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SPIRAL-LIKE FUNCTIONS ASSOCIATED WITH BOREL
DISTRIBUTION-TYPE MITTAG-LEFFLER FUNCTION

MALLIKARJUN G. SHRIGAN, A. A. THOMBARE, D. N. CHATE, AND TIMILEHIN G. SHABA

ABSTRACT. The purpose of the present paper is to obtain some sufficient con-
ditions for analytic functions, whose coefficients are probabilities of the Borel
Distribution-Type Mittag-Leffler Function, to belong to the class of spiral-like uni-
valent functions. Further, we discuss the geometric properties of an integral op-
erator related to the Borel Distribution-type Mittag-Leffler Function. Moreover,
we investigated and explored some applications of our main results for the error
function.

1. INTRODUCTION

Let 4 represent the family of analytic functions f(z) of the form
fl@)=z+Y ad (1.1)
k=2

in the open unit disk given by D = {z € C: |z| < 1} with the normalized condition
f/(0)—1=0= f(0). As usual, we denote by § the subclass of 4 consisting of
functions of the form (1.1) that are also univalent in ID.

A function f € 4 is said to be starlike of order y, (0 <7y < 1), if

(292 zen

This function class is denoted by S*(y). We write $*(0) := S*, where S* denotes
the class of functions f € 4 such that f(D) is a starlike domain with respect to the

origin.
A function f € 4 is said to be convex of order Y(0 <y < 1), if
Zf”(2)>
Re | 1+ >v, zeD.
( f'(2)

This function class is denoted by X (7). We note X (0) := X, the well-known stan-
dard class of convex functions. The classes of starlike and convex functions of order
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v were studied earlier by Robertson [18] and Silverman [19]. It is an established fact
that

feXKW) < zf €5(¥)
For functions f € 4 given by (1.1) and g € 4 given by g(z) = z+ )05 b7,z €D,
k=2

we define the Hadamard product (or convolution) of f and g by

oo

(f*8)(2) =2+ Y abx2', z€D.

k=2
Let Ey(z) be the function defined by
o k
z
Ee2) =Y ——— R
a(2) k§:0 Tk 1)’ (o€ C,Re(ar) >0,z€ C),

that was introduced by Mittag-Leffler [16] and commonly known as the Mittag-
Leffler function. The study of the Mittag-Leffler function and its various general-
izations has become a very popular topic in Geometric Function Theory. During the
last two decades this function has come into prominence after about nine decades of
its discovery by the Swedish Mathematician Mittag-Leffler, due to the vast potential
of its applications in solving the problems of physical, biological, engineering, earth
sciences, and other applications.The Mittag Leffler function is an important function
that finds widespread use in the world of fractional calculus. Just as the exponen-
tial naturally arises out of the solution to integer order differential equations, the
Mittag-Leffler function plays an analogous role in the solution of non-integer order
differential equations. A more general function of Eq(z) is Eqg(z) introduced by
Wiman [25] given by
oo k
EOL-,B(Z) = I;)I—WZC_'_B)v ((X'7B € CaRe((X’) > O,RG(B) > O,Z S (C) :

When 3 = 1, it is abbreviated as Eq(z) = Eq,1(z). We observe that the function Ey g
contains many well-known functions as its special case, for example,

1

Eo= ——
0 1_Z7

Ey(+2) =E11(+2) =€, Ex(z) = E21(2) = cosh(v/2),

& 426~ (1127 0 (\@) Z1/3] ’

1
Ey(—z%) =cosz, Ei(z) = 3

2

1 t—1
E4(z) = 3 [cosz1/4+coshzl/4} . Eis(z)= ¢ p Exy (—2°) = ,

Ea (zz) =coshz, Ey; (—zz) =cosz, Enp(z) =+/zsinh\/z.
For a detailed account of various properties, generalizations, and applications of
this function, the reader may refer to earlier important works of Attiya [4], Bansal
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and Prajapat [5], Frasin et al. [9], Gorenflo et al. [10], Noreen et al. [17], Luchko and
Srivastava [13], Srivastava et al. [23], and others (refer [11,12,21]).

Observe that Mittag-Leffler function Eg g(z) does not belong to the family 4.
Thus, it is natural to consider the following normalization of Mittag-Leffler functions

Eqp(z) =L (B)E —Z+Z_—1+B) * (1.2)

(o, € C,Re(a) > 0,Re(B) >0,z C).

The celebrated and widely used error function erf [1] is given by

o (=1
erf(z - = / = kZO k'(TJrl)ZZkH' (1.3)

The complement of the error function, erfc(z), is defined by

2 & (=1
erfc(z) =1—erf(z) =1— f,;()lc'gﬂcj-l)z%ﬂ'

The normalized form of the error function, denoted by Erf(z), and normalized using
the condition Erf'(0) = 1, is given by

_Vm v (=¥
Erf(z) = Terf(z) = émzk.

It is of interest to note that by fixing o0 = % and =1, we get

E%’] (Z) = ez2 erfc(—z),

that is
2 2 v (—1)k 2k
E = 1+ =Y ——L 21,
11(x)=e (+ﬁ,§()k!(2k+l)z
A function f € A4 is said to be a spiral-like function if

Re (e—zﬁz]]:éz))> >0, zeD, (1.4)

T
for some & € R with [§| < > This class of spiral-like function was introduced in [20].

Also, the function f is said to be convex spiral-like if zf'(z) is spiral-like [2, 3].

Murugusundaramoorthy [14,15] introduced certain subclasses of spiral-like func-
tions as below.
Definition 1.1. For0<p < 1,0 <y< 1 and |&| < g

zf'(2)
f(@)+pzf'(2)

S(E&,p,y) = {feS:Re (eié(l—p) ) > Ycos€, ze]D}. (1.5)
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By virtue of Alexander’s relation (see [6]), we define the following subclass:

Definition 1.2. For0<p < 1,0 <y< 1 and |&| < g

_ ke (&2 @ @) cos
?((é,p,v)—{fGS-R ( f’(z)—l—pzf”(z)>>y g, ze]D)}. (1.6)

Recently, Wanas and Khuttar [24] developed the power series whose coefficients
represent probabilities of the Borel distribution

1))k Ptk
M (u,z —HZ D) &, (O<u<lzeD). (1.7)

We note that, by using the ratio test we conclude that the radius of convergence of
the above power series is infinity.

Thus by using (1.2) and (1.7) and by the convolution operator, we define the
Mittag-Leffler-type Borel distribution series as below

B) (u(k — 1)) 2 e+l

Bl 5(2) = Eqp(2) * M (,2) = 2+ & (18)
wp Z I(o(k—1)+B)(k—1)!
where 0 < u < 1,0, € C,Re(x) >0 Re(B) >0,z € C.
Now, using the linear operator £ (XB : 4 — A defined by the convolution
k 1))"—2 —p(k—1)
H _mM k
Ly pf(2) =B, 4(2) z+ Z B =) arz", (1.9)
=z+ Z ¢kakzk7
k=2
where o, B € C,Re(a) > 0,Re() >0,z€ C,0<u <1 and
o T k— 1))E2 p—lk—1)
IS N (10
k=2 :
To establish our main results, we need to recall the following lemmas.
Lemma 1.1. A function f(z) given by (1.1) is a member of S(&,p,Y) if
Y [(1=p)(k—DsecE+(1-y)(1+kp—p)lfa| <T-v, (11D

k=2
T
for some || < 5,0 <p<l,0<y<l

Lemma 1.2. A function f(z) given by (1.1) is a member of K(&,p,Y) if

Y k(1= p)(k—Dsec+ (1-Y)(1+kp—p)lax| < T—y,  (L12)
=2
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forsome|§|< 0<p<1,0<y< 1.

Definition 1.3. A function f € A is said to in the class R (d), if it satisfies the
inequality
(1-8)2% yvf(z) -1
2t(1-8)+(1-v)22 4 vfr(z) —1
where T € C\{0},0<1,0<v <1,

<1 (zel),

This class was introduced by Swaminathan [22]. for v =1 the class is reduces to
familiar class introduced by Dixit and Pal [7].

Lemma 1.3. For f € R}(d) is of the form (1.1), then

_ 2t -39)

The bounds given in (1.13) are sharp.
Lemma 1.4. A function f(z) given by (1.1) is a member of S(&,7) if

Y [(k— 1)seck+ (1—9)]ja] < 17, (1.14)

k=2
for some [§| < = 0<'y< 1.

Lemma 1.5. Afunctlon f(z) given by (1.1) is a member of K(\,7y) if

Zk k—1)secE+ (1 —v)]ax| < 1-7, (1.15)

T
for some |§| < 5,0 <y<l

Motivated by the earlier work Deeb et al. [8], we define the subclasses of spiral
like functions S(&,p,y) and X (&,p,7) related to the Borel distribution-type Mittag
Leffler function as in Definitions 1.1 and 1.2. We obtain inclusion results, image
properties of L% op Operator and geometric properties of integral operator & wp for
these subclasses of the spiral-like function classes which we introduce here.

2. INCLUSION RESULTS

We begin this section by finding the inclusion results for the function that belongs
to the classes S(&,p,y) and K (&,p,7y). For convenience throughout the following,
we use the following identities

_v L)
N )

k=2

2.1)
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: v kT'(B)
Ea’B(l)—l_ém, (2.2)
" _ - k(k* I)F(B)
Fapl) = X Fale— 1)+ By 2
3e(u1) = ¥, W= DI e @4

= (k—1)!

Theorem 2.1. If
{101 = p)sect+p(1 =] Eq (1) +[(1 = p)(1 — ¥ sec&)| Eap(1) } (M (11, 1))

<2(1-y),
(2.5)
then @&B e S(&,p,Y)-
Proof. According to Lemmal.1 it is sufficient to show that
- L(B) (u(k— 1) *e+D
k;[(l —p)sec§(k—1)+ (1—v)(1+kp —k)] Tak—D+Bk=11 26
<1-v.
Putk=(k—1)+1.
Let
e1(&.p.v) = ) [(1—p)sect(k— 1)+ (1=7)(1+kp— k)]
k=2
L(B) (u(k— 1)) 2 et
" Tk D+ )k 1!
_ = KD(B) (u(k — 1) e+ Y
—[(l—p)sec€+p(1—v)]];2 otk —1) LB (k1]

& D(B) (u(k— 1) 2 et
= T(o(k—1)+p)(k—1)!
, o )2 pmlk—1)
= [(1—p)secE&+p(1—1)] [Ea,ﬁ_ 1} Z ek é]i)_ 1)!

=
o )2 gtk 1)
+(1=p)(1 —y—sect) [Eap—1] ). itk Elz)—l)!

= {101~ p)sect+p(1 =) Eqp(1) + [(1 = p)(1 — 7~ sect)] Eap(1)}
= (M (1)) = (1-7).
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Thus, from the assumption (2.5) it follows that @; (&,y,p) < 1 —Y, that is (2.6) holds,
therefore B, op €S &,p,7)- O

Theorem 2.2. If
{101 = p)sect+p(1 =) Eqp(1) + (1 = V)E'up(1) } M (1))

2.7)
< (1 - Y)v
then B, 5 € K (&,p,7)-
Proof. According to Lemma 1.2 it is sufficient to show that
- oy D) k= 1)) 2t
<l-v.

Writing k= (k— 1)+ 1 and k&> = (k—1)(k—2) +3(k— 1) + 1, let

02(8,p.7) = Y k[(1—p)secg(k—1)+ (1 —v)(1+kp—k)]

k=2

F(B) (u(k — 1)) 2V
Fa(k—1)+B)(k—1)!
= k(k— DI(B) (u(k — 1) 2+t
Z T(o(k —1)+PB)(k—1)!
= KT(B) (u(k — 1))* 2 Y

P Y R T+ B 1!

k=2 ,—p(k-1)
= (1= psect-+p(1 )] (1] T U7
oo o kZefy(kfl)
(1=p)(1 1= sec®) [Eap()~1] ¥ (“(k .
= (k—1)!
= {101 = psect+p(1 =] Eqg(1) + (1 =9 [Egp(1) ~ 1] } (M (a1, 1)).

Thus, from the assumption (2.7) it follows that @2 (&,v,p) < 1 —Y, that is (2.8) holds,
therefore @gB € K(&,p,Y). O

=[(1—p)secE+p(l—7)

3. IMAGE PROPERTIES OF Lgﬁ OPERATOR

In this section, we study the effect of the Lg_ﬁ operator on the function class

Ry (8). Making use of Lemma 1.3, we will focus on the influence of the Borel
distribution-type Mittag-Leffler function on the classes S(&,p,Y) and K (&,p,7).
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Theorem 3.1. If

2[t|(1-3)

5 [[(1 —p)sec&+p(1 —7)] [Eqp(1) — 1]+ (1 —p)(1 —y+sec§)

x/ol (E“’f(t)—l) dt] M(u,1) < (1-7), G.1)

then L';B(f) €SEp,7).

Proof. According to Lemma 1.1, it is sufficient to show that

3 L(B) (u(k—1)) (k—2)e )
kgz[(l—p)sec&(k—1)+(1—v)(1+kp—k)} ot Dapkon <Y
(3.2)
Let f € R}(3). Then by Lemma 1.3, we have
= T, kEN\(1),

and 1 +v(k— 1) > vk. Thus, we have

_2tf(1-98) ¢ 1

03(E,p,7) Z;[(1—P)SeC§(k—1)+(1—Y)(1+kp—k)]

2|T!(i —8) & T(B)(u(k — 1))k nlk=1)
M 3 L(o(k—1)+B)(k—1)!
20t|(1-8) g 1T(B)(ulk = )k —2)e
v C(a(k—1)+B)(k—1)!

+(1=p)(1 —ysecq)

Using equation (2.1) and the above inequality, we get

gs(6p.y) = 1IL=0) [[(1 —p)sect+p(1 )] [Eup(1) 1]

Eoc,B (t)
t

F(1—p)(1 —y—l—sec&)/ol ( - 1) dt] M(u,1) < (1-7). (3.3)

Thus, from the assumption (3.1), it follows that @3(&,p,y) < 1 —7, that is, in-
equality (3.2) holds. Therefore, L’(;_B( f)eSEp,y). O



SPIRAL-LIKE FUNCTIONS ... 97

Theorem 3.2. If

{101 = p)sect+p(1 =) Equ(1) +[(1 —p)(1 =Y sect)] Eqp(1) }
2/(1 - 8) G4
S (M) < (1),
then L 5(f) € K(E,p.7).

Proof. According to Lemma 1.2 it is sufficient to show that

Y k[(1 = p)seck(k— 1)+ (1-)(1+kp— 1)

k=2 (3.5)

L(B) (utk = 1) Zert™D
Foak-—D+p)k-1)! — F

Let f € R}(d) then by Lemma 1.3, we have

|ak’ = 12_’:‘\,((1](__61))’ kEN\{l},
and 1 +v(k— 1) > vk. Thus, we have
020601 = 200 3 (1 p)sect (b~ 1)+ (1 =) (1 +kp k)

k=2

I(ok—1)+B)(k—1)!

20t|(1—8) & KD(B) (u(k — 1)) 2 kD)
(ou(k

T(B) (u(k— 1)) 27+t
k=

r
= [(1=p)secE+p(1 1] = —1)+B)(k—1)!
) (k= 1) Zertt 0
T(a(k—1) +B)(k— 1)

k— 1)) 2 p—u(k=1)

2

I'(o
+(1=p)(1 —y—sect) ‘T’ i B(
;)

~ [(1 - p)sect +p(1 ~7) [Ea,ﬁm—l} =0y

= (k— 1)

oo e Hk=1)
P17 [Fgg1) 1] 20§ e

k=2
— {11 = p)sect +p(1 = )] Eqp(1) + [(1=p)(1 — Y= sect)] Eqp(1) — (1 =)}
><2T|(\1)_8)M(,u,1).

Thus, from the assumption (3.4) it follows that @3(&,y,p) < 1 —Y, that is (3.5) holds,
therefore £ 5(f) € K (§,p.7)- O
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4. INTEGRAL OPERATOR

Here we introduce, an integral operator cbﬁﬁ as follows:

z B (t)
— a‘vB
Cb‘&’B(Z) = /O ; dt, 4.1)

where ggé:.;% (1) is defined by (1.8) and we get a necessary and sufficient condition for
belonging to the class S (§,p,y) and X (&,p,7).
Theorem 4.1. If the function CID"(;.[5 is given by (4.1) and

{1(1=p)sect+p(1 =¥)) Eqs+ [(1 = p)(1 —7—sect) Eap(1)}

4.2)
(M (u, 1)) <2(1—7),
then CDZ@B € X(E&,p,y).
Proof. Since
5 B (k- 1) e 2
%B(Z)_”é T(ak—1)+B)(k—1)! k'
according to Lemma 1.1 it is sufficient to show that
ek 1) (1 oy DB (k= 1)) vt
k;z[(l p)secg(k—1)+ (1—v)(1+kp—k)] Tlak-—D+BE-D1T @3
<l1l-v.
Let
04(8,p,7) = ) [(1—p)sec(k— 1)+ (1 =) (1 +kp k)]
k=2
L(B) (u(k— 1)) 2 ek
" Tk D+ )k 1!
_ = KD(B) (u(k— 1)) 2 e#k Y
—[(l—p)sec€+p(1—v)]];2 ok 1)+ Bk D)1

(u(k— 1)) % e 4D
=~ (k1)

oo o kfze_mk_])
(1)1 —y—sect) [Ep(1) ~1] 1, PO
= {101~ p)sect+p(1 =) Eqp(1) + [(1 = p)(1 — 7 sect)] Eap(1)}
(M (1)) = (1-7).
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Thus, from the assumption (4.2) it follows that @4(&,y,p) < 1 —Y, that is (4.3) holds,
therefore @, 5(z) € K (&,p.7)- O

Theorem 4.2. Let the function CIDQB be given by (4.2). If

[[(1 —p)sec&+p(1 —7)] [Eqp(1) — 1]+ (1 —p)(1 —y+sec&)

x/ol <E°"B(t) — 1> dt] Mu,1) < (1—y), (44

then @ s € S(E,.Y).

Proof. The enduring part of the proof of Theorem 4.2 is parallel to that of Theorem
4.1, and so we omit the details. O

5. APPLICATIONS TO THE ERROR FUNCTION

In this section, we establish the relationship between the Borel distribution-type
Mittag Leffler function and the error function. For the special case a=1/2 and =1,
we can derive certain results based on the error function. Thus, a simple computation
shows that if

k=1 2
then ( )
> 1 > k 2 k(k—1
(1) = W(1) = W(1) =
W= L ey YO = Brey Y= 4
Pim £} (0) = f0) W) =2+ ) 2
&
Also
e O -
1._q>1(z)_/0 ;i =t ey 5.1)

Using the above relations, from Theorem 2.1 and Theorem 2.2 we get,

Remark 5.1. If

) .
{[(1—p>sec&+p<1—m Y gy 00y sect)] B F(m)}

k=1 2

oo

then ¥ € S(E,p.).
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Remark 5.2. If

—pP)sec - mk(k
{[(1 phsect +p(1 -] I )

—p)(1 —y—sect)] i lil }

k=

X (M, 1)) <2(1-7), (5.3)

l\)‘+
on!

then ¥ € K(&,p,7).

Similarly, using Theorem 3.2 leads to the next remark.

Remark 5.3. If

oo

{[(1—>seca+p1— X o p)(l—v—sec@]ir(,}“)}
k=1

k=1 2 2

A= g 1)) < (12, 59
then ¥ € S(E,p,7).

Finally, from Theorem 4.1, we have the following remark.

Remark 5.4. If

oo

{[(1— et 01— X s + [0 -)(1 —7-sect) 1
2

then ¥ € K (&,p,y) where [ is defined by(5.1).

6. CONCLUSION

Throughout the paper, we defined new subclasses of spiral-like functions S(&, p,Y)
and % (&,p,7) involving the Borel distribution-type Mittag-Leffler function in the
open unit disk. We obtained the sufficient condition, inclusion result, image prop-
erty, and geometric properties of integral operators for these classes. We also dis-
cussed the connection between the Borel distribution-type Mittag-Leffler function
and the error function.
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