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STATISTICAL RELATIVE UNIFORM CONVERGENCE IN DUALLY
RESIDUATED LATTICE TOTALLY ORDERED SEMIGROUPS

KAMIL DEMIRCI AND SEVDA YILDIZ

ABSTRACT. We define the notions of statistical relative uniform cagesmce
and statistical relative uniform Cauchy in dually resicablattice totally ordered
semigroups (simply, DRIt-semigroups). Then, we give somsidproperties
for statistically relatively uniform convergent sequesiceAlso, we introduce
statistical relative uniform limit points and cluster ptErin DRIt-semigroups,
then the relations between these and limit points of theessmpiare given.

1. INTRODUCTION AND PRELIMINARIES

The notion of a Dually Residuated Lattice Ordered Semigi@imply, aDRI-
semigroup, a broad generalization of Brouwerian Algebras and corativet |-
groups, has been introduced and studied by Swamy [9-11].n, Thesem [6]
introduced u-uniform convergence and relatively uniforomergence for DRI-
semigroups. In the current work, we introduce the notiontafigtical relative
uniform convergence and also the definition of statistiefdtive uniform Cauchy
in DRIt-semigroups is given. Then, we give some basic ptegsefor statistically
relatively uniform convergent sequences.
We now recall the notion of a DRI-semigroup that has beendhiced by Swamy
in [9] and related properties used in the paper.
A systemA = (A, +,<,—) is called adually residuated lattice ordered semi-
group (simply, aDRI-semigroupif and only if
(1) (A,+,<) is a commutative lattice ordered semigroup with zero eldr@ene.
(A,+) is a commutative semigroup with zero 0 afdl <) is a lattice such
thata+ (bVvc) = (a+b) Vv (a+c) anda+ (bAc) = (a+b) A (a+c) for all
a,b,ce A,

(2) givena,bin Athere exists a leagtin A such thab+ x> a, and we denote this
x by a— b (for a given paira, b this x is uniquely determined),

(3) (a—b)vO+b<avbforalla,beA and
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(4) (a—a)>0.
The following theorem shows that any DRI-semigroup can heggnally de-
fined:

Theorem 1.1. [9] Any DRI-semigroup can be equationally defined as an algeb
with binary operationst, V, A, —, by replacing(2) by the equations:
X+ (Y=X) 2y, X=y< (XVZ) -y, (X+y)-y<x

Any abelian lattice ordered group is a DRI-semigroup. For arandb in a
DRI-semigroupA, we shall writela—b| = (a—b) Vv (b—a), (Ja— D] is called the
symmetric difference af andb). The symmetric difference satisfies the following
conditions:

(1) |la—b| >0, |a—b|=0ifand only ifa= Db,
(2) la—b|=|b—al,
(3) [la—c| < |a—Db|+|b—c]|.

Any DRI-semigroup is an autometrized algebra with the symiméifference

([9], Theorem 9).

Theorem 1.2. [6] Let A be a DRI-semigroup,,®,c,d € A. Then
(i) (a=b)+(c—d)>(a+c)—(b+d),
(i) la=b|+|c—d|>|(a+c)— (b+d)|,
(i) (a—b)+(c—d)>(c—b)—(d—a).
In this paper, we will need the following assumptions in a BRinigroupA
from [9]:
Leta,b,c€ A Then

Al) a<bimpliesa—c<b-—candc—b<c-—a,
A2) (avb)—c=(a—c)Vv(b—c),
A3) a— (bAc)=(a—b)Vv(a—c),

A5) (a—b)+(b—c)>(a—c),
a—(b—c)<(a—b)+cand(a+b)—c<(a—c)+h.

We denoteAt = {x € A; x> 0}. A DRI-semigroup is said to bArchimedean
if for eachx,y € A", nx< y for eachn € N impliesx = 0.

(

x

(Ad4) a—(b+c)=(a—b)—c=(a—c)—b,
(AS)

(A6)

2. STATISTICAL RELATIVE UNIFORM CONVERGENCE

Jasem [6] introduced notions of a u-uniform convergenceaaralatively uni-
form convergence in DRI-semigroup as follows.

Definition 2.1. Let A be a DRI-semigroup(x) a sequence in Au € A™. It is
said that a sequencg) in A converges u-uniformly to an element A, written
X — X, if the following condition is satisfied:

for each pe N there exists e N, such that px — x| < u for each ke N, k> k.
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Definition 2.2. Let A be a DRI-semigroup. We say that a sequdnggin A rel-
atively uniformly converges (briefly ru-converges) to aanetnt xc A, in symbols
Xx — X, whenever there existsatlA* such that B x

Example 2.1.Let A be the unit intervgD, 1] of real numbers, @b=min{1,a+ b}.
With the usual orderingA, &, <,—) is a DRI-semigroup. Let defirey) by

and ue [£,1]. Then
PP—3] =pP[&—3) V(3]

=p(3—x%)
(T Ne o
=13 Xk > Xk
ptimes2
0, k=p
= > ,p=123,....
{ 2p2p+2’ k7 p

and there exists ke N, such that pﬁxk— %| < u for each ke N, k > ky. Hence,
X — 3.

The statistical convergence was first introduced by Steistj@] and after the
papers of Connor [1] and Fridy [3] about this convergencehotthe develop-
ments started and it was studied by other authors [2, 5, 7Jus&&! for the set of
all positive integers. Lek C N, then the natural density ¢f denoted by (K), is
given by 1
o0(K) = Iirrpﬁ {k<n :keK}
whenever the limit exists, whefB| denotes the cardinality of the $&tlt is known
that the density may not exists for eachlseBut the upper density always exists
and it is identified byd (K) :=lim sup% {k<n :keK}|. Moreover,d(K) > 0.

n
Now, we introduce the notion of the statistical relativefarmn convergence

with respect to the dually residuated lattice totally oedesemigrou (simply, a
DRIt-semigroup Awhich is the DRI-semigroup such thatis totally ordered set.

Definition 2.3. Let A be a DRIt-semigroufix) a sequence in A€ A™. It is said
that a sequencéxy) in A is statistically u-uniform convergent toexA provided
that for each pe N

S({keN :plxc—x > u})=0
or equivalently

Iim%\{kgn ipx—x > u}|=0.

. Yl
In that case, we writecs X.
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Definition 2.4. Let A be a DRIt-semigroup. We say that a sequepge in A
is statistically relatively uniform convergent tasxA whenever there existsauA*

such that S—tu> X. In that case, we write 5t- lim x, = x and x is said to be 4t-limit.

Example 2.2. Let A be the unitintervgD, 1] of real numbers, @b=min{1,a+ b}.
With the usual orderingA, @, <,—) is a DRIt-semigroup. Let defirey) by

1, k=r?
Xk—{ 0, k#nz ,n=123, ...

and us# 0. Then
PIX—0] = plx| = px
= XD ... P X
| —
p times 5
:{ é E;AEZ n=123..
Hence,
S({keN : plxc—0| > u}) =0,
and we get $t—limx, = 0. However,{k € N : p|x.—0| > u} is an infinite set.
So, x =~ 0.

Theorem 2.1. Let A be an Archimedean DRIt-semigrougy) a sequence in A
X,y € A. Then st —Ilim is unique.

Proof. Assume thast” — lim xx = x andst” — lim x, = y. Then there exis,v € A"
such thatxy N X, Xk SN y. Let p € N and define the following sets:

Ki(p,u) : ={keN :p|x—x > u},
Ka(p,v) : ={keN :pp—yl> v}.

Sincexy sty X, 0(Kz (p,u)) = 0. Furthermore, usingy sty y, we getd (K2 (p,v)) =0.
Now letK (p,u+ V) :=Kjz (p,u)NKz(p, V). Then we observe that K (p,u+vVv)) =
0 which implies thad (N\K (p,u+V)) = 1. If ke N\K (p,u+ V), then we have
U+V > pX—x+px—Y|
= P (X=X + %= YI) = P(IX =] + [} —YI)
> plx=y.
So Archimedeanicity oA implies|x—y| = 0. Hencex =Y. O

Theorem 2.2. Let A be an Archimedean DRIt-semigroup gmg) be a sequence
in A. If (x¢) ru-converges to xhen st — lim x, = x.

Proof. By hypothesis, for eacp € N there existk, € N, such thatp|x—x| <u
for all k> kp. From this, it can be said that the §é&te N : p|xc—x| > u} has at
most finitely many terms. It is known that the density of eviemjte subset of the
natural numbers is zero, hence we can seedifitc N : p|x—x > u}) =0,
whence the result.
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Theorem 2.3. Let A be an Archimedean DRIt-semigroupy) and (yx) be se-
guences in Axy € A. Let st —limx, = x and st —limyx =y. Then

(i) st —Iim (%+Yk) = X+,
(if) st —Iim (x—yk) =X—V,
(i) st —lim (x Vyk) =xVYy,
(iv) st —lim (Xc AYk) = XAY.

Proof. Let st —lim x, = x and st — limy, = y. Then there exist,w € A", such that
Xk SN X, Yk N y. Now let pe N and define the following sets:

Ki(pu) @ ={keN :p[x—x > u},
Ka(p,v) @ ={keN :plyk—y > v}.

Since x s x and % st y, we getd(Ky(p,u)) =0 andd(Kz(p,v)) = 0. Now let
K(p,u+v):=Kjz(p,u)nKz(p,v). Then we observe thatfK (p,u+v)) = 0which
implies thatd (N\K (p,u+v)) = 1.
(i) Ifk e N\K(p,u+V), then in view of Theorem 1@ ), we have
U+Vv > pp—x+ply—Yl
= P —X+[yk —Y])
> Pl X%+ Yi) — (X+Y)|.
This shows that

O({ke N : p|(+Yyk) = (X+Y)[ = utv}) =

So X + Yk sty x+y and hence &t lim (X« + Yk) = X+Y.
(i) Similarto(i), we can prove that 5t lim (Xx — Yk) = X—V.
(ii) If k € N\K(p,u+V), then according tqA2) we obtain
U+Vv > pXic—X+plyc— Y = P(X—X + |y — Y1)
= P(X—XVIyk—Yl])
=P[O =)V (X=%) V (k=) V(Y= W]
= P[(%—X) V (Yk=Y) V (X=X0) V (Y = Yi)]
> Pl — (xVY)V (k= (XVY) V (X= (% V i) V (Y = (% V i)
= PI(O%VYK) = (XVY) V((XVY) = (% V k)]
= P[4V i) — (xVy)].
Then,
O(fke N 1 p[O& VYK — (XVY)[ > u+Vv}) =

Sox V™S xvy and we have 5t lim (xcV/ yi) = XV y.
(iv) Ifk € N\K(p,u+V), then in view of A3) we get
u+v 2plxk—XI+p|yk—y|=p(lxk—XI+|yk—y|)
P (X=X V |y =)
PL(% = X) V (X= ) V (Y = ¥) V (Y = Y]
F X)V (Yk—Y) V(X=X V (Y= Yi)]

; (% AYK) =X) V(A YR) =Y)V ((XAY) =X) V (XAY) = V)]
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= Pl AYK) — (XAY) V ((XAY) = (%A V)]
= Pl AYk) — (XAY)].
This shows that
d({ke N 1 p|(XAYk) — (XAY)| > u+V}) =

U+V

Hence x A yk ST, XAy and we obtain $t—lim (xkAyk) =XAY. O

Theorem 2.4. Let A be an Archimedean DRIt-semigroupy) and (yx) be se-
quences in Alf xx < yk for all k € K ¢ N with §(K) = 1 and st —limx, = X,
st —limyx =y, then x<y.

Proof. By hypothesis, sincst” — lim x, = x andst” — lim yx = y we get from Theo-
rem 2.3(iii ) thatst” — lim (x VV yx) = XV y. Therefore, there existsc A* such that
PORVAY sty xVy. Let p € N and define the following set:
Ki(p,u):={keN 1 p[(xVyi) — (xVy)| = u}.
Sincexy V Yk s xVy, 8(Ki(p,u)) = 0. This implies that
O(N\Ky (p,u)) =8({ke N 1u> pl(xVyk) — (xVy)[}) =
Let k e KN (N\Ky(p,u)). It is clear thatd (KN (N\Kz (p,u))) =1 andu >

Pl V Yi) — (XVY)| = plyk— (xVY)|.
Sod({keN :plyk— (xVy)| >u}) = 0. Then from this, we have that’ —
limy, = xVy. Because oft’ — lim is unique,xVVy =y. This yieldsx <. O

Theorem 2.5. Let A be an Archimedean DRIt-semigroupy), (Yk) and (z) be
sequences in Af
() x <y <zforallk e K Nwith (K)=1and
(i) st —limxg = st —limz = x,
then st —limyx = x.
Proof. Sincest” — lim x, = st” — lim z, = x, there exisu,v € A", such thaixy S—tu> X,
Z S x. Let p € N and define the following sets:
Ki(p,u) :={keN:p|xx—x > u},
Ka(p,v) :={keN:plz—x > v},
thend (K1 (p,u)) =0andd (K2 (p,v)) =0. Letk e KN(N\Kz (p,u)) N(N\Kz (p,V)).
It is clear thatd (K N (N\Kz (p,u)) N (N\Kz2(p,v))) =1 and
U+V = p[Xe— X+ Plzc—X = p([x%—X +[z—x]|)
> P(X—X|V|z—x])
= P[(X%—X) V (X—=%0) V (z—X) V (X— %]
> pl(a—X) vV (x—%)].
In view of (A1) from xx < yk < z we getyx —X < Z— X, X— Yk < X—Xk. Thisyields
(Y= X)V (x— Y < (2~ X) V (x— %) . Thereforeu+v > p|(zc—X) V (x—x)] >
PI(Yk—X) V (X=Yi)] = Plyk —x|. Let
Ks(p,u+Vv):={keN :plyk—X| > u+v}.
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It is clear that the set
K3(p,U+V) - Kl(p7u)UK2(p7V)U(N\K)
andd(Kz(p,u+vVv)) = 0. Hencest” — limyy = x. O

We now introduce the notion at’ —Cauchy sequence and give a characteriza-
tion.

Definition 2.5. Let A be an Archimedean DRIt-semigroup dmg) be a sequence
in A. We say that a sequencg) is a st —Cauchy with respect to the statistical
relative uniform convergence, if for somecUA™ and each pe N, there exists a

positive integer ne N satisfying

S({k e N : p[x—Xm| > u}) =0.

Theorem 2.6. Let A be an Archimedean DRIt-semigroup dmg) be a sequence
in A. If (x) is statistically relatively uniform convergent, then ieist —Cauchy.

Proof. Assume thatst” — limxx = x. Then there existsl € A", such thatx S—tu>
X. Therefore the se; (p,u) := {ke N : p|x«—X| > u} has density zero. This
implies that the se¥{\K; (p, u) has density one and therefore non empty. So we can
chooseme N with m¢ Ky (p,u), but then we have > p|xn—X|. LetK (p,2u) :=
{ke N : p|x— Xm| > 2u}. We prove thad (K (p,2u)) = 0. Since
20 = pxc—X+ plxm—X = p(|X—X| + [x—Xm|)
> P X — Xml

we can write
{keN :2u>p|x«—Xm|} D{keN :u>ppx—x}N{keN :u>plxm—x}.

From this we get

S({ke N: plxc—Xm| >2u}) < 8({keN:plxc—x >u})
+ 3({ke N: plxm—x >u}).
Hence
3({k € N: p[xx—Xm| >2u}) =0
which shows that our claid (K (p,2u)) = 0 holds true. O

3. LIMIT POINTS AND CLUSTER POINTS INDRLT-SEMIGROUPS

Fridy defined statistical limit points and statistical ¢krspoints of a number
sequencéxy) in 1993 [4]. Now we study the concepts of statistical relatimiform
limit points and cluster points in DRIt-semigroups. Alsa give relations between
them and the set of limit points in DRIt-semigroups.

Definition 3.1. Let A be a DRIt-semigroup angk) be a sequence in,A1 € A*.

L € Ais said to be a limit point of the sequenf&) providing that there is a
subsequence df) that ru-converges to.x et the set of all limit points of the
sequence denoted by, ll(x)] .
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Definition 3.2. Let A be a DRIt-semigroup an) be a sequence in, &l € A*. If
{Xn) } is a subsequence 6f) and K:= {k(n) € N: ne N} then{x}, in which
cased(K) = 0 is the abbreviation of X, } and {x} is said to be thin subse-
quence or a subsequence of density zero. In other words,dEl dot have density
zero then{x} is a nonthin subsequence (©f) .

Definition 3.3. Let A be a DRIt-semigroup angk) be a sequence in A1 € A".

x € A'is said to be a statistical relative uniform limit point dfet sequencéx) on
the condition that there is a nonthin subsequencéxgf that ru-converges to.x
Then we say x is a'stlimit point of sequencéxy) . LetAgr [(X«)] denote the set of
all st" —limit points of the sequence.

Example 3.1.Let A and(x«) be the same as in Example 2.2, thep[)] = {0,1}
andAgr [(X)] = {0}.

Itis clear that\sr [(X«)] C Lru [(X«)] for any sequencex) . To show that\sy [(Xk)]
andL, [(X)] can be very different, we give an example as follows.

Example 3.2.Let A be the unitintervgD, 1] of real numbers, @b=min{1,a+ b}.
With the usual orderindgA, @, <,—) is a DRIt-semigroup. Lefry) be a sequence
whose range is the set of all rational numberg®fl] and defingx) by

ri, k=j?
X = ., k#j?andkisodd ,j=123,...
3, k# j%and kis even

Then for ks j2 and k is odd, fx—X = p|3— 3| = 0 < u. Therefore x — 3.
For k # j%and k is even, x—X = p|3—3| =0 < u. Hence x — 3. We get
Ast [(%)] = {3.3} . However, for every x [0,1] and k= j?,
pi—X = plrj—x|
=|ri—x|&..&|rj—x
=min{1,|rj = x|+ ...+ |rj — x|}
<1

(RN

{r¢: ke N} is dense irf0, 1] implies that ky [(%)] = [0,1] .

Definition 3.4. Let A be a DRIt-semigroup angk) be a sequence in Al € A*.
Then x€ A is said to be a statistical relative uniform cluster poifitioe sequence
(x¢) provided that for each g N,

d({keN:plx—x <u})>0.
In that case we say that x is af stcluster point of sequende) . Let sy [(X)]
denote the set of all 'st-cluster points of sequendgy) .

Theorem 3.1. Let A be an Archimedean DRIt-semigroygs) be a sequence in,A
x € A. For any sequencex) , Ast [(%)] C Mse [(X)] -
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Proof. Supposex € Agr [(%)]. S0, there is a nonthin subsequer{ogn) } of (x)
that ru-converges tr, i.e.
3({k(n) eN: plxn —x| <u})=d>0.
Since
{keN:p|x—x <u} > {k(n) € N: p|xm —x| <u}
for eachp € N, we have
{keN:plx—x <u} D {k(n)eN:neN}\{k(n) € N:p|xqm —x| >u}.
Since{Xn } ru-converges ta, the set

{k(n) € N: p|xn —X| >u}
is finite for anyp € N. Therefore,
S({keN:plx—x <u}) >8({k(n) e N:neN})—3({k(n) € N: p|[xm — x| > u}).
Hence a
S({keN: plxc—x <u}) >0
that means e Mgy [(X)] - O

Example 3.3. Define the sequenday) by

_1 _ ~m-1
xk—m,k—2 (29+1),

i.e., m—1is the number of factors & in the prime factorization of kFor each
peNu=1,

1 1
Pk =X%D..OX%=—®.0=<1,
N———— m m

ptimes )
ptimes

it is easy to see that for each,@({ke N: px < 1}) = 2-™ > 0, whencei €
Ast [(%)]. Also,8({ke N: p|x—0/ <1}) =d({ke N:0< px<1}) =27,
s00 € Igr [(%)] and we havé s [(%)] = {0} U {2 :m=1,2,...} . Now we claim
that 0 ¢ Asr [(X%)]; for, if {X}« is a subsequence that has limit zero, then we obtain
that & (K) = 0 by observing that for each rthere exists M> 0 such that
[Kn| = HkeKn:px> 1} +[{k € Kn: px < 1}]
<M+ [{keN:px <1}
<M+ 5.
Henced (K) <2~™ and since m is arbitrary this implies that{K) = 0.

Theorem 3.2. Let A be an Archimedean DRIt-semigroygy) be a sequence in,A
x € A. For any sequenceéx), st [(%)] C Lst [(X)] -

Proof. xe g [(X)], then
3({keN:plx—x <u})>0
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for eachp € N. We set{x}, a nonthin subsequence ©4) such that

K=K (p,u) := {k(n) € N: p|xn —X| >u}
for eachp € N and &(K) # 0. Hence there are infinitely many elementskn
X € Lt [(X)] - O

Theorem 3.3. Let A be an Archimedean DRIt-semigrougy) be a sequence in.A
For a sequenceéxy), st — lim xx = xg thenAgr [(X)] = Mst [(X)] = {X0} -

Proof. Assume thast’ — lim xx = Xg, then there exists € A" such thatxg S—tu> Xo-
First we show thai\sr [(%)] = {Xo} . We suppose thahst [(%)] = {Xo,Yo} such
that p|xo — yo| > 2u. Hence, there exisfx } and {x;;} nonthin subsequences
of (x¢) that ru-converge tap, Yo, respectively. Sincéxj(i)} ru-converge toy, for
eachpe N

K:=K(p,u):={j(i) € N: p|xji —Yo| > u}
is a finite set s®(K) = 0. Then observe that
{i(i)eN:ieNy={j(i) e N:p|xji)—Yo| =u}U{j(i) e N: p|xji —Yo| <u}
which implies
3({j(i) e N:p|xji —Yo| u}) #0. (3.1)

Sincest’ — lim xx = Xo,

d({keN:plx—x|>u})=0 (3-2)
for eachp € N. Therefore, we can write

d({k e N: p|xc—Xo| <u}) #0.
For everyp|xo — Yo| > 2u,

{i(i) eN:pxji)—yo| Supn{keN:pp—x| <u}=2.
Hence, we can write
{j(i) e N:pl|xji)—yo| <u} C{ke N:p|x—xo| >u}.
Therefore
S({j(i) e N:p|xjiy—Yo| <u}) <d({keN: p|x—Xo| >u}) =0.
This contradicts (3.1). Hena®sy [(X)] = {Xo} -
Now we suppose thdtsy [(X«)] = {Xo0,20} such thatp|xo — Yo| > 2u. Then

d({keN: plxc—2| < u}) #0. (3.3)
Since

{keN:p[x—x| Supn{keN:p[x—2|<u} =0
for everyp|Xo — Yo| > 2u, so
{keN:p|x—Xo| >u} D{keN: p|x— 2| <u}.
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Therefore
d({keN: plxc—xo| > u}) >d({ke N: plxc— 20| <u}). (3.4)

From (3.3), the right hand-side of (3.4) is greater than zerd from (3.2), the
left hand-side of (3.4) equals zero. This is a contradictidtencel sy [(X)] =

{xo}. O
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