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SPIRAL-LIKE FUNCTIONS ASSOCIATED WITH BOREL
DISTRIBUTION-TYPE MITTAG-LEFFLER FUNCTION

MALLIKARJUN G. SHRIGAN, A. A. THOMBARE, D. N. CHATE, AND TIMILEHIN G. SHABA

ABSTRACT. The purpose of the present paper is to obtain some sufficient con-
ditions for analytic functions, whose coefficients are probabilities of the Borel
Distribution-Type Mittag-Leffler Function, to belong to the class of spiral-like uni-
valent functions. Further, we discuss the geometric properties of an integral op-
erator related to the Borel Distribution-type Mittag-Leffler Function. Moreover,
we investigated and explored some applications of our main results for the error
function.

1. INTRODUCTION

Let A represent the family of analytic functions f (z) of the form

f (z) = z+
∞

∑
k=2

akzk (1.1)

in the open unit disk given by D = {z ∈ C : |z| < 1} with the normalized condition
f ′(0)− 1 = 0 = f (0). As usual, we denote by S the subclass of A consisting of
functions of the form (1.1) that are also univalent in D.

A function f ∈ A is said to be starlike of order γ ,(0 ≤ γ < 1), if

Re
(

z f ′(z)
f (z)

)
> γ, z ∈ D.

This function class is denoted by S∗(γ). We write S∗(0) := S∗, where S∗ denotes
the class of functions f ∈ A such that f (D) is a starlike domain with respect to the
origin.

A function f ∈ A is said to be convex of order γ(0 ≤ γ < 1), if

Re
(

1+
z f ′′(z)
f ′(z)

)
> γ, z ∈ D.

This function class is denoted by K (γ). We note K (0) := K , the well-known stan-
dard class of convex functions. The classes of starlike and convex functions of order
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γ were studied earlier by Robertson [18] and Silverman [19]. It is an established fact
that

f ∈ K (γ)⇔ z f ′ ∈ S∗(γ).

For functions f ∈ A given by (1.1) and g ∈ A given by g(z) = z+
∞

∑
k=2

bk zk,z ∈ D,

we define the Hadamard product (or convolution) of f and g by

( f ∗g)(z) := z+
∞

∑
k=2

akbk zk, z ∈ D.

Let Eα(z) be the function defined by

Eα(z) =
∞

∑
k=0

zk

Γ(αk+1)
, (α ∈ C,Re(α)> 0,z ∈ C) ,

that was introduced by Mittag-Leffler [16] and commonly known as the Mittag-
Leffler function. The study of the Mittag-Leffler function and its various general-
izations has become a very popular topic in Geometric Function Theory. During the
last two decades this function has come into prominence after about nine decades of
its discovery by the Swedish Mathematician Mittag-Leffler, due to the vast potential
of its applications in solving the problems of physical, biological, engineering, earth
sciences, and other applications.The Mittag Leffler function is an important function
that finds widespread use in the world of fractional calculus. Just as the exponen-
tial naturally arises out of the solution to integer order differential equations, the
Mittag-Leffler function plays an analogous role in the solution of non-integer order
differential equations. A more general function of Eα(z) is Eα,β(z) introduced by
Wiman [25] given by

Eα,β(z) =
∞

∑
k=0

zk

Γ(αk+β)
, (α,β ∈ C,Re(α)> 0,Re(β)> 0,z ∈ C) .

When β = 1, it is abbreviated as Eα(z) = Eα,1(z). We observe that the function Eα,β

contains many well-known functions as its special case, for example,

E0 =
1

1− z
, E1(±z) = E1,1(±z) = e±z, E2(z) = E2,1(z) = cosh(

√
z),

E2(−z2) = cosz, E3(z) =
1
2

[
ez1/3

+2e−(1/2)z1/3
cos

(√
3

2

)
z1/3

]
,

E4(z) =
1
2

[
cosz1/4 + coshz1/4

]
, E1,2(z) =

ez −1
z

, E2,2
(
−z2)= sinz

z
,

E2,1
(
z2)= coshz, E2,1

(
−z2)= cosz, E2,2 (z) =

√
zsinh

√
z.

For a detailed account of various properties, generalizations, and applications of
this function, the reader may refer to earlier important works of Attiya [4], Bansal
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and Prajapat [5], Frasin et al. [9], Gorenflo et al. [10], Noreen et al. [17], Luchko and
Srivastava [13], Srivastava et al. [23], and others (refer [11, 12, 21]).

Observe that Mittag-Leffler function Eα,β(z) does not belong to the family A .
Thus, it is natural to consider the following normalization of Mittag-Leffler functions

Eα,β(z) = zΓ(β)Eα,β(z) = z+
∞

∑
k=2

Γ(β)

Γ(α(k−1)+β)
zk, (1.2)

(α,β ∈ C,Re(α)> 0,Re(β)> 0,z ∈ C) .
The celebrated and widely used error function er f [1] is given by

erf(z) =
2√
π

∫ z

0
e−t2

dt =
2√
π

∞

∑
k=0

(−1)k

k!(2k+1)
z2k+1. (1.3)

The complement of the error function, erfc(z), is defined by

erfc(z) = 1− erf(z) = 1− 2√
π

∞

∑
k=0

(−1)k

k!(2k+1)
z2k+1.

The normalized form of the error function, denoted by Erf(z), and normalized using
the condition Erf′(0) = 1, is given by

Erf(z) =
√

πz
2

erf(z) =
∞

∑
k=2

(−1)k−1

(k−1)!(2k−1)
zk.

It is of interest to note that by fixing α = 1
2 and β = 1, we get

E 1
2 ,1
(z) = ez2

erfc(−z),

that is

E 1
2 ,1
(z) = ez2

(
1+

2√
π

∞

∑
k=0

(−1)k

k!(2k+1)
z2k+1

)
.

A function f ∈ A is said to be a spiral-like function if

Re
(

e−iξ z f ′(z)
f (z)

)
> 0, z ∈ D, (1.4)

for some ξ∈R with |ξ|< π

2
. This class of spiral-like function was introduced in [20].

Also, the function f is said to be convex spiral-like if z f ′(z) is spiral-like [2, 3].

Murugusundaramoorthy [14,15] introduced certain subclasses of spiral-like func-
tions as below.

Definition 1.1. For 0 ≤ ρ < 1,0 ≤ γ < 1 and |ξ|< π

2

S(ξ,ρ,γ) =
{

f ∈ S : Re
(

eiξ z f ′(z)
(1−ρ) f (z)+ρz f ′(z)

)
> γcosξ, z ∈ D

}
. (1.5)
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By virtue of Alexander’s relation (see [6]), we define the following subclass:

Definition 1.2. For 0 ≤ ρ < 1,0 ≤ γ < 1 and |ξ|< π

2

K (ξ,ρ,γ) =

{
f ∈ S : Re

(
eiξ z f ′′(z)+ f ′(z)

f ′(z)+ρz f ′′(z)

)
> γcosξ, z ∈ D

}
. (1.6)

Recently, Wanas and Khuttar [24] developed the power series whose coefficients
represent probabilities of the Borel distribution

M (µ,z) = z+
∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!
zk, (0 < µ ≤ 1,z ∈ D). (1.7)

We note that, by using the ratio test we conclude that the radius of convergence of
the above power series is infinity.

Thus by using (1.2) and (1.7) and by the convolution operator, we define the
Mittag-Leffler-type Borel distribution series as below

Bµ
α,β(z) = Eα,β(z)∗M (µ,z) = z+

∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
zk, (1.8)

where 0 < µ ≤ 1,α,β ∈ C,Re(α)> 0,Re(β)> 0,z ∈ C.
Now, using the linear operator Lµ

α,β : A → A defined by the convolution

Lµ
α,β f (z) = Bµ

α,β(z)∗ f (z) = z+
∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
akzk, (1.9)

= z+
∞

∑
k=2

φkakzk,

where α,β ∈ C,Re(α)> 0,Re(β)> 0,z ∈ C,0 < µ ≤ 1 and

φk =
∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
. (1.10)

To establish our main results, we need to recall the following lemmas.

Lemma 1.1. A function f (z) given by (1.1) is a member of S(ξ,ρ,γ) if
∞

∑
k=2

[(1−ρ)(k−1)secξ+(1− γ)(1+ kρ−ρ)] |ak| ≤ 1− γ, (1.11)

for some |ξ|< π

2
,0 ≤ ρ < 1,0 ≤ γ < 1.

Lemma 1.2. A function f (z) given by (1.1) is a member of K (ξ,ρ,γ) if
∞

∑
k=2

k [(1−ρ)(k−1)secξ+(1− γ)(1+ kρ−ρ)] |ak| ≤ 1− γ, (1.12)
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for some |ξ|< π

2
,0 ≤ ρ < 1,0 ≤ γ < 1.

Definition 1.3. A function f ∈ A is said to in the class R τ
ν (δ), if it satisfies the

inequality ∣∣∣∣∣ (1−δ) f (z)
z +ν f ′(z)−1

2τ(1−δ)+(1−ν) f (z)
z +ν f ′(z)−1

∣∣∣∣∣< 1 (z ∈ U),

where τ ∈ C\{0},δ < 1,0 < ν ≤ 1.

This class was introduced by Swaminathan [22]. for ν = 1 the class is reduces to
familiar class introduced by Dixit and Pal [7].

Lemma 1.3. For f ∈ R τ
ν (δ) is of the form (1.1), then

|ak|=
2|τ|(1−δ)

1+ν(k−1)
, k ∈ N\{1}. (1.13)

The bounds given in (1.13) are sharp.

Lemma 1.4. A function f (z) given by (1.1) is a member of S(ξ,γ) if
∞

∑
k=2

[(k−1)secξ+(1− γ)] |ak| ≤ 1− γ, (1.14)

for some |ξ|< π

2
,0 ≤ γ < 1.

Lemma 1.5. A function f (z) given by (1.1) is a member of K (λ,γ) if
∞

∑
k=2

k [(k−1)secξ+(1− γ)] |ak| ≤ 1− γ, (1.15)

for some |ξ|< π

2
,0 ≤ γ < 1.

Motivated by the earlier work Deeb et al. [8], we define the subclasses of spiral
like functions S(ξ,ρ,γ) and K (ξ,ρ,γ) related to the Borel distribution-type Mittag
Leffler function as in Definitions 1.1 and 1.2. We obtain inclusion results, image
properties of Lµ

α,β operator and geometric properties of integral operator Φ
µ
α,β for

these subclasses of the spiral-like function classes which we introduce here.

2. INCLUSION RESULTS

We begin this section by finding the inclusion results for the function that belongs
to the classes S(ξ,ρ,γ) and K (ξ,ρ,γ). For convenience throughout the following,
we use the following identities

Eα,β(1)−1 =
∞

∑
k=2

Γ(β)

Γ(α(k−1)+β)
, (2.1)
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E ′
α,β(1)−1 =

∞

∑
k=2

kΓ(β)

Γ(α(k−1)+β)
, (2.2)

E ′′
α,β(1) =

∞

∑
k=2

k(k−1)Γ(β)
Γ(α(k−1)+β)

, (2.3)

M (µ,1) =
∞

∑
k=2

(µ(k−1))k−2e−µ(k−1)

(k−1)!
. (2.4)

Theorem 2.1. If{
[(1−ρ)secξ+ρ(1− γ)]E

′

α,β(1)+ [(1−ρ)(1− γ− secξ)]Eα,β(1)
}
(M (µ,1))

≤ 2(1− γ),
(2.5)

then Bµ
α,β ∈ S (ξ,ρ,γ) .

Proof. According to Lemma1.1 it is sufficient to show that
∞

∑
k=2

[(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]
Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

≤ 1− γ.

(2.6)

Put k = (k−1)+1.
Let

ϕ1(ξ,ρ,γ) =
∞

∑
k=2

[(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]

× Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
∞

∑
k=2

kΓ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

+(1−ρ)(1− γ− secξ)
∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
[
E

′

α,β −1
] ∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

+(1−ρ)(1− γ− secξ)
[
Eα,β −1

] ∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

=
{
[(1−ρ)secξ+ρ(1− γ)]E

′

α,β(1)+ [(1−ρ)(1− γ− secξ)]Eα,β(1)
}

= (M (µ,1))− (1− γ).



SPIRAL-LIKE FUNCTIONS ... 95

Thus, from the assumption (2.5) it follows that ϕ1(ξ,γ,ρ)≤ 1−γ, that is (2.6) holds,
therefore Bµ

α,β ∈ S (ξ,ρ,γ). □

Theorem 2.2. If{
[(1−ρ)secξ+ρ(1− γ)]E

′′

α,β(1)+(1− γ)E ′
α,β(1)

}
M (µ,1))

≤ (1− γ),
(2.7)

then Bµ
α,β ∈ K (ξ,ρ,γ) .

Proof. According to Lemma 1.2 it is sufficient to show that
∞

∑
k=2

k [(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]
Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

≤ 1− γ.

(2.8)

Writing k = (k−1)+1 and k2 = (k−1)(k−2)+3(k−1)+1, let

ϕ2(ξ,ρ,γ) =
∞

∑
k=2

k [(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]

× Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
∞

∑
k=2

k(k−1)Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

+(1−ρ)(1− γ− secξ)
∞

∑
k=2

kΓ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
[
E

′′

α,β(1)
] ∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

+(1−ρ)(1− γ− secξ)
[
E ′

α,β(1)−1
] ∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

=
{
[(1−ρ)secξ+ρ(1− γ)]E

′′

α,β(1)+(1− γ)
[
E ′

α,β(1)−1
]}

(M (µ,1)).

Thus, from the assumption (2.7) it follows that ϕ2(ξ,γ,ρ)≤ 1−γ, that is (2.8) holds,
therefore Bµ

α,β ∈ K (ξ,ρ,γ). □

3. IMAGE PROPERTIES OF Lµ
α,β OPERATOR

In this section, we study the effect of the Lµ
α,β operator on the function class

R τ
ν (δ). Making use of Lemma 1.3, we will focus on the influence of the Borel

distribution-type Mittag-Leffler function on the classes S(ξ,ρ,γ) and K (ξ,ρ,γ).
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Theorem 3.1. If

2|τ|(1−δ)

ν

[
[(1−ρ)secξ+ρ(1− γ)]

[
Eα,β(1)−1

]
+(1−ρ)(1− γ+ secξ)

×
∫ 1

0

(
Eα,β(t)

t
−1
)

dt

]
M (µ,1)< (1− γ), (3.1)

then Lµ
α,β( f ) ∈ S(ξ,ρ,γ).

Proof. According to Lemma 1.1, it is sufficient to show that

∞

∑
k=2

[(1−ρ)secξ(k−1)+(1−γ)(1+kρ−k)]× Γ(β)(µ(k−1))(k−2)e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
< 1−γ.

(3.2)
Let f ∈ R τ

ν (δ). Then by Lemma 1.3, we have

|ak|=
2|τ|(1−δ)

1+ν(k−1)
, k ∈ N\{1},

and 1+ν(k−1)≥ νk. Thus, we have

ϕ3(ξ,ρ,γ) =
2|τ|(1−δ)

ν

∞

∑
k=2

1
k
[(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]

× Γ(β)(µ(k−1))(k−2)e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+(1− γ)]
2|τ|(1−δ)

ν

∞

∑
k=2

Γ(β)(µ(k−1))(k−2)e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

+(1−ρ)(1− γsecξ)
2|τ|(1−δ)

ν

∞

∑
k=2

1
k

Γ(β)(µ(k−1))(k−2)e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
.

Using equation (2.1) and the above inequality, we get

ϕ3(ξ,ρ,γ) =
2|τ|(1−δ)

ν

[
[(1−ρ)secξ+ρ(1− γ)]

[
Eα,β(1)−1

]
+(1−ρ)(1− γ+ secξ)

∫ 1

0

(
Eα,β(t)

t
−1
)

dt

]
M (µ,1)< (1− γ). (3.3)

Thus, from the assumption (3.1), it follows that ϕ3(ξ,ρ,γ) < 1− γ, that is, in-
equality (3.2) holds. Therefore, Lµ

α,β( f ) ∈ S(ξ,ρ,γ). □
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Theorem 3.2. If{
[(1−ρ)secξ+ρ(1− γ)]E

′

α,β(1)+ [(1−ρ)(1− γ− secξ)]Eα,β(1)
}

2|τ|(1−δ)

ν
(M (µ,1))≤ (1− γ),

(3.4)

then Lµ
α,β( f ) ∈ K (ξ,ρ,γ) .

Proof. According to Lemma 1.2 it is sufficient to show that
∞

∑
k=2

k [(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]

×Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
≤ 1− γ.

(3.5)

Let f ∈ R τ
ν (δ) then by Lemma 1.3, we have

|ak|=
2|τ|(1−δ)

1+ν(k−1)
, k ∈ N\{1},

and 1+ν(k−1)≥ νk. Thus, we have

ϕ2(ξ,ρ,γ) =
2|τ|(1−δ)

ν

∞

∑
k=2

[(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]

× Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
2|τ|(1−δ)

ν

∞

∑
k=2

kΓ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

+(1−ρ)(1− γ− secξ)
2|τ|(1−δ)

ν

∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
[
E

′

α,β(1)−1
] 2|τ|(1−δ)

ν

∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

+(1−ρ)(1− γ− secξ)
[
Eα,β(1)−1

] 2|τ|(1−δ)

ν

∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

=
{
[(1−ρ)secξ+ρ(1− γ)]E

′

α,β(1)+ [(1−ρ)(1− γ− secξ)]Eα,β(1)− (1− γ)
}

× 2|τ|(1−δ)

ν
M (µ,1).

Thus, from the assumption (3.4) it follows that ϕ3(ξ,γ,ρ)≤ 1−γ, that is (3.5) holds,
therefore Lµ

α,β( f ) ∈ K (ξ,ρ,γ). □
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4. INTEGRAL OPERATOR

Here we introduce, an integral operator Φ
µ
α,β as follows:

Φ
µ
α,β(z) =

∫ z

0

Bµ
α,β(t)

t
dt, (4.1)

where Bµ
α,β(t) is defined by (1.8) and we get a necessary and sufficient condition for

belonging to the class S (ξ,ρ,γ) and K (ξ,ρ,γ).

Theorem 4.1. If the function Φ
µ
α,β is given by (4.1) and{

[(1−ρ)secξ+ρ(1− γ)]E
′

α,β +[(1−ρ)(1− γ− secξ)]Eα,β(1)
}

(M (µ,1))≤ 2(1− γ),
(4.2)

then Φ
µ
α,β ∈ K (ξ,ρ,γ) .

Proof. Since

Φ
µ
α,β(z) = z+

∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!
zk

k
,

according to Lemma 1.1 it is sufficient to show that
∞

∑
k=2

[(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]
Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

≤ 1− γ.

(4.3)

Let

ϕ4(ξ,ρ,γ) =
∞

∑
k=2

[(1−ρ)secξ(k−1)+(1− γ)(1+ kρ− k)]

× Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
∞

∑
k=2

kΓ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

+(1−ρ)(1− γ− secξ)
∞

∑
k=2

Γ(β)(µ(k−1))k−2 e−µ(k−1)

Γ(α(k−1)+β)(k−1)!

= [(1−ρ)secξ+ρ(1− γ)]
[
E

′

α,β(1)−1
] ∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

+(1−ρ)(1− γ− secξ)
[
Eα,β(1)−1

] ∞

∑
k=2

(µ(k−1))k−2 e−µ(k−1)

(k−1)!

=
{
[(1−ρ)secξ+ρ(1− γ)]E

′

α,β(1)+ [(1−ρ)(1− γ− secξ)]Eα,β(1)
}

(M (µ,1))− (1− γ).
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Thus, from the assumption (4.2) it follows that ϕ4(ξ,γ,ρ)≤ 1−γ, that is (4.3) holds,
therefore Φ

µ
α,β(z) ∈ K (ξ,ρ,γ). □

Theorem 4.2. Let the function Φ
µ
α,β be given by (4.2). If[

[(1−ρ)secξ+ρ(1− γ)]
[
Eα,β(1)−1

]
+(1−ρ)(1− γ+ secξ)

×
∫ 1

0

(
Eα,β(t)

t
−1
)

dt

]
M (µ,1)< (1− γ), (4.4)

then Φ
µ
α,β ∈ S(ξ,ρ,γ).

Proof. The enduring part of the proof of Theorem 4.2 is parallel to that of Theorem
4.1, and so we omit the details. □

5. APPLICATIONS TO THE ERROR FUNCTION

In this section, we establish the relationship between the Borel distribution-type
Mittag Leffler function and the error function. For the special case α=1/2 and β=1,
we can derive certain results based on the error function. Thus, a simple computation
shows that if

Ψ(z) = E 1
2 ,1
(z) =

∞

∑
k=1

zk

Γ( k+1
2 )

,

then

Ψ(1) =
∞

∑
k=1

1
Γ( k+1

2 )
, Ψ

′(1) =
∞

∑
k=1

k
Γ( k+1

2 )
, Ψ

′′(1) =
∞

∑
k=2

k(k−1)
Γ( k+1

2 )

P := L
1
2

1 (z) = f (z)∗Ψ(z) = z+
∞

∑
k=2

akzk

Γ( k+1
2 )

.

Also

I := Φ
1
2
1 (z) =

∫ z

0

Ψ(t)
t

dt = z+
∞

∑
k=2

zk

kΓ( k+1
2 )

. (5.1)

Using the above relations, from Theorem 2.1 and Theorem 2.2 we get,

Remark 5.1. If{
[(1−ρ)secξ+ρ(1− γ)]

∞

∑
k=1

k
Γ( k+1

2 )
+ [(1−ρ)(1− γ− secξ)]

∞

∑
k=1

1
Γ( k+1

2 )

}
×(M (µ,1))≤ 2(1− γ), (5.2)

then Ψ ∈ S(ξ,ρ,γ).
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Remark 5.2. If{
[(1−ρ)secξ+ρ(1− γ)]

∞

∑
k=1

k(k−1)
Γ( k+1

2 )
+ [(1−ρ)(1− γ− secξ)]

∞

∑
k=1

k
Γ( k+1

2 )

}
× (M (µ,1))≤ 2(1− γ), (5.3)

then Ψ ∈ K (ξ,ρ,γ).

Similarly, using Theorem 3.2 leads to the next remark.

Remark 5.3. If{
[(1−ρ)secξ+ρ(1− γ)]

∞

∑
k=1

k
Γ( k+1

2 )
+ [(1−ρ)(1− γ− secξ)]

∞

∑
k=1

1
Γ( k+1

2 )

}

×2|τ|(1−δ)

ν
(M (µ,1))≤ (1− γ), (5.4)

then Ψ ∈ S(ξ,ρ,γ).

Finally, from Theorem 4.1, we have the following remark.

Remark 5.4. If{
[(1−ρ)secξ+ρ1− γ]

∞

∑
k=1

k
Γ( k+1

2 )
+ [(1−ρ)(1− γ− secξ)]

∞

∑
k=1

1
Γ( k+1

2 )

}
×(M (µ,1))≤ 2(1− γ), (5.5)

then Ψ ∈ K (ξ,ρ,γ) where I is defined by(5.1).

6. CONCLUSION

Throughout the paper, we defined new subclasses of spiral-like functions S(ξ,ρ,γ)
and K (ξ,ρ,γ) involving the Borel distribution-type Mittag-Leffler function in the
open unit disk. We obtained the sufficient condition, inclusion result, image prop-
erty, and geometric properties of integral operators for these classes. We also dis-
cussed the connection between the Borel distribution-type Mittag-Leffler function
and the error function.
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