(u, s)du.

This definition of B satisfies (2.7). Consequently, (1.2) is equivalent to (2.6).
O

Remark 2.1. According to the notation used by E. Yankson in [19], in
equation (1.1) it is assumed that there is a nonsingular n x n matrix G (-)
with continuous real-valued functions as its elements such that

d d [*

ﬁx(t) =G(t)x(t) — p7 Guzudu+[A{t)—G{t—7)]z(t—71).
t—T

But this conditions is not necessary and we can replace G (-) by A () because

A (t — 7) exists. However, in the present work, this condition is removed and

we assume that A (-,-) is a nonsingular n x n matrix. So, we can rewrite

equation (1.2) as

d d [*

—x(t)=D(t)x(t—7(t) + — B(t,s)x(s)ds + Q (t,x(t),x(t — 7 (1))

dt dt t—7(t)

with D (t) = B(t,t — 7(t))(1 — 7/(t)) and we replace G (-) in [19] by D (-).

Lemma 2.2. Suppose (2.2), (2.3) and (2.4) hold. If x € Cr, then x is a
solution of equation (1.2) if and only if

x(t) = /t o (B(t,s) — D (s)) z(s)ds

t+T s
+ K (t)U(T) t K~ 1(s)D(s) /_ o (B (s,u) — D (u)) z (u) duds
t+T
FEOUT) [ K 6) (F ()0 (s =7 () + Qs 2(s), (s —7 (5)))) ds,

' (2.9)
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where

and
F(t)=D(t)— (1—7"(t))D(t—T(t)).

Proof. First, since A (-,-) is a nonsingular n x n matrix and condition (2.3),
one can easily see that D (-) is also nonsingular. Then, let x € Cr be
a solution of (1.2) and K (t) a fundamental system of solutions for (2.1).
Rewrite the equation (1.2) as

%fv(t)ZD(t)w(t)—D(t)x(t)Jr(1—T'(t))D(t—T(t))ﬂf(t—T(t))

+[D@E)—(1=7@)DE—7@)]zt—7()+ T / o B(t,s)z(s)ds

=D)z(t) — (;lt/t_ o D (u) x (u) du + % o B(t,s)z(s)ds
+[DE)-(1=7@)Dt—7@)]z{t—7()+QExl),z(t—7(t)).
For the sake of simplicity, we let
D@t)—(1—-7()D@E—r7(t)=F ()

and

awzpwl;w@@m—pm»ﬂmm

+F(t)x(t—71()+Q (t,x(t),x(t—7(t))).

:D@ﬂﬂﬂ—lﬂﬁB@@—D@ﬂﬁws+E@.

Since K (t) K~1 (t) = I, it follows that

d d

0= P [KOK ' ()] =D@#)K ()K" (t)+ K (t) %K_l 0
d._
=D(t)+ K (t) . K7 (1).
This implies
d

%K_l (t)=—-K"1(t)D(t).
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If 2 (+) is a solution of (1.2) with x (0) = x, then

% [Kl 0 (1: () — /t tT(t) (B(t,s) — D (s)) x(s)dsﬂ

c;itK (t) [ﬂ: (t) — /t;(t) (B(t,s) — D(S))x(s)ds]
+ K71 (1) % [a: (t) — /;(t) (B(t,s) — D(S))x(s)ds]

— KD @) [m () — /t tf(t) (B(t,s) — D (s)) w(s)ds}

An integration of the above equation from 0 to ¢ yields
t
(t) = / (B(t, ) — D (s)) 2(s)ds
t—7(t)

+K (t) <a: (O)—/0 (B(0,s)—D (s))x(s)ds) +K (t) /Ot K1 (s)Z(s)ds.

—7(0)
(2.10)
Since x (T') = xg = x (0), using (2.10) we get
0
x(0) — B(0,s) — D (s))z(s)ds
O~ [, BO9-DE)
/ K(T $)E(s)du. (2.11)
A substitution of (2.11) into (2.10) yields
x (t) —/t (B(t,s) — D (s)) xz(s)ds
VK / K(T) K~ (s)E (s) ds+ K (¢ /K $)Z (s) ds.
(2.12)

We will now show that (2.12) is equivalent to (2.9). Since

(I - K(T) ™ = (K (T) (K (7)™ - I)>_1 — (K (1)~ - I)_l K(T)™",



NONLINEAR SYSTEM OF INTEGRO-DIFFERENTIAL EQUATIONS 55

the equation (2.12) becomes

z(t) = /t “ (B(t,s) — D (s))z(s)ds

K@) ~1) /K §)Z () ds + K (¢ /K ()2 (s) ds,

:c(t):/ (B(t,5) D () e(s)ds + K () (K (1) 1)

{/ K1 (s)2 (s d5+/0t (K(T)l—I)K—l(s)E(s)ds}

/_ B(t,s) — D (s))x ()dSJFK()(K(T)*l_I)*l

{/K $)E (s ds—/K $)E (s ds+/K E()ds}

/tT (B(t,s) — D (s))x ()ds+K()<K(T)_1_I>—1

.{/tTK—l E(s ds+/K E()ds}.

By letting s =v —T and U (T) = (K (7)* I)

implies

:):(t)—/t_ , (B9 = D) ol + K ( /K

t+T

+ K@) U(T) KT 'K tw-T)Z(w—-T)dv.
T

the above expression

[I]

(2.13)

By (b) we have K (t —=T) = K (t) e~ T8 and K (T) = ¢"B. Hence
K'YDK'w-T)=K1(v).

Consequently, since (2.2) and (2.4) hold, (2.13) becomes

:c(t):/t (B(t,5) — D (s)) 2(s)ds

t+T
/ K1 (8)E(s)ds+ K (t) U (T) K1 (s)Z(s)ds.

! (2.14)
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By combining the two integrals of equation (2.14), we can obtain easily the
equation (2.9) The converse implication is straightforward. The proof is
complete. ([l

We end this section by stating the fixed point theorems that we employ
to help us show the existence and uniqueness of solutions to equation (1.2)
(see [2,17]).

Theorem 2.1 (Contraction mapping principle). Let (X, p) a complete
metric space and let P : X — X. If there is a constant o < 1 such that for
x,y € X we have

p(Pz, Py) < ap(z,y),
then there is one and only one point z € X with Pz = z.

Krasnoselskii (see [17]) combined the contraction mapping theorem and
Schauder’s theorem and formulated the following hybrid result.

Theorem 2.2 (Krasnoselskii). Let M be a closed bounded conver nonem-
pty subset of a Banach space (X, ||-||). Suppose that R and S map M into
X such that

(i) R is compact and continuous,
(ii) S is a contraction mapping,
(iii) x,y € M, implies Rz + Sy € M,
Then there exists z € M with z = Rz + Sz.

3. EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS

By applying Theorems 2.1 and 2.2, we obtain in this Section the existence
and the uniqueness of periodic solutions for (1.2). So, let a Banach space
(Cr, |IIl) have a closed bounded convex subset of Cr,

M=A{pelr, |l <L} (3.1)

with L > 0, and by the Lemma 2.2, let a mapping H be given by
t

(o) ()= [ (B9 =D o) el

t+T s
+ K (t)U (T) t K~ (s) D (s) /_ ( )(B (s,u) — D (u)) ¢ (u) duds
t+T
+EMOUT) [ K (s)[F(s)p(s—7(5) + Qs,0(s), 0 (s— 7 (5)))] ds.

' (3.2)

We express equation (3.2) as

He =Re + Sy,
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where R, S are given by

(Re) (¢)
t+T S
=K(@t)U(T) K1 (s)D(s) / (B (s,u) — D (u)) ¢ (u) duds
t s—7(s)
t+T
+K @)U (T) t K~ (s)[F(s)p(s—7(5) + Q5,0 (s), 0 (s— 7 (s)))] ds
(3.3)
and
o) = [ (Blt»)~D(s) pls)ds (3.4)
t—7(t)

By a series of steps we will prove the fulfillment of (i), (i7) and (i) in
Theorem 2.2. Since ¢ € Cr and (2.2) hold, we have for ¢ € M

(Re) (t+T) = (Ry) (t) and Rp € C (R,R") = (RM) CCr (3.5)
and
(Sp)(t+T)=(Sy¢)(t) and Sp € C (R,R") = (SM) C Cr. (3.6)

Lemma 3.1. Suppose (2.2)—(2.5) hold. If R is defined by (3.3), then R is
continuous and the image of R is contained in a compact set.

Proof. Let ¢, € M where n is a positive integer such that ¢, — ¢ as
n — 0o. Then

t+T
[(Repn) () = (Re) (1)] < IK(t)U(T)I/t [K~ ()] 1D (s)]

./S “ |B (s,u) — D (u)]|¢n (u) — ¢ (u)| duds

t+T

+IK(t)U(T)|/t [K~H ()] [F ()l ln (s = 7 (5) — 9 (s = 7 ()| ds
t+T

+IK @)U (T) t [E~1(3)]1Q (5,0n (5) , 0n (5 = 7 (5)))

—Q (s,0(s),0(s —7(s)))|ds.

Hence, the dominated convergence theorem implies,
Tim [(Rgy) (1) — (Rp) (1)) = 0.

So R is continuous. Next, we show that the image of R is contained in a
compact set. So, let ¢, € M where n is a positive integer. Then (3.3) is
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equivalent to

t+T ~ -1 s
®Ren® = [ Kok ] 0w [ Bew

=D (u)) pn (u) du

t+T 1
/t [K (s)U(T)~" K(t)*l} F () n (s —7(s))ds

-1

t+T
[ K@U@ T KO Qe (5) g (s (o)) ds.
By (2.5), we obtain

< k‘lL+k2L+,u,

where p1 = sup,¢c(o 71 |@ (¢, 0,0)|. Consequently

T
[(Ren) () < c/o [a|DII|B = D|| L+ [|F|| L+ k1L + koL + 1] ds
=cT [a|D||||B—D| L+ ||F|| L+ kiL+koL+pu]l=E,
where

a= sup | ()],
te[0,7

[K (s)U(T) ™ K (t)—l}

)

Second, we calculate (Rey,) () and show that it is uniformly bounded. By
making use of (2.2) we obtain, by taking the derivative in (3.3) that

c= sup ( sup
te[0,T] \ se[t,t+T]

t+T

(Ren)' (t) = K' () U (T) t K1 (s)[F (5) pn (s = 7(5))
+Q (5,0n (8) o0 (s = 7(5)))] ds
t+T s
+K' (t)U (T) 1; K1 (s) D (s) /_ " (B (s,u) — D (u)) pn (u) duds

+E@U(T) [K(t+T) = KL O] [F () o (t =7 (1)
+Q (£, 0n (t) ;o0 (t—7(1)))]

FEOUM K @+T) - K @)D [ (Bs)- D) e () ds.

t—7(t) (3 7)
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Since
K'(t)=D(t)K (t) (3.8)
and noting that K= (t + T) = e BT K~1 (t), we have

K't+T)-K'#t)=e PTK ()~ K ') = (K" (T)-1) K ' (¢).

A substitution of (3.8) and (3.9) into (3.7) yields
t

(Ren)' (t) = D () (Repn) (£) + D (t) /t . (B (t,5) = D () ¢n (s)ds

+F () pn (=7 (1) +Qt on (1), n(t =7 (1))

Hence .
!
|[(Rea) ()| < IDIE+ .

Thus, the sequence (Ryy,) is uniformly bounded and equicontinuous. There-

fore, by Ascoli-Arzela’s theorem R (M) is relatively compact. 0
Lemma 3.2. Suppose (2.2) and (2.3) hold and
al||B-DJ < 1. (3.10)

If S is defined by (3.4), then S is a contraction.
Proof. Let S be defined by (3.4). Then for ¢1,p2 € M we have

[(Sep1) (1) — (Se2) (2)]

t t
| BE9-DE)eids- [ (Blts) - D)) ds
t—7(t) t—7(t)

< al[B =Dl [[p1 = ¢2ll-

Hence S is contraction by (3.10). O

Theorem 3.1. Suppose the assumptions of Lemmas 3.1 and 3.2 hold. Let
L be a positive constant satisfying the inequality

I D[|B=D| L+ |F||L+kL+keL+p]+afB=D|L<L.
Then (1.2) has a T-periodic solution.
Proof. By Lemma 3.1, R : M — Crp is continuous and R(M) is contained
in a compact set. Also, from Lemma 3.2, the mapping § : M — Cr is a

contraction. Next, we show that if ¢, ¢ € M, we have |Ry + S¢|| < L. Let
¢, ¢ € M with [[¢]l, ||¢[| < L. Then

I(Re) () + (S6) ()]
< cT[a|D||||B = DI L+||F|| L+ kiL+ koL + 4]+ |[B - D| L
< L.
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Clearly, all the hypotheses of the Krasnoselskii’s theorem are satisfied. Thus
there exists a fixed point z € M such that z = Rz+Sz. By Lemma 2.2 this
fixed point is a solution of (1.2). Hence (1.2) has a T-periodic solution. O

Theorem 3.2. Suppose the assumptions (2.2)-(2.5) hold. If
cT'[a||D|||B = DJ|| + |F|+ k1 + ko] + «||B—D| <1, (3.11)
then equation (1.2) has a unique T-periodic solution.

Proof. Let the mapping H be given by (3.2). For 1, p2 € Cp, we have

[(Hepr) (8) = (Hep2) (1)] <

N /t+T
K (U)K <t>—1]‘1\ IF ()] |1 (s=7 () =2 (s—7 (5))] ds

/t
/1

“kyle1 (s) = @2 (s)| + ka1 (s =7 (s)) — a2 (s — 7 (s))| ds
<AcT [a|D|[|B = DI + || F|| + k1 + k2] + [|B = DI[} lo1 — 2| -
Since (3.11) hold, the contraction mapping principle completes the proof.
O

Corollary 3.1. Suppose (2.2), (2.3), (2.4) and (3.10) hold. Let M defined
by (3.1). Suppose there are positive constants ki, k3, such that for x, y, z
and w € M, we have

Q(t,2,y) = Q1 z,w) | < killz — 2| + k3 ly — wl| (3.12)

/t— ) (B(t,s) — D (s)) (p1(s) — @2 (s))ds

K (s)U @) K (5)7] -

s

‘ \D(S)I/ ( )\B(SM — D (u) |1 (u) — @2 (u)] ds

[K (s5)U(T) K (t)_l} o

and

cT'a||D||B-D| L+ ||F||L+kL+k;L+pul+al|B—D||L<L.
(3.13)
Then (1.2) has a T-periodic solution in M. Moreover, if

cI'a|[DI[|[B =Dl +|Fll + ki + K]+ «||B = D] <1, (3.14)
then (1.2) has a unique solution in M.

Proof. Let the mapping H defined by (3.2). Then the proof follow immedi-
ately from Theorem 3.1 and Theorem 3.2. U
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4. APPLICATION IN TWO-DIMENSIONAL MODEL

Consider the following system
() = otz iy ) () )
" < Az cos () 21 (t) - Asg«“l(t — A1)+ Agsint ) SENCRY

where 7 (t) = A1 be a positive constant and

cos(t—s) —sin(t—s)
A(t’s):<sin(t—8) cos (t — s) )
0
Qt,z,y) = ( A2 cos (t) x1 — A3y1 + Agsint ) ’

. ¢ t
with = = (z1,22)", ¥y = (y1,¥2)"-
Consider the Banach space (Cor, ||||),

Con={0:0€C(RR?), ¢(t+2m)=0(t), t €R}
and the closed bounded convex subset of Co,
M= {p € Cor, llell < L}.

Let @ = (¢1,2)", ¢ = (¢1,¢2)". Then for ¢,¢ € M we have

Qe (), p(-=7())=Q(0(), (=7

<Xl =l +Asllp— 9.
Hence k] = X2, k5 = A3, o= A, p=Aq and

t—A1
Bt — A1) :/ At — A du
t

cos(u—t+A) —sin(u—t+ A1)

t—A1
:/t <sin(u—t+)\1) cos (u —t+ A1) )du

(s mems)”

_ —sin A\ 1 —cos)\;
T\ —1+4cosA —sin) '

D(t)=B(t,t—\)

t

Then

and

F()=D(t) =Dt —\i) = (8 8>
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Since the matrix D (-) has eigenvalues with non-zero real parts, the system
2’ (t) = D (t) z (t) is noncritical where D (-) is given as above.
By the above calculation we obtain

2 M ||D||[|B—=D|| L+ XL +XL+X]+X\||B-D|LLL

for \;; 1 < i < 4 small enough. Then (4.1) has a 27-periodic solution by
Corollary 3.1. Moreover,

2r M ||D|||B=D| + X2+ A3]+ A ||B-DJ <1

is satisfied for A\;, 1 < ¢ < 4 small enough. Then (4.1) has a unique 27-
periodic solution by Corollary 3.1.

Acknowledgments. The authors would like to express their sincere thanks
to the anonymous referee for his/her careful reading of our manuscript and
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