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ABSTRACT. In this paper are introduced the notions of a quasi-asyitigady
almost periodic distributions and quasi-asymptoticalmast periodic ultradis-
tributions with values in a Banach space, as well as some gdreeralizations
of these concepts. Furthermore, some applications of thedimced concepts in
the analysis of systems of ordinary differential equatiaresprovided.

1. INTRODUCTION AND PRELIMINARIES

The main goal of this paper is the selection and structuralyais of various
classes of almost and asymptotically almost periodic asraotphic distributions
and ultradistributions.

The concept of almost periodicity was introduced in [3] aatkt this theory is
generalized by many other mathematicians. WelputR or | = [0,0), and f :
| — X be continuous function. Given> 0, we callt > 0 ang-period for f (-) iff

Ift+1)—ft)] <& tel.

The set constituted of a#l-periods forf(-) is denoted byd(f,¢). It is said that
f(-) is almost periodic, (AP) for short, iff for eac> 0 the se®(f, ) is relatively
dense inl, which means that there exidts> 0 such that any subinterval dfof
lengthl meetsS (f,€). The vector space consisting of all almost periodic fumsio
is denoted byAP(I : X).

The notion of a scalar-valued asymptotically almost pecig(AAP) in short)
distribution has been introduced by I. Cioranescu in [12hilevthe notion of
a vector-valued (AAP) distributions has been consideredbW. Cheban [9]
following a different approach (see also |. K. Dontvi [14]daA. Halanay, D.
Wexler [15]). Some contributions have been also given bytBnl&vic [29]- [30].

In our recent joint research study [26], we have analyzednibtéons of an
almost automorphic ((AAut) in short) distributions and dmast automorphic

2010Mathematics Subject Classificatiod6F05, 43A60, 34C27.
Key words and phrasegjuasi-asymptotically almost periodic (ultra) distrilmuts, Stepanop-
quasi-asymptotically almost periodic (ultra)distritmns, Banach spaces.



182 MARKO KOSTIC, STEVAN PILIPOVIC, AND DANIEL VELINOV

(AAut) ultradistributions in Banach space; the notion of @¥P) ultradistribu-
tion in Banach space has been recently analyzed by M. KEicwithin the
framework of Komatsu’s theory of ultradistributions, wite corresponding se-
quences not satisfying the condition (M.3); see also theszapy I. Cioranescu
[11] and M. C. Gomez-Collado [17] for first results in thigefition. As men-
tioned in the abstract, the main aim of this paper is to intoedthe notions of a
quasi-asymptotically almost periodic ((Q-AP) in shorttr@)distribution in Ba-
nach space, as well as to provide some applications in thitajive analysis
of vector-valued (ultra)distributional solutions to sysis of ordinary differential
equations (the notion of a (Q-AP) ultradistribution seeaisd not considered else-
where even in scalar-valued case). In such a way, we expahdamtemplate the
results obtained in [5]- [6], [9], [10]- [12], [14]- [15] anf29]- [30]; see also [33]-
[34] for some other results about the existence and uniggeofevarious types of
generalized (AP) solutions of nonlinear Volterra intedifferential equations.

The organization of paper is briefly described as followgeAgiving some pre-
liminary results and definitions from the theory of vectaiued ultradistributions
(Subsection 1.1), in Section 2 we analyze the notions of @)-and Stepanov
p-quasi-asymptotically almost periodicSPQ-AAP) in short) vector-valued (ul-
tra)distributions. Here, we recognize the importance ofdition T «$ € (Q —
AP)(R : X), ¢ € D for a bounded vector-valued distributidhe 2/ ,(X), in con-
trast with the considerations of I. Cioranescu [12] and Qu&uw, F. Z. Tchouar [5],
where the above inclusions are required to be valid onlyHertést functions be-
longing to the spacé). The main result of paper is Theorem 3.9, where we state an
important structural characterization for the class ofB)-vector-valued ultradis-
tributions. The last section of paper is reserved for ceriplications to systems
of ordinary differential equations in distribution andratfistribution spaces.

The standard notation is used throughout the paper.(>8Y - ||) we denote
a non-trivial complex Banach space. The abbreviatiopd : X) andC(K : X),
whereK is a non-empty compact subset®f stand for the spaces consisting of
all bounded continuous functioris— X and all continuous functionk — X, re-
spectively. Both spaces are Banach endowed with sup-noyr@o 80, «) : X) we
denote the closed subspaceQyf [0, ) : X) consisting of functions vanishing at
plus infinity.

We say that a continuous functidn: R — X is (AAP) iff there is a function
g € Cp([0,0) : X) and an (AP) functiorg : R — X such thatf(t) = g(t) +q(t),
t > 0. By AAP(R: X), we denote the vector space consisting of all (AAP) functions
See [9], [13]- [14], [18], [23], [33] and references citeethin for more details on
the subject.
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p

Let 1< p < . Then we say that a functiof € L.

boundedSP-bounded shortly, iff
t+1 1/p
[flle = SUp</ ||f(s)||pds> < o,
teR \Jt

The space §(R : X) consisted of allS’-bounded functions becomes a Banach
space equipped with the above norm. A functibre LE(R : X) is said to be
Stepanowp-almost periodic, &°-AP) shortly, iff the functionf : R — LP([0,1] : X),
defined by

(R : X) is Stepanovp-

f(t)(s):=f(t+s), teR, sel0,1]

is almost periodic. Following H. R. Henriguez [16], we shgtta functionf ¢
LE(R : X) is Stepanowp-asymptotically almost periodicSf-AAP) shortly, iff there
are two locallyp-integrable functiong : R — X andq: [0,c) — X satisfying the
following conditions:

(i) 9()is (SP-AP),
(i) (-) belongs to the clagSy([0,) : LP([0,1] : X)),
(i) f(t)=g(t)+q(t)forallt >0.
By AAP2(R : X) we denote the space consisting of &t{AAP) functions.

The notion of an almost automorphic function (AAut) on tag@tal group was
introduced and further analyzed in the landmark papers b&.Weech [31]- [32]
between 1965 and 1967. For more details about (AP) and (Afaattions with
values in Banach spaces, we refer the reader to the monagiEgirby T. Diagana
and [18] by G. M. N'Guérékata.

Following [25], we can recall the definition of (Q-AP) funatis. Let we suppose
thatl = [0,) or| = R. Itis said that a bounded continuous functibnl — X is
(Q-AP) iff for eache > 0 there exists a finite numbk(e) > 0 such that any interval
I” C 1 of lengthL(g) contains at least one numbee |’ satisfying that there exists
a finite numbeM (g, 1) > 0 such that

If(t+1)— f(t)|| <e, providedt €l and|t|>M(g,1). (1.2)

We denote byQ — AP(I : X) the set consisting of all (Q-AP) functions frohninto
X. Itis not relevant whether we write (1.1) pf (t+1) — f(t)|| <€, providedt € I,
[t| > M(g,T) and|t+t| > M(g,T). So, we can easily seen that the clage?(| : X)
is contained in the clas® — AAP(I : X), since the numbeM depends only o
and not ort for (AAP) functions. Further, we will use the shorthand:
(S): "there exists finite numbér(e) > 0 such that any interval C | of lengthL(g)
contains at least one numbee |’ satisfying that there exists a finite number”.
Let f € LE(I : X). Itis said thatf (-) is (SP-Q-AP), iff for eache > 0 there exists
a finite numberL(€) > 0 such that any intervdl C | of lengthL(€) contains at
least one number e I’ satisfying that there exists a finite numié(e, ) > 0 such
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that 1

/Hf(s+t)—f(s)\|pds§ e, providedtel, [t >M(ET).  (1.2)
t

Denote byS’Q — AP(l : X) the set consisting of all-Q-AP) functions froml
into X. From the definition, follows tha® — AP(I : X) C SP"Q— AP(l : X). This
inclusion is strict, since the functiof(t) = X|_1.«)(t),t € Risin S’Q—AP(R : X)
but not in clas®Q — AP(R : X), becausd (-) is not continuous. Furthermore, any
(SP-AAP) is (SP-Q-AP), SOSPAAP( : X) C SPQ—AP(I : X). If1 < p< p < oo,
thenS”Q — AP(I : X) C S’Q— AP(l : X) and for every functiorf € L(1 : X), we
have thatf (-) is (S*-Q-AP) iff the functionf : | — LP([0,1]) defined byf (t)(s) =
f(t+s)is (Q-AP).

Let us recall that a continuous functidn I — X is said to be (AAut) i for every
real sequencéd,) there exist a subsequen@) of (b,) and a mag: | — X such
that limy_,. f(t+a,) =g(t) and lim.g(t —an) = f(t), pointwise fort € |. The
space of all automorphic functiorfs: | — X will be denoted byAA(I : X).

A bounded continuous functioh: I — X is said to be (AAAU) if there exist
two functionsh € AAut(l : X) andq € (o(l : X) such thatf =h+qonl. The
notion of Stepanoyp-almost automorphy-AAut) has been introduced by G. M.
N’Guérékata and A. Pankov in [19]: A functidine L,%C(I : X) is called &-AAut)
iff for every real sequenceéa,), there exists a subsequen@, ) and a function
g€ L (1 1 X) such that

) t+1 p
[ on+9-seso

and t+1 p
fm ), Jots—an) 169 as=0

for eacht € 1. The vector space of alS-AAut) functions will be denoted by
SPAAuUt(] : X). A function f € L (I : X) is called §-AAAut) iff there exists an
(SP-AAut)function g(-) and a functiong € LE(I : X) such thatf (t) = g(t) +q(t),
t > 0 andqg'e Co(l : LP([0,1] : X)). The vector space consisting of aBP(AAAuL)
functions will be denoted b AAAuL : X).

Concerning distribution spaces, we will use the followitgngentary notion (cf.
L. Schwartz [28] for more details). B§(X) = D(R : X) we denote the Schwartz
space of test functions with valuesXn by $(X) = S(R : X) we denote the space of
rapidly decreasing functions with valuesXnand byZ(X) = £(R : X) we denote
the space of all infinitely differentiable functions withlvas inX; D = D(C),
S =5(C)andE = £(C). Here$(C) denotes the space of complex valued rapidly
decreasing functions dR. The same foE(C) andD(C). The spaces of all linear
continuous mappings fror®, § and £ into X will be denoted by?’(X), S5'(X)
andZ'(X), respectively. Sefy:={¢ € D : supd) C [0,)}.
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1.1. Vector-valued ultradistributions

In this section the approach of Komatsu to the vector-vallgadistributions
will be followed, with the sequendéM,) of positive real numbers satisfyido =
1 and the following conditions: (M.1)MZ < My 1Mp_1, p€ N, (M.2): M <

AHPsup_ i ,MiMp_i, p€N, for someA, H > 1, (M.3): 3, 4 an: < co. Any
use of the condition
(M.3): SUR,y & pis % < o, which is slightly stronger than (M8 will be

explicitly emphasized.
Let us recall that the Gevrey sequeript), s> 1, satisfies the above conditions.
Setmy, = % peN.
The space of Beurling, resp., Roumieu ultradifferentiafbhnt}ions, is defined

by DM := indlimgccr Dy, resp. DMe} = indlimgccz DL, where
oMo ._ ool Mph Mo . i Mph
< = projlimy_., D™, resp., Dy P = indlimp 0D,
Mph . o /mon
D" = {@eC”(R) :suppp C K, [@llmynk <o}
and

hP| P (t
@lmphk = Sup{w ‘tekK, pe No}.
p

Henceforward, the asteriskis used to denote both, the Beurling célsg,) or the
Roumieu cas¢M,}. SetDg = {$ € D* : supp¢d) C [0,)}. The space consisted
of all continuous linear functions from* into X, denoted byD"™* (X) :=L(D* : X),

is said to be the space of allvalued ultradistributions of-class. We also need the
notion of spaceE*(X), defined ast* (X) := indlimgeer E¢ (X), where in Beurl-

ing case'EéM‘ﬂ(X) = projlimhﬁwf,z/'p’h(X), resp., in Roumieu casEiMp}(X) =

indlimn_oZ®"(X), and
P|| (P
E&A‘”h(X) = {(pe C*(R:X): supM < oo}.
p>0 Mp
The space consisting of all linear continuous mappiBgeC) — X is denoted by
E™*(X); E™* := £"*(C). Notation E(C) means that we consider ultradifferentiable
functions onR with values inC. An entire function of the fornP(A) = 35 5apAP,
A € C, (ap are complex numbers as well) is of cladd,), resp., of clas§M,},
if there existl > 0 andC > 0, resp., for every > 0 there exists a consta@t> 0,
such thatay| < CIP/My, p € N ([20]). The corresponding ultradifferential oper-
atorP(D) =y ;apDP is said to be of clasfMp), resp., of clas§Mp}; it acts as
a continuous linear operator between the spagéesand D* (D™* and D’*). The
convolution of Banach space valued ultradistributions scalar-valued ultradif-
ferentiable functions of the same class will be taken in #rese of considerations
given on page 685 of [22]. Let remind ourselves that, for gvee 2*(X) and
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¢ € D, we havef x ¢ € £*(X) as well as that the linear mappig— - * ¢ :
D™*(X) — E*(X) is continuous. The convolution of avalued ultradistribution
f(-) and a scalar-valued ultradistibutigre £’ with compact support, defined by
the identity (f x g, = (f,§= @), whereg(x) = g(—x) and@is a test function in
D*, is anX-valued ultradistribution and the mappig: - : D*(X) — D*(X) is
continuous. SefTh,¢) .= (T,d(-—h)), T € D*(X), ¢ € D* (h> 0). We will use
a similar definition for vector-valued distributions.

Assume that the sequen(d),) satisfies (M.1), (M.2) and (M.3). Then

R (x) = (1+X2);!;L<1+%>7

P,(X) = (1+x%) |‘L<1+ %)
pe

defines an ultradifferential operator of clg$8y), resp., of clas§Mp}; here,(rp)
is a sequence of positive real numbers tending to infinitye Tmily consisting
of all such sequences will be denoted by R henceforth. Foerdetails on the
subject, the reader may consult [20]- [22].

The spaces of tempered ultradistributions of Beurlingp.seRoumieu type, are
defined by S. Pilipovic [27] as duals of the correspondirsj $paces

resp.

SMe) :— projlim;,_,,sM ", resp., sS{Me} = indlimp_osMP ",
where
SVl = LoeC*(R) : [|@mph <} (h>0),

ha+B
[@lmph = SUp{W(HtZ)B/ﬂ(p(G)(t)y ‘teR,a,Be No}.
aMp

2. QUASI-ASYMPTOTICAL ALMOST PERIODICITY OF VECTORVALUED
DISTRIBUTIONS

We refer the reader to [5], [10] and [26] for the basic resalisut vector-valued
(AP) distributions. Let I< p < . Then by?;»(X) we denote the vector space
consisting of all infinitely differentiable function§ : R — X satisfying that for
each numbej € No we havef()) € LP(R : X). The Fréchet topology o »(X) is
induced by the following system of seminorms

k .
1]l := Z)H“”me feDoyx (keN).
J:

If X =C, then the above space is simply denoted®y. A linear continuous map-
ping f : D1 — X is said to be a bounded-valued distribution; the space consi-
sting of such vector-valued distributions will be denotgdZlj, (X). Endowed with

the strong topologyﬂ)ﬁl(X) becomes a complete locally convex space. For every
f € D/ ,(X), we have thaf; : § — X is a tempereX-valued distribution ( [24]).
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The space of bounded vector-valued distributions tendirzgto at plus infinity,
B', o(X) for short, is defined by

' o(X) = {T € D1(X): hiTw<Th,¢> =0forall$ € Q)}.

It can be simply verified that the structural characterarafor the spac®’, 4(C),
(scalar valued case usually we will denoteBy) proved in [12, Proposition 1],
is still valid in vector-valued case as well that the spBtg)(C) is closed under
differentiation.
LetT € D/ ,(X). Then the following assertions are equivalent ( [26]):
(i) Txp c AP(R: X),d € D, resp.,Txdp € AAR: X), ¢ € D.
(i) There exist an integet € N and (AP), resp. (AAut) functions
fj(-) :[0,0) — X (1 < j <K) such thafl = 5 _o /).
We say that a distributioil € Q)Ll(X) is (AP), resp. (AAut), IifT satisfies any
of the above two equivalent conditions. B{p(X), By,(X) we denote the space
consisting of all (AP), resp. (AAut), distributions.

Definition 2.1. A distribution T< 2[,(X) is said to be (AAP), resp. (AAAuL), if
there exist an (AP), resp. (AAut), distributiogy Bpp(X), resp. ha € Bya(X),
and a bounded distribution tending to zero at plus infinite @', 4(X) such that
(T,0) = (Tap,®) + (Q,0), & € Do, resp.(T.¢) = (Taa, &) + (Q.0), ¢ € Dp.

By Baap(X), resp. Baau(X), we denote the vector space consisting of all
(AAP), resp. (AAAUL) distributions.

It is well known that the representatidn= Tap+ Q is unique in almost periodic
case.

Definition 2.2. A distribution T< D/, (X) is said to be (Q-AP) distribution if
Txp € Q—AP(R: X), for all ¢ € D. The space of all (Q-AP) distributions will be
denoted byDg p(X).

Theorem 2.1. The following statements hold:

D) Do_ap(X) N DpaaulX) = Daap(X);
[@AAAut(X)\@AAP(X)] N @(/Q—AP(X) =0
i) DAAX) N DG_ppp(X) = Dpp(X).

Proof. The proof use the same arguments like in [25]. For complstenge will
give in sequel.

Let we consider only the case whegr- R. The other casé= [0, ) is analogous.
Since Dppp(X) € Dpaan(X) N Dg_ap(X), we will prove the opposite inclusion.
Let T € Dpaau Po_ap(X) @and¢ € D is arbitrary. ThenT x ¢ € AAAULR :
X)NQ—AP(R : X). SinceT x¢ € AAAUER : X), there exist two functions €
AAUt(R : X) andg € (b(R : X), such thafl «¢ = f +gonR and for every > 0,
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(S) holds and there exists a numibéte, ) > 0 such that
|(f(t+1)—f(t)+(gt+T1)—9g(t))|| <¢, forteR and |t| > M(g,1). (2.1)

Let € > 0 be fixed and the real numbersatisfies (2.1) foft| > M(g,1). By g €
Go(R : X), there exists a finite numbe;(e,T) > M(g,T) such that||g(t + 1) —
g(t)|| < §fort e R, [t| > My(g,T). We define the functiofr : R — X, F(t) = f(t+
1) — f(t), t € R. The spacéAut(R : X) is translation invariant- € AAut(R : X).
Using supremum formula, we have

sup[F(t)[| = sup [[F()[[= sup [ft+1)—f(t)]<

teR t>Ms(g,1) t>Ms(g,1)
So,|If(t+1)—f(t)[| < 5 forallt € R, sof is (AP) function. HenceDpap(X) C
Do_ap(X), so the equation irfi) holds. The equation iiii), follows from the
proof of (i). O

NI o

Definition 2.3. Letw e I.

a) A bounded continuous function F— X is said to be asymptoticalkp-almost
periodic ((AAR,) in short) if there exist a function g G, (1 : X) and a function
ge Gl : X) such that ft) =g(t)+q(t) forallt € ;

b) A bounded continuous function: 1 — X is said to be S-asymptoticalky-
periodic ((S—ARy) in short) iflim_,, || f(t +w) — f(t)|| = 0. Denote by S-
AP, (1 : X) the space consisting of all such functions;

c) A Stepanov p-bounded functior-)fis said to be Stepanov p-asymptotically
w-periodic (( — AR,) in short) if

t+1

lim / 1(s+w)— f(3)|Pds=0.
o J

The space of all (5— AR,) functions is denoted byPS- AR,(1 : X). Note that
S—APR,(I : X) C P —AP,(I : X).

Definition 2.4. Letwe | and T € D/, (X).

a) A distribution T is said to be (AADif T x$ € AAR,(I : X) for everyd € D.
The space of all asymptotically-almost periodic distributions is denoted by
Dpar, (X)-

b) A distribution T is said to be {S- AR,) if T x$ € S° — AR,(I : X) for every
¢ € D. The space of all (5- AR,) distributions is denoted b5, ap, (X).

c) A distribution T is said to be (SAR,) if T x¢p € S— AR,(l : X), for every
¢ € D. The space of all (S AR,) distributions is denoted b¥g 5p (X).

d) Adistribution T is said to be £S- AAAut) if T« € SP— AAAutl : X), for every
¢ € D. The space of all (5- AAAut) distributions is denoted B9 pA(X).

e) A distribution T is said to be {S- AAut) if T« ¢ € S — AAut(l : X), for every
¢ € D. The space of all (5- AAut) distributions is denoted g, .(X).
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Definition 2.5. Let T € D/, (X).

a) A distribution T is said to be f® — AP) if Tx¢ € SPQ— AP(l : X), for every
¢ € D. The space of all (8 — AP) distributions is denoted b;D’SpQ_AP(X).

b) A distribution T is said to be (SQP,) if T x¢ € SQ— AR,(I : X), for every
¢ € D. The space of all (SQ P,) distributions is denoted by)/S(}APw(X)'

c) A distribution T is said to be (@ AR,) if T x¢ € Q— AR,(l : X), for every
¢ € D. The space of all (- AR,) distributions is denoted b9, _ap (X).

d) Adistribution T is said to be f®— AR,) if T x$ € SPQ— AR,(I : X), for every
¢ € D. The space of all (8 — AR,) distributions is denoted by)g)Q_pr(X).

e) A distribution T is said to be (® — AP) if T« ¢ € SPQ— AP(I : X), for every
¢ € D. The space of all (8 — AP) distributions is denoted b;D’SDQfAP(X).

The next theorem follows from [25, Proposition 2.7].
Theorem 2.2. Letw € I. Itholds Dg_pp (X) € Dg_pp(X).

Proof. Let € > 0 be given andl' € Dg_5p, (X) . TakeL(e) = 2w. Then for any
intervall” C | of lengthL(g) contains a number= nw > 0 such that
IT0(t+w) - To@)] < o=, for [t =Mie,n).
Hence,
n-1 ne
IT*dt+nw) —Tx*xd(t)|| < %Hf(t—l—l’—k(.o)— ft+w—(k+1)w)| < o=
K=

for |t| > M(g,n) + nw, so the conclusion of the theorem follows. O

Theorem 2.3. Letw e |. Then
Ds_ap,(X) N DaaauX) € Dap, (X).

Proof. Let T € Dg_pp (X) N DpaanX) € Dap, (X) andd € D. Then by the defi-
nitions of Dg_pp (X) andDpaauX), T+ € S—AR,(1 : X)NAAAULI : X). Since,
Tx¢ € AAAuUt : X), there exisg € AAut(l : X) andh € ([0, ) : X) such that
Tx¢ =g+h. Itis suffices to prove thag € P,(l : X). Since,(([0,) : X) C
S— AR, (X) it follows thatg =T « ¢ — h € S— AR,(X). Hence,
lim [lg(t + @) — g(t)|| = 0. (2.2)

Now, sinceg is (AAut), we can find a subsequené®) of (t,) such that for all
teR,

lim lim g(t + w—ty, —tn,,) — 9(t +tn, — tn,,) = 9(t +w) — g(t).

m—00 k—00

From (2.2) and lime (tn, —tn,) = +, we have
Ilin gt + W+t —tn,) — 9t +tn, —tn,) =0,

forallt €l sog(t+w)—g(t) =0, for allt € I. This impliesg(t + w) —g(t) =0
forallt €1, so the proof is finished. O
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Now, using the technigue in the previous result we can gigddhowing:

Theorem 2.4. The following statements hold:
) Do_ppautX) N Do ap(X) = Do aap(X)
) [Ds_aanulX)\Dg_anp(X)] N Dgg_pp(X) = 0;
i) Do apu(X) N Deg_ap(X) = Dg_pp(X).

The proof is quit similar like of Theorem 2.3, so we omit it.

Theorem 2.5. It holds thatDg, ap (X) € Do ap(X)-

Theorem 2.6. Let T € D/, (X). The then following holds:
i) LetT e @(’?_AP(X), resp., Te @/soQ_AP(X)- Then cT is a (Q-AP) distribution,
resp., (5Q — AP) distribution, for any e C;
i) If (Tn) is & sequence iDg_ap(X), resp.,Dgq_ap(X) and T — T uniformly
in Dg_ap(X), 1esp., D ap(X), then Te Dg_pp(X), resp., T€ Do ap(X);
iii) Any translation T, = (T,¢(- —h)) of T € D5 xp(X) (T € Dgqg_ap(X)) is
again inDg_ap(X) (Deg_ap(X))-

Proof. The case whel € Dgq_ap(X) is similar with the case wheh € D xp(X),
so we skip it.
) LetT € Dy ap(X) and € D. ThenT ¢ € Q—AP(I : X). Since,(cT) x¢ =
c(T x¢), using [25, Theorem 2.13 (i)], the statement of i) follows.
i) Let e >0 be given. Then there exists a distributidy) such thatT = ¢ (x) —
Thox®(x)| < &, forallxel, [x > M(e,T), for someM(g, ) > 0 and for allp € D.
Let Eq(e,T), be the set of all translation numbers Bfbelonging toe > 0O if
IT«d(X+1)—Txd(x)| <g, forallp € D. Putt E(%e,Tno x(x)). Then,
THO(XFT) = THd(X) <|T#d(X+T) = Tng ¥ (X+T)|
+{Tog # O (XHT) = Tog ¥ O () [+ [T ¥ O (X) = T+ (x)| < &.
SinceEq(e, T+ ®(X)) D Eq(3€, Ty * 0(X)), it follows Eq(e, T * §(x)) is relatively
dense and > 0 is arbitrary, we conclude thatis (Q-AP) distribution.
i) Let T € D ap(X) and¢ € D ThenT ¢ € Q—AP(I : X). Now, sinceTy
o =(T,¢(-—h)) = (tnT) x¢ = Ta(T * ), by [25, Theorem 2.13 (V)fin(T ) €
Q— AAR(l : X). HenceTy € Dp_pp(X). 0
Further on, we would like to observe that the following stamal result holds in
vector-valued case:

Theorem 2.7. Let T € D/, (X). Then the following assertions are equivalent:
() T € Dg_ap(X).
(if) There exist an integer k N and (Q-AP) functionsf-) :R — X (0< j <k)
such that T= 5%_, fj(” on|[0, ).
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(i) There exist S¢ D/, (X), k € N and bounded (Q-AP) functiong(f) : R — X
(0<j<Kk)suchthatS= 5%, fj(” onR, and(S,¢) = (T,¢) for all ¢ € Dy.

(iv) There exists 8 D/;(X) such that(S,¢) = (T,¢) for all ¢ € Dp and S« ¢ €
Q—APR:X), ¢ € D.

Proof. The equivalence of (i)-(ii) can be proved as in (Q-AP) scakdued case
(see [12, Theorem I, Proposition 1]).

The implication (ii)=- (iii) trivially follows from the fact that the expressidd=
le(:o fj(’) defines an element from , (X). Since the space & Q—AP(R : X)N
Co(R : X) is uniformly closed (and therefor€>-uniformly closed), closed under
addition and A« D C A (see [1] for the notion), so we have that (iii) implies (iv).
The implication (iv)=- (ii) is trivial, hence we have the equivalence of assertions
(1)-(iv). O

Concerning the assertions of Theorem 2.7, it is worth ndtaegfollowing:

Remark2.1 The validity of (iv) for someS ¢ Q)Ll(X) implies its validity forS
replaced therein witlsg = S+ Q, whereQ € D/, (X) and suppQ) C (—0,0].
For this, it suffices to observe théQ*¢)(x) = (Q,¢(x—-)) = 0 for all x >
sup(supp9)), ¢ € D.

3. QUASI-ASYMPTOTICAL ALMOST PERIODICITY OF VECTORVALUED
ULTRADISTRIBUTIONS

For anyh > 0, we define
hP|l f(P)
fDI'j/'lp’h = {f € Dy ||fllan:= sup% < 00}.

peNo P
Then (@mp’h7 |- l1n) is a Banach space and the space ofXailalued bounded
Beurling ultradistributions of clas@Mp), resp.,X-valued bounded Roumieu ul-
tradistributions of clas§Mp}, is defined to be the space consisting of all linear
continuous mappings fror@ﬂ"p), resp.,@ﬂ"p}, into X, where

(Mp) . " Mp.h
D" = projlimp, D

resp.,
DY?! = indlimp_o, D"
These spaces, equipped with the strong topologies, willHoetly denoted by

D 1(X), resp., Q)I'_{IM"}(X). We will use the shorthand)[;(X) to denote either
DM (x) or D™ (X); D = D(C). As it can be easily provedD/s(X) is
a complete locally convex space.

It is well known thatDM») resp. DM} is a dense subspace ﬁﬂ"p), resp.,
Q)ﬂ" P} , as well as thatﬂ)f'f"’) - Q)ﬂ" * It can be simply proved that| SMp)
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SMo) 5 X resp., f e : S™Mo} 5 X is a temperedX-valued ultradistribution
of class(My), resp., of clas§Mp}. The spaceD/’;(X) is closed under the action
of ultradifferential operators of-class.

The space of bounded vector-valued ultradistributionslitento zero at plus
infinity, D'*;(X) for short, is defined by

' o(X) = {T € Dii(X): hiTm<Th,¢> —Oforalld e Q)*}.

LetT € Q)f;(X). Then we say thal is (AP), resp. (AAut), ifT satisfiesT «¢$ €
APR : X), ¢ € D*, resp.,T x$ € AAUt(R : X), ¢ € D*. By Dip(X), we denote
the vector space consisting of all almost periodic ultrtaithistions of«-class.

Definition 3.1. An ultradistribution T< D/} (X) is said to be (AAP) if there exist
an (AP) ultradistribution T, € Dxp(X), and a bounded ultradistribution tending
to zero at plus infinity G D'’ ((X) such that(T, ) = (Tap,$) +(Q,d), ¢ € D.

By Dyap(X), we denote the vector space consisting of all (AAP) ultratist
tions ofx-class.

Likewise in distribution case, decomposition of an (AARJadlistribution of«-
class into its (AP) part and bounded, tending to zero at pifiisify part, is unique.
The spaceD,,p(X) is closed under the action of ultradifferential operatdrs-o
class. This follows from the fact that this is true for the ap@®,(X), (see [24]
and [26]), as well as that, for eve@ € D'’ ;(X) and for every ultradifferential
operatorP(D) of x-class, we havéP(D)Q, ¢ (- —h)) = (Q,[P(D)¢](- —h)), he R.

For the sequel, we need the following preparation. Let A (X). Follow-
ing B. Basit and H. Glenzler [1], whose examinations havenbearried out in
distributional case, we have recently introduced the ¥alhg notion in [24]:

Dy (X) 1= {T € D*(X): TxdpecAforall ¢ € Q)*}.
Then Dy (X) = D g(X), for any setB C L (R : X) that contain€” (R : X), as

loc
well as the setD;’(X) is closed under the action of ultradifferential operatdrs o

x-class. Furthermore, the following holds [24]:

(i) Assume that there exist an ultradifferential operd®D) = 37 ,a,DP of
class(Mp), resp., of clas§Mp}, andf, g € Dy (X) such thall =P(D)f +g.
If Ais closed under addition, thef € Dy (X).

(i) If A NC(R: X) is closed under uniform convergendes D/ ;((Mp) : X) and
Txd €A, d e DM then there is a numbér> 0 such that for each compact
setK CRwe haveT x¢p € A, $ € Q?,z/'p’h.

(i) Assume thafT e 2'M»)(X) and there existh > 0 such that for each compact
setK CRwe haveT xp € A, ¢ € Q):X"”h. If (Mp) additionally satisfies (M.3),
then there exist > 0 and two element$, g € A such thafT =P(D)f +g.
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Definition 3.2. An ultradistribution Te D% (X) is said to be (Q-AP) ultradistri-
bution if Tx$ € Q— AP(R : X), of classx« for all ¢ € D*. The space of all (Q-AP)
ultradistributions will be denoted b5 p(X).

Definition 3.3. Letwe l and T € D[(X).

a) An ultradistribution T is said to be (Afpif T x$ € AR, (1 : X) for everyd € D*.
The space of all (Af) ultradistributions is denoted by, (X).

b) An ultradistribution T is said to be PS-AR,) if T x¢ € SP AR,(I : X) for
every$ € D*. The space of all (5- AR,) ultradistributions is denoted by
DS _ap,(X)-

¢) An ultradistribution T is said to be (SAR,) if T ¢ € S—AR,(l : X), for every
¢ € D*. The space of all (S AR,) ultradistributions is denoted brgDSrAp (X).

d) An ultradistribution T is said to be S- AAAut) if Tx$ € S — AAAut(l : X),
for every¢ € D*. The space of all (5— AAAut) ultradistributions is denoted
by Dy _aanul X)-

e) An ultradistribution T is said to be {S- AAut) if Tx$ € S* — AAut(l : X), for
every¢ € D*. The space of all (5 AAut) ultradistributions is denoted by

Q)Sp AAut(X)

Definition 3.4. Let T € D/, (X).

a) An ultradistribution T is said to be (® — AP) if Tx¢ € SPQ— AP(l : X), for
every¢ € D*. The space of all (8 — AP) ultradistributions is denoted by
DGq_ap(X)-

b) An ultradistribution T is said to be (SQAPR,) if T x¢ € SQ— AR,(l : X), for
everyd € D*. The space of all (SQ AR, ultradistributions is denoted by
Déq-np,(X)-

c) An ultradistribution T is said to be (QAR,) if T x$ € Q— APR,(I : X), for every
¢ € D*. The space of all (@ AR,) ultradistributions is denoted bgDQ A, (X)-

d) An ultradistribution T is said to be (® — AR,) if T ¢ € SPQ — AR,(I : X),
for everyd € D*. The space of all (8 — AR, ultradistributions is denoted by
DSq-ap,(X)-

e) An ultradistribution T is said to be ® —AP) if Tx$ € SPQ— AP(I : X), for
everyd € D*. The space of all (8 — AP) ultradistributions is denoted by
DGq-ap(X)-

Like in the case of distributions we can give the followingahems with the
analogous proofs.

Theorem 3.1. The following statements hold:

) D6 ap(X) N DiaaulX) = Daap(X);
- [DaaauX )\@KAP(X)]QQ)Q Ap(X) =0
i) @KAut(x)m@Q AP(X) @KP(X)
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Theorem 3.2. Letw € . It holds DG sp (X) € D5 ap(X).

Theorem 3.3. Letw e I. Then
DS ap,(X) N Danaud X) € Dhip, (X).
Theorem 3.4. The following statements hold:
) DG _anaulX) N Dég_ap(X) = DG _aap(X)

) (D _ppau X\ DG _anp(X)] N DGg_pp(X) = 0;
i) DG _apu(X) N Dg_ap(X) = Dg_pp(X).

Theorem 3.5. It holds thatDg, ap (X) € Dgg_ap(X).

In order to span the investigation on the space of (Q-APgdistributions
Q)S_AP(X), following the approach of B. Basit and H. Guenzler [1] (st [24]),
now we will focus to the case when-A Q — AP(R : X). Then A is closed under
the uniform convergence and addition, and we have &, (X) ( [23]).

Theorem 3.6. Let (M) satisfies the conditiong.1), (M.2) and (M.3)" and let
T € D1(X). Then the following holds:
i) Suppose that there exist an ultradifferential operatdDP =y ,a,DP of
class(Mp), resp., of clasgMp} and f,g € D5 p(X) such that T=P(D)f +
g. Then Te DG pp(X).

i) fT € Q)SYK)P(X) then there exists i 0 such that for each compact set&R
we have e € Q— AP(R : X), for all ¢ € D",

iii) Suppose that Te Q)’(Mp)(X) and there exists b 0 such that for each compact
setKC R we have T € Q— AP(R: X), for all ¢ € Dy ™", If (M) addition-
ally satisfies(M.3), then there exist + 0 and two elements,§ € Q— AP(R :
X) such that T=P(D) f +g.

As a consequence of the Theorem 3.6, we immediately havelibe/ing:

Corollary 3.1. Let(M,) satisfies the conditiong.1), (M.2) and (M.3)’ and let
T € D[ (X). Consider the following statements:

) T € D5 ap(X).

i) There exist a number } 0, resp., a positive increasing sequengg) and
a two functions fg € Q—AP(R : X) such that T=R(D)f + g, resp., T=
P,(D)f+g.

iii) There exist an ultradifferential operator ®) = ¥ _qapDP of class(Mp),
resp.,{Mp} and two functions ,fy € Q— AP(R : X) such that T=P(D) f +g.

iv) There exists h- 0 such that for each compact setKR, resp., for each h- 0
and for each compact set K R, we have T« ¢ € Q— AP(R : X), for all

Mp.h
beD".
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Then we have )i= iii ) = i) < iv). Furthermore, if(M;,) additionally satisfies the
condition(M.3), then the assertions i- iv) are equivalent for the Beurling class.

Similarly, like in distribution case we have the followingeorem:
Theorem 3.7. Let T € D/} (X). The then following holds:
) Let T € DG_ap(X), resp., T€ Dgqg ap(X). Then cT is a (Q-AP) ultradistri-
bution, resp., (8Q — AP) ultradistribution, for any & C;
i) If (Tn) is a sequence iDG 5p(X), resp.,Dgo ap(X) and | — T uniformly
in D5 ap(X), 1esp., Dgg_ap(X), then Te DG pp(X), resp., T€ Dgq_ap(X);
iii) Any.trgnslation T =(T,¢0(-—h)) of T € DG pp(X) (T € Dgq_ap(X)) is
again in D5 ap(X) (Dgq_ap(X))-
Let we introduce the following space
o ap=1{0 € ' (X) : ) € Q—AP(R: X) for alli € No}.
We have thatZg ap(X) C D[L(X), Eg ap(X) = E*(X)NQ—AP(R : X) and
Es ap* LH(R) C ES pp(X). Furthermore, the space @, p(X) is the space

of all mappingsf from £*(X) for which f x$ € Q— AP(R : X) for all ¢ € D*.
The proof of the following theorem is the same like [24, Lemha

Theorem 3.8. Let (Mp) satisfy the conditiongM.1), (M.2) and (M.3)’ and let
T € D1(X). We have the following statements are equivalent:
) T € D5 ap(X).
i) There exists a sequenddn) in 5 ap(X) such thatlimp. Th =T in the
topology of D/} (X).

Likewise in distribution case, we have the following theure

Theorem 3.9. Let (Mp) satisfy the conditiongM.1), (M.2) and (M.3)’ and let

T € D1(X). We have the following statements:

i) T € DG_pp(X).

i) There exist an element & D[i(X), a number I> 0 in the Beurling case (a
sequencerp) € R in the Roumieu case), and bounded functiong € Q —
AP(R : X) such that S= R(D)f +g, resp. S=F (D)f +g,and S=T on
[0,00).

iii) There exist a number} 0, resp. a sequendgp) € R, and bounded functions
f, g€ Q—AP(R: X) such that T=R(D)f +g, resp. T=F (D)f +g, on
[0,00).

iv) There exist an ultradifferential operator(B) = 7 ;a,DP of x-class and
bounded functions; f f € Q—AP(R: X) such that T=P(D) f1+ f, on [0, «).

v) There exist an element<SD/’ (X), an ultradifferential operator
P(D) = ¥ p_oapDP of x-class and bounded functions, ff, € Q — AP(R : X)
such that S= P(D) f1+ f,and S=T on|0, ).
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(vi) T € D3 and there exists an elemene3D/% (Mp : X) such that ST
Q- Ap(X L p
on[0,c) and Sx¢p € Q—AP(R: X), ¢ € D*.

Then we have ji=iii) = iv) = v) = Vi) =1i). If (Mp) additionally satisfies the
condition(M.3), then the upper statements are equivalent for the Beurlasg.c

Proof. The implications ii)=- iii) = iv) = v) are trivial. We are going to prove
that v)=- vi). Let S:= P(D)g; + gz is a (Q-AP) ultradistribution of Beurling class,
for f1, f2,01, g2 € Q— AP(R: X) We need to show is

Toi=P(D)(fi— 1) + (a—g2) € DY (X), e,
lim (P(D)(f1-g1) + (fz—g2).0(—h)) =0, e D™,

Towards thls end, assume that < a < b <+ and suppd) C [a,b]. Lete >0

be given. Then there exist a sufficiently large finite numhge,h) > 0 and a
sufficiently large finite numbet, >,0 independent of, such that, for everyt| >

ho(g, h), we have the following (cf. also the proof of [24, Theorem 1]):

H )(fi—a1) + (f2—92)7¢('—h)>
(1% [ (1)~ )6t -t + /°°(f2<t>—gz<t>)¢<t—h>dtH

Ms

o

pP=

I
Ms

(— 1)pap/ (fut+h) —qu(t+ dt+/ (f2(t) q)()dtH
Pap/ qu(t+h)o dt+/ Op(t ’

p:O

<[5 [apllo” HL1+H¢HL1]<ec¢

This yields vi). By Theorem 3.6 i), we have that v} i). If (Mp) additionally

o
satisfies the conditioriM.3), in Beurling case, holds i ii), so all the upper
statements are equivalent in Beurling case. O

p=0

Ms

4. APPLICATIONS

Letne N, and letA = [aj]1<i, j<n be a given complex matrix such thatA) C
{ze C:0z< 0}. In this section, we analyze the existence of (Q-AP) (ultisiyd
bution solutions of the equation

T =AT+F, T2 (X") on [0,0) (4.1)
and the equation

T =AT+F, TecD*(X") on [0,), 4.2)
whereF is a (Q-AP)X"-valued distribution in (4.1) an# is a (Q-AP)X"-valued
ultradistribution of«-class in (4.2). By a solution of (4.1), resp. (4.2), we mean
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any distributionT € D'(X"), resp. D’*(X"), such that (4.1), resp. (4.2), holds in
distributional, resp. ultradistributional, sense|[0rw).
Now, we can state the following theorem, as a consequencd [Emrem 4.1]:

Theorem 4.1. (i) LetF=[F F---FyT € Do-ap(X"). Then there exists a so-
lution T= [Ty T+ To]" € Diy_pp(X") of (4.1). Furthermore, any distribu-
tional solution T of(4.1) belongs to the spac®; Ap(X"),

(i) Let (M,) satisfy the conditiongM.1), (M.2) and (M.3)’, and let
F=[F F - FT € D%(X") be such that, for everyd N,, there exist an
ultradifferential operator RD) = Y 7_& pDP of x-class and bounded func-
tions f;, f2j € Q—AP(R: X) such that F=R(D)fy; + f2; on[0,). Then
there exist ultradifferential operators;;PD) of x-class, bounded functions
hij; € Q—AP(R : X) and bounded functionghe Q—AP(R : X) (1 <i <n),
such that T= [Ty To- - Ty" € 6-ap(X™) is a solution of (4.2), where
Ti = ZT:]_P”‘ (D)hij + hy; for i € Ny. Furthermore, any ultradistributional
solution T ofx-class to the equatiof4.2) has such a form.

ACKNOWLEDGEMENT

The first author is partially supported by grant 174024 of istily of Science
and Technological Development, Republic of Serbia.

REFERENCES

[1] B. Basitand H. GluenzleGeneralized vector valued almost periodic and ergodiaitiistions,
J. Math. Anal. Appl. 314 (2006), 363-381.

[2] S. Bochner,A new approach to almost periodicjtiProc. Nat. Acad. Sci. U.S.A. 48 (1962),
2039-2043.

[3] H. Bohr, Zur theorie der fastperiodischen Funktionen I; II; IActa Math. 45 (1924), 29-127,
H6 (1925), 101-214; HT (1926), 237-281.

[4] C. Bouzar, M. T. Khalladi and F. Z. Tchouaklmost automorphic generalized functioiNovi
Sad J. Math. 45 (2015), 207-214.

[5] C. Bouzar and F. Z. TchouaAlmost automorphic distributionsMediterr. J. Math. 14:151
(2017), https://doi.org/10.1007/s00009-017-0953-3.

[6] C. Bouzar and M. T. Khalladi®n asymptotically almost periodic generalized solutiohdis
ferential equations, Operator Theory: Advances and Appilins Vol. 245, eds. S. Pilipovi€,
J. Toft, (2015), 35-43.

[7] C. Bouzar and M. T. Khalladil.inear differential equations in the algebra of almost jpelic
generalized function®fkend. Sem. Mat. Univ. Politec. Torino 70 (2012), 111-120.

[8] R. Carmicheal, A. Kamifnski and S. Pilipovilotes on Boundary Values in Ultradistribution
SpacesLect. Notes Ser., Seoul 49, 1999.

[9] D. N. Cheban,Asymptotically Almost Periodic Solutions of Differentizduations Hindawi
Publishing Corporation, 2009.

[10] I. CioranescuOn the abstract Cauchy problem in spaces of almost perioditiloutions J.
Math. Anal. Appl. 148 (1990), 440-462.
[11] I. CioranescuThe characterization of the almost periodic ultradistiiimns of Beurling type

Proc. Amer. Math. Soc. 116 (1992), 127-134.



198 MARKO KOSTIC, STEVAN PILIPOVIC, AND DANIEL VELINOV

[12] I. CioranescuAsymptotically almost periodic distribution&ppl. Anal. 34 (1989), 251-259.

[13] T. DiaganaAlmost Automorphic Type and Almost Periodic Type Functiodshstract Spaces
Springer-Verlag, New York, 2013.

[14] 1. K. Dontvi, Bounded, almost periodic and asymptotically almost pécigdlutions of linear
differential equations with generalized perturbatiof®hD. thesis, Odessa, Odessa, Ukraine,
1988.

[15] A. Halanay and D. WexlefTeoria Calitativa a Sistemelor cu ImpulsutEditura Academiei
Republicii Socialiste Romania, Bucuresti, Romania, 1968.

[16] H. R. Henriquez©n Stepanov-almost periodic semigroups and cosine furstd operators
J. Math. Anal. Appl. 146 (1990), 420-433.

[17] M. C. Gbmez-ColladoAlmost periodic ultradistributions of Beurling and of Roieun type
Proc. Amer. Math. Soc. 129 (2000), 2319-2329.

[18] G. M. N'GuéréekataAlmost Automorphic and Almost Periodic Functions in Absti®paces
Kluwer Acad. Publ., Dordrecht, 2001.

[19] G. M. N’ Guérékata and A. Panko8tepanov-like almost automorphic functions and monotone
evolution equationsNonlinear Anal. 68 (2008), 2658—2667.

[20] H. KomatsuUltradistributions, I. Structure theorems and a charactation, J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 20 (1973), 25-105.

[21] H. KomatsuUltradistributions, Il. The kernel theorem and ultradigwtions with support in a
manifold J. Fac. Sci. Univ. Tokyo Sect. IA Math. 24 (1977), 607—628.

[22] H. Komatsu,Ultradistributions, Ill. Vector valued ultradistributiws. The theory of kernels.
Fac. Sci. Univ. Tokyo Sect. IA Math. 29 (1982), 653—718.

[23] M. Kostic, Almost Periodic and Almost Automorphic Type Solutions oftrdlot Volterra
Integro-Differential EquationsBook Manuscript, 2017.

[24] M. Kostic, Vector-valued almost periodic ultradistributions andittgeneralizations Mat. Bil-
ten, 42 (2018), 5-20.

[25] M. Kosti€, Quasi-asymptotically almost periodic functions and aggiions in press.
arXiv:1809.09585.

[26] M. Kostic and D. Velinov,Vector-valued almost automorphic distributions and vesalued
almost ultradistributionsNovi Sad J. Math. 48 (2018), 111-121.

[27] S. Pilipovic, Tempered ultradistributionBoll. Un. Mat. Ital. 7 (2-B) (1998), 235-251.

[28] L. Schwartz,Theorie des Distributions vols. Hermann, Paris, 1950-1951.

[29] B. Stankovic Asymptotic almost distributions, structural theore®erdica 19 (1993), 198—203.

[30] B. Stankovit Asymptotic almost periodic distributions, applicatiorpartial differential equa-
tions Trudy Mat. Inst. Steklov. 203 (1994), 449—460.

[31] W. A. Veech,Almost automorphic functions on groygsmer. J. Math. 87 (1965), 719-751.

[32] W. A. Veech,0On a theorem of BochngAnn. of Math. 86 (1967), 117-137.

[33] Z. Xia, Piecewise asymptotically almost periodic solution of redifolterra integrodifferential
equations with impulsive effectBurkish J. Math. 41 (2017), 1656—-1672.

[34] z. Xia, Z. Li and J. ChaiPseudo almost periodic dynamics of impulsive Nicholsolve/flies
model with nonlinear density-dependent mortality tedpn. J. Ind. Appl. Math. 35 (2018),
311-333.



(Q-AP) VECTOR-VALUED GENERALIZED FUNCTIONS 199

(Received: November 11, 2018)
(Revised: December 12, 2019)

Marko Kostic

University of Novi Sad,

Faculty of Technical Sciences,

Trg D. Obradowta 6,

21125 Novi Sad, Serbia

e-mail: marco.s@verat.net

and

Stevan Pilipovit

University of Novi Sad,

Faculty of Technical Sciences,

Trg D. Obradowia 4,

21000 Novi Sad, Serbia

e-mail: pilipovic@dmi.uns.ac.rs
and

Daniel Velinov

Ss. Cyril and Methodius University,
Faculty of Civil Engineering,
Partizanski Odredi 24, P.O. box 560,
1000 Skopje, Macedonia

e-mail: velinovd@gf.ukim.edu.mk






