SARAJEVO JOURNAL OF MATHEMATICS DOI: 10.5644/SIM.15.02.0
\Vol.15 (28), No.2, (2019), 169179

CESARO MEANS OF SUBSEQUENCES OF DOUBLE SEQUENCES
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ABSTRACT. Inthis paper we characterize the convergence(@nd, 1) summa-
bility of a double sequence. In particular we study condgiander which the
convergence ofC,1,1) summability of a double sequence carry over to that
of its subsequences, and conversely, whether these pespfat suitable sub-
sequences imply them for the sequence itself. We show, &iamce, that a
bounded double sequence(,1,1) summable if and only if almost all of its
subsequences af€, 1,1) summable.

1. INTRODUCTION

Establishing a one-to-one correspondence between thmeahte, 1| and the col-
lection of all subsequences of a given sequeisge Buck and Pollard [2] proved
that (s,) is (C,1) summable if almost all of subsequences are, but not coryerse
Replacing(C, 1) matrix by p-Cesaro matrix similar problems have also besm c
sidered in [9].

In the present paper we consider analogous problems foleleafjuences.

A double sequencs= (s;j) is said to be Pringsheim convergent (i.e., it is con-
vergent in Pringsheim’s sense) ltaf for every € > 0 there exists aiN € N such
that|sj — L| < g whenevei, ] > N ([10]). In this casd is called the Pringsheim
limit of sand the space of such sequences is denotetfhyA double sequence
is bounded if there exists a positive numbérsuch thatls;| < M for all i and j,
ie.,

15l (e0,2) = SHP|SJ' | <.
We will denote the set of all bounded double sequencd&ézby\lote that in contrast
to the case for single sequences, a convergent double sEgueed not to be
bounded.

Throughout the paper convergence means the Pringsheinergemce.
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Four dimensional Cesaro matri€,1,1) = (cTQ‘) is defined by

CEE“:{ am o l<j<nandl<k<m
o , otherwise
It is known that the(C,1,1) matrix is anRH regular, i.e., it sums every bounded
convergent sequence to the same limit.
There exist several versions of the concept of subsequémogsuble sequences
([5], [11], [16]). We adopt the definition of [5, 6] on subsemees of double se-
quences throughout the paper.

Let X denote the set of all double sequences of 0’'s and 1’s, that is
X = {x= (xjk) : Xjk € {0,1} for eachj, k e N}.
Let [0 be the smallest-algebra of subsets of the S¢twhich contains all sets of
the form
{x=(Xjk) € X Xjykq =81, Xjoky = @n }

where eacta € {0,1} and the pairg(jik)}{_, are pairwise distinct.

There exists a unique probability meas&ren the setl, such that

1
-
for all choices ofn and all pairwise disjoint pairg(jiki)}{,, and all choices of
a,...,an ( [5])

Lets= (sjc) be a double sequence axe- (xj) € X. Following [5] we define
a subsequence of the sequesty

) B Sjk s ifXjk:l
Slk(x)—{ £ ifx=0"

P({X: (Xjk) eX: Xj1k1 = ala"'ﬂxjnkn - an})

Mappingx — s(x) is a bijection from the seX to the set of all the subsequences
of the sequence= (sj).
An elementx of X is said to be normal ( [5]) if for each> O there is a natural

numberN; such that fom,m > N, we have %1 > Xjk — % < €. Letn denote the

j<n

k<m
set of all elements in X that are normal. This means that normal elements are
(C,1,1)-summable ta}. It is also known ( [5]) thaP (n) = 1. We also need the
functionsrj k(x) = 2xj k — 1, forx = (Xjk) € X. Recall that the functions y are the
Rademacher functions (see [9]).

2. SUBSEQUENCECHARACTERIZATION OF CONVERGENCE ANDCESARO
SUMMABILITY

In this section we characterize the convergence (@d,1) summability of a
double sequence. In particular we study conditions undechwihe convergence
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or (C,1,1) summability of a double sequence carry over to that of itsegbences,
and conversely, whether these properties for suitablessuigsices imply them for
the sequence itself. The results are analogoues to thosec&fahd Pollard [2] for

single sequences. We note in passing that the summabitipepies of the set of
second category subsequences may be found in [12].

Theorem 2.1. If almost all of the subsequences of a double sequenred sy )
converges to L, then the sequence @jk) itself converges to L.

Proof. Assume that almost all of the subsequences of a double segsien(s)
converges td., i.e.,P(C) =1 whereC = {x € X : s(x) converges td }.
We use the technique given in [5]. Now given a sequenee(xjk) e X we

define a sequenoe=(xj) by

— 0, xxk=1

Xi":{ 1, x;k:O '
LetY =Cnn andY = {(Xj) : Xj € Y}. Therefore we hav&¥ = Cnn where
C is defined in the obvious way. Since the mapp{g) — (Xj) preserves the
measurd®, we getP (Y) = 1 and henc® (Y NY) = 1. SoYNY is a non-empty set.
If x= (xjc) € YNY, then we havare C, x€ nandxe C, Xe n. Sincex,xeC, we
haves(x) — L ands(x) — L with x, X € n. This implies that the sequense= (sj)
converges ta.. O

We now turn our attention to the€, 1, 1)-summability of subsequences.

Theorem 2.2. If almost all subsequences ofs(sj) are (C,1,1)-summable to a
value L then the sequence=s(sj) is (C,1,1)-summable to L.

Proof. If almost all subsequences (dj) are(C, 1,1)-summable to a valuke then
the setG = {x e X: s(x) is (C,1,1)-summable td_-} has probability measure 1.
Using the same type of argument in Theorem 2.2 gfGNn then we gek€ GNn.
Hence we obtain

s(x) - L(C,1,1)
and

s(X) — L(C.1,1),
with x,x € n. That is

nm
> SikXjk
. jk=11 -
n7I|mm A =L
> Xk
ik=11

and similarly we get
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nm -

kzl 18ijjk

L k=1 B
n7|rl1rD>oo nm _ L.
2 Xk
k=11
Also sincex, x € n, we have

1 nm 1 d i 1 nm _ 1
lim — Xik = = an im — Xik = =.
nm—e M| kzll Ik 2 nm-—e NM;j, kzll Ik 2

On the other hand theC, 1, 1)-summability of the sequenc(esjk) is equivalent
to the eX|stence of the I|m|t of the foIIowmg expressmn

nm
Z SJk Z Xjk Z SjkXjk Z Xjk S SjkXjk
j,k=11 j,k=11 j,k=1,1 +] =11 j,k=11
nm nm nm nm nm _
Xk > Xik
j,k=1,1 ik=11
nm
> sk
j.k= 11

so we get lim =5 +5 =L, which means that the sequen(®y) is
(C,1, 1)-summab|e td_. O

In order to get the converse of Theorem 2.2, we need the foltplemmas. The
first one is an analog of the Khintchine inequality [3].
nm nm
Lemma 2.3. Let tm(X) = 5 Sklk(X), Bim= 3 sjzk. Then the following
k=11 k=11
inequality

E ((tnm)2r> < er!' (Bnm)"
is fulfilled, where r is a positive integer.

PI’OOf E((tnm) ) - Z AV17M7ViS\j);.k1 E |: Jlkl( )r\J)|I|Q (X)
Vi+...+Vvi=2r
1
and 1< jg, ... i <n, 1<k, ...,k <mwhere Z V=2 Ay = w
= vil...v!
We have
_ 1 V1,...,Vj even
Vi Vi _ ) 1545 Vi
- [rjlkl (%) i (X)} —{ 0 , otherwise
and hence
2 2pi
E(m™)= Y PopanSiySh
Pt Tpi=r

i
where § py =r such thatps, ..., p; are positive integers. On the other hand it is

=1
well knuown that
(2p1)!...(2pj)! > 2P1py!... 2P p;l. So we have
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2r\ (Zr)! r! 2p1 2pi
E <(tnm) > = lererpi:rmﬁsjlklmsjik‘
< (Zr)I r! 2p1 2pi
T2 S palpy T
(2r)!
~ ol (Bom)"-
This completes the proof. d

The next result is an analog of the Marcinkiewicz-Zygmunegumality [15].

nm nm
Lemma2.4. Lettm(X)= ¥ Silk(X), Bim= ¥ sjzk and
J7k:171 ]7k:171
o (X) = max |tjk|. Then for a> 0 the following inequality
<j<n
1<k<m

holds.

Proof. Observe that

2r
< 2r . .
2{1+r21(2r)!a = {(1@% |t"‘|> ]}
- 1<k<m

SinceE (rjk (X)) =0, Xjk :=sjkfjx for j > 1,k > 1 is an array of martingale differ-
ences ( see [13]). Hence using the Doob inequality [4] fortiplel sequences and
considering Lemma 2.3, we get
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o\ _or .
E (en¥) <2 1+§1(%1) fjl(zz:f)![(!tnm\)z}

ro\H r()
< {1+z(2) 2) (Bnm)}

=2 1+§< 2 >4r <a2%]>r

(r)!
<aanm>f ZBnm. .

The next result which is an analog of Theorem 1 of [14] for deigequences
is the converse of the present Theorem 2.2.

Theorem 2.5. If the sequencésix) is (C,1,1)-summable to a value L and

n,m 2 n2mR
j.kgl,l k= © (Iog Iognm>

then almost all subsequences(sf) are (C,1,1)-summable to L.

Proof. The (C,1,1)-summability of almost all subsequences(sf) is equivalent
to the convergence of the following expression

n,m
_kZ SikXjk
k=11
J .~ for almost allx.
> Xk
k=11
We can rewrite the above expression as follows for almost all
n,m 1+l"k(X) nm n,m
_ i 1
2 SJ"( 2 Znm. 2 SJk"|_2nm z SjkT ji (X)
k=11 k=11 k=11
A 71T = ] . (2.1)
§ ( +fn<(><)> ER ( +r1k()>
= 2 =R 2

SinceP(n) = 1, observe that the denumerator of (2.1) converge}fmr almost
all x. To complete the proof , it suffices to establish that

nm

S Sikljk (X) = 0, (asn,m — ) for almost allx.
nm k=11

Lete > 0 and define
Ejk := {x: there existgn,m) with 21-1 < n < 21, 21 < m < 2€ such thattym(x)| > nme}
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and let

Gk = {x: t o (X) > 21'*12"*18}.

175

Notice thatEjx C Gjx. The proof will be completed if we prove that for every 0,

S P (Gj) < . Now using Lemma 2.4 we have
=1

() < [y  (527) <208t

X
Hence ,
a“B.
2i0k
(ij) <32 2
1 1
Takinga = % we have
2 2k

£292(j—1)p2(k-1)
P(Gy) <32  2Bax
e (21)°(29)°
— 3% 32B,j
On the other hand it follows from the hypothesis that

Bz]zk -0 1
(21)2(2)2  ~ \ loglog 212k

szzk 82
(21)%(2k)2 ~ 96loglog 22«

Then (2.2) yields that

2 96loglogd 2K
g, eness

_ 32e73I0gI0922

(2.2)

o
[(j+k)log 2>
SlncezW < oo (see [1]),
00,00 00,00 1
P(Gj) <32 S
=X (© LkZLl [(j+Kk)log2?

Hence we obtain limP (Gj) =0 and also limP (Ej)
j,k—c0 j,k—c0

proof.

Now we are in a position to give a criterion.

= 0. This completes the

g
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Corollary 2.1. A bounded double sequen(s) is (C, 1,1)-summable if and only
if the almost all subsequences 4@, 1,1)-summable.

Theorem 2.6. If

nm
n7Ir:qn_1>mﬁn_ > skl (X) =0 for almost all x (2.3)
j,k=1,1
then m
e > S
holds.

Proof. LetE [p,q) = {(]J,k): p<j<norg<k<m}and
Tognm(®¥) = > Sl (x).

(I K<E[pd
Hence
Tp27q7n7m (X) = _ Z Slzk +2 Z Sjika Sjzkol j1k (%) Mjako (X).
(H)<Elpd (J1,k), (j2.k2) € E[p,q]

j1# j2 orky # ko

Because of the Egoroff theorem there exists aBset X with positive measure
such that the limit in (2.3) exists uniformly dh. Therefore

/ pqnm ):P(D) z szk—l—K, (2.4)
(i.K)€E[p.d]
where
K=2 Z Sjlklsj2k2/rjlk1 (X) Ijoko (X) dP(X) .
(j1,k1),(j2,k2) € E[p,q] D

ju# j20orky #ko
By the Holder inequality we have

1
2 2
K| < 2( z Slzlklslzzk2> ( Z V%lklj2k2> (2.5)
j1.K1),(j2 k2) €E[p.q] jiki),(j2:k2)€E[pg]

Jj1#]2 orkiFke j1#]2 or kiFks
wherevij,k, ik, = [ Tk, (X) Tjok, (X) dP(X). We know that the functions;,i, (x) and
D

I,k (X) are orthogonal orX (see[5]). So by the Bessel inequality for double
sequences we get

Jlk1]2k2 / - P(D) :
X

J <Jz<°°
1<ks <kp<oo
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For sufficiently largep andg, we have
1
2
P(D)
V121k112k2> = 4

(J:l.kl_)a(jz,kz)GE[Pﬂ]
j1#]2 orky#ke

It follows from (2.5) that

2
P(D)  P(D)
K| < ( Z S121k15122k2> 2 = 2 Z SJ'21|<1'
ji.ku),(j2,k2) €E[p.d] j

(inke)€E[p,q]
j17#]j2 or ki #ka

Combining this with (2.4) we get
/ p7qnm ):P(D) Z 512k+K

-

(I.keEp,d
P(D)
=5 3 Sk
(I-k)€E[p]
By (2.3) we have that
1 n.m
nlrlmwonmz Z Sf :oandnr!:annzﬁ? Z
(i.k)€E[p.] k=
This completes the proof. O

In the next example we present a sequence so that@,ik 1) summable but
almost none of its subsequences @el, 1) summable.

Example 2.1. Consider the double sequenge s (—1)' (~1)*\/jvk. Then
i VWV _ 2 (=)
j

=1

8

is convergent in the ordinary sense,

S

1

and

k
(1K 1) _ _
is convergent in the ordlnary sense.

P

On the other hand the double seriesi CYC is convergent (see [1], page
G Vivk

=
Il

1

90). Also since
w k
——~—— s convergent for £1,2,...
2, vk
and

is convergent for k=12, ...
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00700 H k
then the double seriess L1 is convergent in the restricted sense by The-

Ko Vivk
CO’OO i k
orem 1 of [7]. Since the seriesy Mﬁ%‘ is convergent in the restricted
k=11
nm .
sense, we get that the seque{c%l s (-1 (—l)k\/]\/R} converges t® in
j k=11

the Pringsheim sense [8]. Hence the seque<1(:el)j (—1)k\/T\/R> is (C,1,1)-
summable t®. On the other hand , since
1 1 n(n+1)mm+1) 1

n2me Jk:nzmz 2 2 %Z#O

jK=1,1
by Theorem 2.6

1 nm

lim— 5 (~1)) (-1 /jvkri () #0
so almost none of its subsequences(&el, 1)-summable to zero.
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