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A REFINED POLAR DECOMPOSITION FOR J-UNITARY
OPERATORS

SERGEY M. ZAGORODNYUK

ABSTRACT. In this paper, we will characterize the components of the
polar decomposition for an arbitrary J-unitary operator in a Hilbert
space (where J is a conjugation). This characterization has a quite dif-
ferent structure from that of symmetric and complex skew-symmetric
operators. It is also shown that for a J-imaginary closed symmetric
operator in a Hilbert space there exists a J-imaginary self-adjoint ex-
tension in a possibly larger Hilbert space (a linear operator A in a Hilbert
space H is said to be J-imaginary if f € D(A) implies Jf € D(A) and
AJf = —JAf, where J is a conjugation on H.) All Hilbert spaces in
this paper are assumed to be separable.

1. INTRODUCTION

In recent years, J-symmetric, J-skew-symmetric and J-unitary operators
have attracted the attention of researchers, see, e.g., [4]-[6] and references
therein. Recall that a conjugation J in a Hilbert space H is an antilinear
operator on H such that J?z =z, z € H, and

(Jz,Jy)u = (y,x)u, z,y € H.

The conjugation J generates the following bilinear form:

[x,yl; = (x,Jy)g, x,y€ H. (1)
A linear operator A in H is said to be J-symmetric (J-skew-symmetric) if
[Az,y|; = [z, Ayls, z,y € D(A), (2)

or, respectively,
[Az,yl; = =[x, Ayls, z,y € D(A). (3)
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A linear operator A in H is said to be J-isometric if
[A‘T’Ay]J: [xvy]Ja QS‘,yED(A) (4)

A linear operator A in H is called J-self-adjoint (J-skew-self-adjoint, or
J-unitary) if

A=JA"J, (5)
or
A=—-JA"J, (6)
or
A7l = JA*], (7)
respectively.

A refined polar decomposition for complex symmetric operators was ob-
tained by Garcia and Putinar in [3]. Using the technique of Garcia and
Putinar, an analog for complex skew-symmetric operators was obtained by
Li and Zhou in [6, Lemma 2.3]. In this paper, we shall characterize the
components of the polar decomposition for an arbitrary J-unitary operator.
This characterization has a very different structure from that of the above
mentioned decompositions. For the case of a bounded J-unitary operator,
a similar decomposition was obtained in [9, Theorem 3.2]. However, in the
unbounded case we can not use arguments from [9].

A linear operator A in a Hilbert space H is said to be J-imaginary (J-
real) if f € D(A) implies Jf € D(A) and AJf = —JAf (respectively
AJf = JAf), where J is a conjugation on H, see [8], [7]. We shall answer a
question concerning the existence of J-imaginary self-adjoint extensions of
J-imaginary symmetric operators. This subject is similar to the study of J-
real self-adjoint extensions of J-real symmetric operators, see [8]. However,
we can not state that a J-imaginary symmetric operator has equal defect
numbers. Nevertheless, it is shown that a J-imaginary self-adjoint extension
of a J-imaginary symmetric operator exists in a possibly larger Hilbert space.

Notations. As usual, we denote by R, C,N, Z, Z, , the sets of real numbers,
complex numbers, positive integers, integers and non-negative integers, re-
spectively; R, = C\R. By I; we denote the unit matrix of order d; d € N.
By B(S) we mean a set of all Borel subsets of S C C. If H is a Hilbert
space then (-,-)g and || - ||y mean the scalar product and the norm in H,
respectively. Indices may be omitted in obvious cases. For a linear operator
Ain H, we denote by D(A) its domain, by R(A) its range, and A* means the
adjoint operator if it exists. If A is invertible then A~! denotes its inverse.
A means the closure of the operator, if the operator is closable. If A = A*,
then R.(A) := (A — zEg)~ !, 2 € R.. For aset M C H we denote by M
the closure of M in the norm of H. By Fy we denote the identity operator
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in H,i.e. Fgx = x, x € H. In obvious cases we may omit the index H. All
Hilbert spaces in this paper are assumed to be separable.

2. PROPERTIES OF J-UNITARY OPERATORS

The following proposition accumulates some basic properties of J-unitary
operators.

Proposition 1. Let J be a conjugation on a Hilbert space H, and A be a
J-unitary operator in H. Then the following statements are true:
(1) A is closed;
(ii) A™L is J-unitary;
(131) A* is J-unitary;
(iv) A*A is J-unitary;
(v) If A is bounded, then D(A) = R(A) = H.
Proof. Let A be a J-unitary operator in a Hilbert space H. By [9, Proposi-
tion 2.8] we may write: A~! = JA*J = (JAJ)*, and therefore A~! and A
are closed. Moreover, by [9, Proposition 2.10] we get
A D =A== A4,
and therefore A~! is J-unitary. Since
(A= (A7) = JAJ,

then A* is J-unitary. Set G = A*A. The operator GG is non-negative and
we may write:

JG*J = JA*AJ = JA*JJAJ = A~ (A*)™1 = (4*4)~ L.

Thus, G is J-unitary.
If A is bounded, then A=' = JA*J is bounded, and the closeness of A

and A~! implies (v).
O

Now we can obtain a refined polar decomposition for a J-unitary operator.

Theorem 2.1. Let J be a conjugation on a Hilbert space H. Then the
following assertions hold:

1) If A is a J-unitary operator in H then
A=UB, (8)

where U is a unitary J-real operator, and B is a non-negative self-
adjoint J-unitary operator;

2) If an operator A in H admits a representation (8) with a unitary J-
real operator U, and a non-negative self-adjoint J-unitary operator
B, then A is J-unitary.
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Proof. Let A be a J-unitary operator in a Hilbert space H. Set G = A*A,
and let Eg(0), € B(R) be the spectral measure of G. By Proposition 1 we
conclude that G is J-unitary. Let us check that E(J) := JEg(6)J, § € B(R)
is the spectral measure of G~'. In fact, E(§) satisfies conditions E? = E,
E* = E, therefore E(0) is a projection operator. The strong o-additivity
of E follows from the strong o-additivity of Eg and the continuity of J.
Moreover, E(R) = JEG(R)J = Ep. Thus, E is a spectral measure. Denote
by T the self-adjoint operator in H corresponding to E. Observe that

RAGH=(G ' —2By) ' =(JG* T - JzJ)™?
= J(G* —zEy) T = JR:(G)J, z€ER..
For arbitrary f,g € H, z € R,, we may write:
(R:(G™N)f,9) = (JRLG)If.9) = (R:(G) g, T f)
— [ B 9. 00 = [ - dE L) = (RAD)1.9)

Therefore T = G~!. Notice that

Ro(J|AlJ) = (JIA|J—2Ex) " = (J(IAI=ZEr)J) ™" = JRI(A])J, 2 €Re.
For arbitrary f,g € H, z € R., we may write:

(R=(JIAID) f,9) = (JRZ(AD I f, 9) = (R=(|A]) Jg, T f)

- [ atwassan = [ aEno = ([ der)

= (Rz(@)f’g)
Therefore
J|AlJ = VG (9)
Let us check that .
Va1 = (xFG)_ . (10)

In fact, using the change of variable:

A:W(u):{ Vi, uz0

u, u<0'’

for the spectral measure E¢ (see, e.g., [1]) we obtain the spectral measure
E /& of VG, and we may write:

(@)~ m) '~ ()

:/idE@:/\}adEo(U)- (11)



POLAR DECOMPOSITION FOR J-UNITARY OPERATORS 69

On the other hand, using the change of variable:

1
~ =, s>0
)\:W(S):{; s<0’

for the spectral measure E of G~!, we obtain the spectral measure Eg, and

we may write Vo - /de / —dEg(\ (12)

By (11),(12) we conclude that relation (10) holds.

By (9),(10) we obtain that J|A|J = |A|~L. Thus = |A| is J-unitary.
Consider the polar decomposition for A: A= UB , where U is a unitary

operator in H (since R(A) = R(B) = H). Then A* = B*U* (since U is

bounded on H) and

UB'=BU Y l=U"t=JAJ=JUJIBJ

= JUJB™ !
Therefore
Uh=JUJh, he D(B).

By the continuity of U and J we conclude that U is J-real.
Let us check assertion 2) of the theorem. For the operator A in this case
we may write:

JAJ =JUJJBJ =UB™!, (13)
Al =BTl (14)
Since U is bounded on H, we may write:
JA*J = (JAD)* = UB Y =B YU =B 'u!t=4"1
Therefore A is J-unitary. (]

Corollary 1. Let J be a conjugation on a Hilbert space H, and A be a
J-unitary operator in H. Then operators A*A and AA* are unitarily equiv-
alent.

Proof. In the notations of Theorem 2.1 we may write: A*A = B?, and, since
U is bounded, AA* = UB(UB)* = UBB*U* = UBBU ! UA*AU 1 O

As it was noticed in [3], for the unilateral shift A the operators A*A and
AA* are not unitarily equivalent. Thus, the unilateral shift is not J-unitary.

Example 1. (An unbounded J-unitary operator) Let

Ay = Ag(B) = (_Oﬂz %Z> fe(~1,1).
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Observe that . 8
. +1 —pBi
(Ao(B) £ I2) = 1—5 <5i il) :
Let H = @, Hy, where Hj, = C? is the space of 2-dimensional complex

vectors, and A = @2, Ag (1 — %) For an element of H of the form h =
h; hi1
()32 by = (W3) € Hy, we set Jh = (Thy)e,, where Jhj = (ﬁ)
Observe that J is a conjugation on H. It is straightforward to check that
A is a bounded self-adjoint, J-skew-self-adjoint operator on H, and there

exist (Ey £ A)~L. Let ex 1 be an element of H of the form (hj)524, hj € Hj,
where h; = 5j7k< (1) ); k € N. Observe that
1 1 >
(EH -+ A)flelml = <5',k< 1\ - )) .
S (R N G Ly
Since )
((Bit +A) g, ) y = ———— — oc,
1-(1-%)
as k — oo, then (Ey + A)~! is unbounded. Consider the following operator:
V=(A+FEy)(A-—Ey) ' =Ey+2(A-Eg)". (15)
Transformation (15), which connects some J-skew-symmetric and J-isome-
tric operators, was studied by Kamerina in [5]. Observe that
A+1
/ ST ama )

where E4()) is the spectral measure of A. Thus, V is self-adjoint, and we
may write:

JV*]=JVJ=FEy+2J(A—Ey) 'J=Eg —2A+Ey)""

=(A-Eg)(A+Eg)'=v"1
Thus, V is a J-unitary operator. Therefore V! is an unbounded J-unitary
operator.

Unitary J-real operators, which appear in the refined polar decompo-
sition (8), also play an important role in the question of an extension of
J-imaginary symmetric operators to J-imaginary self-adjoint operators.

Theorem 2.2. Let J be a conjugation on a Hilbert space H. Let A be a
closed J-imaginary symmetric operator in H, D(A) = H. Then there exists

a J-imaginary self-adjoint operator A D A in a Hilbert space HDH (with
an extension of J). If the defect numbers of A are equal, then there exists a
J-imaginary self-adjoint operator A O A in H.
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Proof. First, suppose that the defect numbers of A are equal. Consider
Cayley’s transformation of A:

U,=U,(A) =(A-ZEg)(A—z2Eg) ' = Eg+(2—2%)(A—2Eg)~!, ze€C.

Observe that
JM (A) = M_3(4), ze€C,

where M (A) := (A — AEg)D(A), A € C. In particular, we see that

JM1i(A) = M+i(A). (16)
Then

INLi(A) = Nii(4), (17)
where Ny (A) := H o M, (A4), A e C.

Let W be an arbitrary linear J-real isometric operator, which maps N;(A)

onto N_;(A). In particular, if Ay = {fl;t}zzo, 0 < 7 < 400, is an orthonor-

mal basis in Ni;(A), corresponding to J (i.e. JfE = fi), then we may
set

WY onff = nfy, oreC
k=0

k=0

Then V := U; & W is a J-real unitary operator in H. Observe that A=
iBy +2i(V — Eg)~! D A, is self-adjoint and .J-imaginary.

In the case of unequal defect numbers, we may consider an operator A :=
A®(—A) in a Hilbert space H := H @& H with a conjugation J = J@J. The
operator A is closed symmetric, J-imaginary, D(A) = H, and it has equal
defect numbers. Thus, we may apply to A the already proved part. O

Example 2. (A J-imaginary symmetric operator) Consider the usual space
H =[5 of square summable sequences of complex numbers

Jh = I
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An operator A we shall define on a set of all finite vectors F (i.e. vectors
which components are zeros except for a finite number) by the following
matrix multiplication:

Ah =1 0

It is straightforward to check that A is symmetric and J-imaginary. Observe
that A is J-imaginary, as well. Applying Theorem 2.2 to the operator A we
conclude that the operator A has a self-adjoint J-imaginary extension in a
Hilbert space H O H.
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