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SURVEY ON THE KAKUTANI PROBLEM IN P-ADIC ANALYSIS |

ALAIN ESCASSUT

ABSTRACT. Let IK be a complete ultrametric algebraically closed fiaidl let
Abe the Banach IK-algebra of bounded analytic functionsérftipen” unit disk
D of K provided with the Gauss norm. L&tult(A, || . ||) be the set of continu-
ous multiplicative semi-norms & provided with the topology of pointwise con-
vergence, leMultm(A, || . ||) be the subset of thee Mult(A, || . ||) whose kernel
is a maximal ideal and lé¥lult; (A, || . ||) be the subset of thee Mult(A,|| . ||)
whose kernel is a maximal ideal of the fofm— a)A with a € D. By analogy
with the Archimedean context, one usually callsametric Corona problem, or
ultrametric Kakutani problenthe question whetheviult; (A, || . ||) is dense in
Multm(A, || . ||)- In order to recall the study of this problem that was made in
several successive steps, here we first recall how to clesizethe various con-
tinuous multiplicative semi-norms @, with particularly the nice construction
of certain multiplicative semi-norms @& whose kernell is neither a null ideal
nor a maximal ideal, due to J. Araujo. Here we prove that nijaltbvity implies
density. The problem of multbijectivity will be describeda further paper.
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1. INTRODUCTION AND RESULTS

Let T = H*(B) be the unital Banach algebra of bounded analytic functions o
the open unit diskB in the complex plane. Each e B defines a multiplicative
linear functional@, on T by "point evaluation” i.e.@,(f) = f(a). If a function f
lies in the kernel of all the, then clearlyf = 0. This tells us that the set of all the
@, is dense in the sé&i(T) of all non-zero multiplicative linear functionals @nin
the hull-kernel topology which is lifted from the kernelstbg functionals, which
are the maximal ideals of (each maximal ideal, being of codimension 1, is the
kernel of a multiplicative linear functional).
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The Corona Conjecture of Kakutani was that one also hastgiemih respect to
the weaktopology (or Gelfand topology) which is the topology of pwitse con-
vergence o, defined on the spacg(T). This was famously proved by Carleson
in 1962 [4]. The key fact is that ify, ..., f, belong toT and if there existsl > 0
such that, for alb € B we have

1£2(2)] + oo+ | Fa(2)| > d

then the ideal generated by the...., f, is the whole ofT . People often transfer the
name "Corona Statement” to this key fact. Indeed, this Cai®tatement implies
that the Corona Conjecture is true, thanks to the fact thahakimal ideals of a
C-Banach algebra are of codimension 1.

Now consider the situation in the non-archimedean context.

Notations. Let IK be an algebraically closed field complete with respecan
ultrametric absolute value. |. Givenac K andr > 0, we denote byl(a,r) the
disk{xe K | |x—al <r}, byd(a,r~) the disk{xe K | [x—a|] <r}, byC(a,r)
the circle{xe€ K | [x—a] =r} and seD =d(0,17).

Letac D. Givenr, s€]0,1] such that O<r < swe set (a,r,s) = {xe€ K |r <
IXx—a| < s}.

Let A be the IK-algebra of bounded power series convergin® iwhich is

complete with respect to the Gauss norm defined| %anx”H = sup|an| we
ne |

know that this norm actually is the norm of uniform convem_:;!mnD [5]

In [16] the Corona problem was considered in a similar waytas on the
field C [4]: the author asked the question whether the set afimal ideals of
A defined by the points dD (which are well known to be of the forrtx — a)A)
is densein the whole set of maximal ideals with respect to a so-cdl@difand
Topology”. In fact, as explained in [8], this makes no sensealbise the maximal
ideals which are not of the forrtx — a)A are of infinite codimension [8]. Con-
sequently, @&orona problemshould be defined in a different way, as explained
in [8]. Actually, one can't define a relevant topology on thaximal spectrum of a
Banach IK-algebra having maximal ideals of infinite codisien: the only spec-
trum we have to consider is Guennebaud’s spectrum of Canigwmultiplicative
semi-norms [13], which is at the basis of Berkovich theoily [2

However, in [16] a "Corona Statement” similar to that menéd above was
shown in our algebra and it is useful in the present paper as it was in [8]. Roughly,
the "Corona Statement” shows that each maximal ideal iglesideal of elements
of the algebrarl, vanishing along an ultrafilter, on the domdn Therefore, on
C, f(2) has a limit along the ultrafiter and the limit defines a chamaathich, by
definition, lies in the closure of the set of characters defimg points ofD. And
there are no other characters. On the field IK, although damirfiCorona State-
ment” remains true [16], we can’t manage the problem in tmeesavay because
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f(x) has no limit along an ultrafilter (the field is not locally coagp). But we may
consider continuous multiplicative semi-norms and thiix)| has a limit along
an ultrafilter, which defines again a continuous multiplieasemi-norm. The role
of ultrafilters then appears essential to define the mudiilte semi-norms oA.
But do we get all continuous multiplicative semi-norms whkernel is a maximal
ideal, in that way? That is the problem (easily solved whexfidld is strongly val-
ued [9] and next, solved when IK is spherically complete.[8lgre we will recall
that if A is multbijective, then each continuous multiplicative $&mrms whose
kernel is a maximal ideal lies in the closure of the set of iplidiative semi-norms
defined by points oD. The hard problem of multbijectivity will be examined in a
further article.

On the other hand, we will show that certain continuous rplidgtative semi-
norms have a kernel that is neither null nor a maximal idezlodin the method
due to J. Araujo, we call them Araujo’s semi-norms [1].

Recall classical results on analytic elements. Edte a closed bounded subset
of K. We denote byR(E) the algebra of rational functions having no polegn
and we denote bid (E) the Banach IK-algebra completion BfE) with respect
to the norm of uniform convergende ||g which is defined ofR(E) because every
rational function is bounded on such a Bet

Theorem I.1 summerizes a few classical properties of anaigments in a disk
d(a,R) [5].

Theorem I.1. Letac K andletr>0. Then I—(d(a r)) is the set of power series

Z an(x—a)" such that I|m |an|r =0. Let f(x Z an(x—a)" € H(d(a,R))
n=0
and let g be the biggest integer such thefird = maxqe N |an|r". Then the number

of zeros of f in da,r) is equal to q.
Given a maximal ideal of Ktl(a,R)), it is of the form(x—b)H (d(a,R)).

We have defined by the IK-algebra of power series = Zanx” such that
SURe N |an| < +o0. Then each element &f converges in the disR. Now, fixing

ac D, thenf is also equal to a power seri% an(x—a)" which also converges in
n=0
D. We denote by . || the norm of uniform convergence @n

Notations. Let Sbe a unital commutative normed algebra whose norm is denoted
by || . ||. We denote byMult(S|| . ||) the set of continuous multiplicative semi-
norms ofS. For eachipe Mult(S || . ||), we denote b¥er(¢g) the closed prime ideal

of the f € Ssuch thatp(f) = 0. The set of thepe Mult(S|| . ||) such thaKer(q)

is a maximal ideal is denoted Wulty (S || . ||), the set of thep e Mult(T,|| . ||)

such thaKer(¢) is a maximal ideal of codimension 1 is denoted\bylty (S || . ||)

[2], [13].
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First, we will characterize all continuous multiplicativerms onA. Next, re-
calling Araujo’s contruction, we will present continuousiitiplicative semi-norms
whose kernel is a prime closed ideal that is neither null naximal [1].

The ultrametric Corona problem may be viewed at two levels:

1) Is Multy(A,]| . ||) dense inMulty(A,|| . ||) (with respect to the topology of
pointwise convergence)?
2) IsMulty (A, . ||) dense inMult(A, || . ||) (with respect to the same topology )?

In a further article, we will try to solve Question 1). Actlyalthis way to set
the Corona problem on an ultrametric field is not really défd from the original
problem once considered on C because on a commutative Baitach C-algebra
S all continuous multiplicative semi-norms are known to lbéhe form|x| where
X is a character of. Thus the Corona problem was equivalent to show that the set
of multiplicative semi-norms defined by the points of theopésk of center 0 and
radius 1 was dense inside the whole set of continuous muaoéiple semi-norms,
with respect to the topology of pointwise convergence.

Let us recall some classical results on multiplicative searms in ultrametric
Banach algebras. L& be a commutative unital Banach IK-algebra. We know
that for everyM € Max(B), there exists at least omec Multy(B, || . ||) such that
Ker(g) = M but in certain cases, there exist infinitely mapy Multym(B, || . ||)
such thaKer(@) = M, [6], [7].

A maximal idealM of B is said to beunivalentif there is only one
@ € Multy(B, || . ||) such thatker(g) = M and the algebr8 is said to bemultbi-
jective if every maximal ideal is univalent. It was proven that noohiijective
commutative unital Banach IK-algebras with unity do ex&t [7]. The question
whtherA is multbijective here appears to be crucial.

Remark. Given a filterg, if for every f € A, |f(x)| admits a limitd ;(f) along

G, the function¢ ; obviously belongs tdAult(A, || . |[). Moreover, it clearly lies

in the closure oMult; (A, || . ||). Consequently, if we can prove that every element
of Multm(A, || . [) is of the form¢ g, with G a certain filter orD, Question 1) is
solved.

Thus it is important to know the nature of continuous muitigifive semi-norms
on A. Unfortunately, we can'’t give a complete characterization

In the proof of Theorems we shall need several basic resldésnma 1.2 is
immediate and Lemma 1.3 is well known [9]:

Lemmal.2. Lety, _ounbe aconverging series with positive terms. There exists
a sequence of strictly positive integegset IN satisfying

th <thr1,ne N,

Ilm tn — +0°,

n—-00

z tmUm < 00,
m=0
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Definition. An element & A will be said to be quasi-invertible if it factorizes in
A in the form Bx)g(x) where P is a polynomial whose zeros lie in D and g is an
invertible element of A.
Lemmal.3. Let f € Abe not quasi-invertible and I¢&,)n n be the sequence of
its zeros with respective multiplicity,gThen the serie§)_,qnl0g(|as|) converges
tolog(|f(0)[) —log || |-

Now, we have the following Theorem (Theorem 14.6 and Canplizt.10 in
[10]):

Theorem |.4. Given f= Z)anx € A, we havé| || = sup,c n |an|=sup{@(f) |pe

Mult(A,| . ||). The norm| f|| is multiplicative and every & A is uniformly contin-
uous in D. For every E£]0,1], f has finitely many zeros in(@,r~). Letac C(0O,r).
If f has no zero in da,r ) then|f(x)| = |f|(r) Yxed(a,r™).

Moreover, the three following statements are equivalent,

1) f has no zeroin D,

2) fis invertible in A,

3) 1]l = [aol-

4) |f(x)| is a constant in D.
Corollary 1.4.1. An element & A is quasi-invertible if and only if it has finitely
many zeros.

Lemmas 1.5, 1.6 are also classical and particularly, aremgin [5] and particu-
larly in Theorem 28.1 of [10].
Lemma I.5. Let f, g € A be such that every zero a of f is a zero of g of order
superior or equal to its order as a zero of f. Then there exXistsA such that
g= fh.
Lemmal.6. Let f € A. Then|f’|(r) < |f|( L yr < 1.

By classical results on analytic functlons we know this lean(for instance
Lemma 1.7 is Theorem 22.26 in [10]):
Lemmal.7. Letr, r” €]0,1[ and let fe A admit zeros @ ...aq of respective order
Ki, j=1,...,9inT(0,r',r") and no zero in 0,r’). Then

q I,//

£l = [ F(r! L
[FI(r) = |<r)ﬂ(|a,-|)

Lemma 1.8. Let f(x) = S _oanX" € H(C(O,r)) and assume that f has a unique
zeroa, of orderl, in C(O,r). Then|f’(a)| = | f'|(r).

Proof. By hypothesis f(x) is of the form(x— a)h(x) with h € H(C(0,r)), having
no zero inC(0,r). Then|f|(r) =r|h|(r). Moreover, sincé has no zero it©(0,r),
we havelh(a)| = |h|(r ) And by Lemma 1.6 f'|(r) < ‘”( ) Therefore, we have

[£(a)] < | £](r) < 9 = |h|(r) = |h(o)| = | F'(a )| and hence ' (a)]| = |£](r).
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Definitions and notation. We callcircular filter of center a and diameter R on D

the filter ¥ which admits as a generating system the family of Eétsr’,r”)ND

with a € d(a,R),r' <R < r” i.e. ¥ is the filter which admits for basis the family
q

of sets of the fornD N ("I (a,rf,r)) with aj € d(a,R),rf <R<r{" (1<i<
i=1
a,9¢e IN).

Recall that the field K is said to bepherically completdéf every decreasing
sequence of disks has a non-empty intersection. Each fieldas IK admits an
algebraically closed spherical completion (see Theoresaird 7.6 in [10].

In a field which is not spherically complete, one has to casidecreasing
sequences of disk®,) with an empty intersection. We calircular filter with no
center, of canonical basi®,,) the filter admitting for basis the sequen,) and
the numbeﬂrmliam(Dn) is calleddiameter of the filter

Finally the filter of neighborhoods of a poiate D is calledcircular filter of
the neighborhoods of a on Bnd its diameter is 0. Given a circular filtgr, its
diameter is denoted hyiam( ¥ ).

Givenac K andr > 0, we denote byp(a,r) the set of circular filters secant
with d(a,r) i.e. the circular filters of centdy € d(a,r) and radiuss € [0,r].

Here, we will denote byl the circular filter onD of center 0 and diameter 1
and by 9 the filter admitting for basis the family of sets of the fofm0,r,1) \
(Un=od(an,ry)) with a, € D, rp < |an| and limy e [a| = 1.

On IK[x], circular filters on K are known to characterize multiptiva semi-
norms by associating to each circular filtgr the multiplicative semi-norn®
defined a®+ () =lim ¢ | f(x)| [12], [13], [9], [11].

We know that everyf € Ais an analytic element in each didka,r) whenever
r €]0,1[ [5]. Consequently, by classical results [5], several pridgg of polynomi-
als have continuation to analytic elements ané.to

Definitions and notation. Letae D and letR €]0,1]. Givenr, s€ IR such that
0<r<sweset (ars)={xe K |r<|x—a <s}.

We callcircular filter of center a and diameter R ontbe filter # which admits
as a generating system the family of deta,r’,r”)ND witha e d(a,R),I' <R <
r”,i.e. F is the filter which admits for basis the family of sets of thenfio
DN (N (o, rf,rf)) with aj e d(a,R),rf <R<r{ (1<i<q, ge IN).

Recall that the field K is said to bepherically completéf every decreasing
sequence of disks has a non-empty intersection. Each fieldau IK admits an
algebraically closed spherical completion.

In a field which is not spherically complete, one has to casidecreasing
sequences of disk®,) with an empty intersection. We calircular filter with no
center, of canonical basi®,,) the filter admitting for basis the sequen,) and
the numbern_liorldian(Dn) is calleddiameter of the filter
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Finally the filter of neighborhoods of a poiate D is calledcircular filter of
the neighborhoods of a on Bnd its diameter is 0. Given a circular filtgr, its
diameter is denoted hyiam( 7).

Givenac K andr > 0, we denote byb(a,r) the set of circular filters secant
with d(a,r) i.e. the circular filters of centdy € d(a,r) and radiuss € [O,r].

On KIx|, circular filters on IK are known to characterize multiptivca semi-
norms by associating to each circular filtgr the multiplicative semi-normp ¢
defined a$h« () =lim ¢ | f(x)| [12], [5], [6].

We know that everyf € Ais an analytic element in each digka,r) whenever
r €]0,1[ [5]. Consequently, by classical results [5], several proge of polynomi-
als have continuation to analytic elements ané.to

Thus, by results on analytic elements, we have Theorem ],%fl Theorem
13.1in[10]:

Theorem 1.9. Let ac K and Re]0,1[ and let re [0,R]. For each circular filter
F € ®d(a,r), for each element f of ktl(a,r)) (resp. fe H(d(a,r))), | f(x)| has a
limit ¢ar(f) =4 (f) along F. Moreover, the mapping + defined on Hd(a,R))
(resp. on Hd(a,r))) is a multiplicative semi-norm continuous with respectie t
normi| . |lgar)) (resp.| . [lgar-)) and is a norm if and only if > 0.

Next, if be d(a,r) (resp. fed(ar)), thenda,(f) = ¢p,(f). Further, the
mapping associating to each circular filtef € ®(a,r) secant with da,R) the
continuous multiplicative semi-nortny is a bijection fromd(a,r) onto
Mult(H(d(ar)). [l - [laar))-

Now, we will denote by the circular filter onD of center 0 and diameter 1
and by? the filter admitting for basis the family of sets of the fofm0,r,1) \
(Un=od(an,ryy)) with a, € D, rp < |an| and limy e [a| = 1.

Next, ¢, defines the Gauss norm on [¥because, given a polynomi(x) =
z?zoajxj, we have¢,,(P) = (r)ryjag]aj\. Therefore¢,, admits a natural contin-

uation toA as|| 31 anX"|| = supe i |an|. However, by [6] we know that this
continuation is far from unique.

So, the problem is first to determine whether a multipli@$emi-norms de-
fined on KX by circular filters onD, other than the Gauss norm, have a unique
continuation taA.

Consequently, given a circular filtéf on D of diameter< 1, according to The-
orem 1.9, for everyf € A, |f(x)| has a limit alongF denoted byp 4 (f) and then
¢ # is a continuous multiplicative semi-norm @én In particular, givera € D and
r €]0,1], if we consider the circular filtef of centera and diameter, we denote
by ¢, the multiplicative semi-nornp+ which actually is defined bya,(f) =

| Iin|1 |f(x)| and is a norm whenevetiam(# ) > 0. For convenience, it is the
X—a|—r

circular filter of center 0 and diameterwe set| f|(r) = ¢+ ().
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Definitions and notations. Let E be a subset of K. IE is bounded, of diameter
r, we denote biE the diskd(a,r), acE.

For eacha € E, we denote by, the mapping fronE to IR, defined ad,(x) =
x—a/.
| A s|ubse1E of K is said to beinfraconnectedf for every a € E, the closure in

IR of I,(E) is an interval.

By classical results ([5], Lemma 2.1) we have the followirgctiption:
Lemma |.10. Let E be a closed bounded subsetli§f of diameter R. Theﬁ\ E
admits a unique partition by a family of maximal digkibj,r;")) ;e
Definitions and notations. Let E be a closed bounded subset of IK and let
(d(bj,r;))jer be the partition oE \ E shown in Lemma 1.10. The disks
d(bj,r;)), i €1 are calledthe holes of E

We can now recall the famous Mittag-Leffler Theorem for ahelglements due
to Marc Krasner [14] and [5], Theorem 15.1.:

Theorem 1.11. (M. Krasner) Let E be a closed and bounded infraconnected
subset ofK and let fe H(E) . There exists a unique sequence of h¢#e$,c -

of E and a unique sequen¢é,)nein in H(E) such that § € H(E), fn € Ho( IK '\
Tnh) (n>0), r!mn fn = 0 satisfying

@ f= Zan and| f|l, = sup || fall¢-
n— neiN

Moreover for every holepl= d(an,r, ) , we have

(@) [fnlle = Ifall wir, = Panra(fn) < dapr (F) < [IF]le-
Ifﬁ:d(a,r) we have

@) [Ifolle = [Ifoll. = dar(fo) < dar(f) < [If]e.

Let F= E\ (U Tn>. Then f belongs to ) and its decomposition in HF)
n=1

is given again by(1) and then f satisfiegf|. = || f||..

Let us recall the following results [7], [13]:
Theorem 1.12. Let B be a unital commutative ultrametric Banadk-algebra.
Thensup{@(f) | @€ Mult(B,| . |)} = IimrHoo(Hf”H)% Vf € B. On the other
hand, Mul{B, || . ||) is provided with the topology of pointwise convergence and i
compact for this topology.

Let us now recall some general results on maximal idealsTig6érems 15.6
and 27.3):
Theorem 1.13. Let B be a unital cnmutative BanadK -algebra. Each maximal
ideal of B is the kernel of at least one continuous multigh@semi-norm. IfIK
has a non-countable residue class field or a non-countabligevgroup then each
maximal ideal of B is the kernel of a unique continuous miidtgive semi-norm.
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Corollary 1.13.1. If IK has a non-countable residue class field or a non-countable
value group then every unital commutative Band€halgebra is multbijective.

Definition. The field K is said to be strongly valued if one of the following two
sets are not countable:

1) the residue field ofK,

2) the set IK| = {|x| [xe K}.

Remark. When the algebraically closed complete field is not strongliued,
there exist Banach IK-algebras which are not multbijeciBje[7].

2. MULTIPLICATIVE SPECTRUM AND MAXIMAL IDEALS

Let us first notice the following basic result which is indésigable in the sequel:

Theorem Il.1. Let ¥ be a filter on D such that for all £ A, |f(x)| have a limit
along #. Then the mapping defined on A ag(f) = lim ¢ | f(x)| belongs to the
closure of Mult(A, ]| . ||) in Mult(A, ]| . [|).

Proof. Let us first notice that given an elemepe Mult(A, || . ||) of the form¢ ¢
with ¥ a filter onD, then@ clearly belongs to the closure dult;(A, || . ||) in
Mult(A,| . ||). More precisely, takdi, ..., f; € Aande > 0. For eachj =1,...,q

therer exist8B; € # such thaq fi(X)] —du(f)) o= eVxeBj. LetB= ﬂ?lej.
Then||f;(x)| —¢u(f,-)( <evxeB, Vj=1,...,q, which ends the proof. [

We will now apply to the algebra all results already known concerning alge-
brasH (d(a,R)) andH (d(a,R™)).

Now, when studying the set of multiplicative semi-normstd tlgebrad, we
have to consider coroner ultrafilters.

Definitions and notations. An ultrafilter 77 on D will be calledcoroner ultrafilter
if it is thinner than7/. Similarly, a sequencéa,) on D will be calleda coroner
sequenct its filter is a coroner filter, i.e. if i, 1 |an| = 1.

Two coroner ultrafilters?, G are said to becontiguousif for every subsets
F € #, G e G of D the distance fronk to G is null.

Lety € Mult(A,]| . ||) be different from| . ||. Theny will be said to becoroner
if its restriction to IK[X] is equal to|| . ||.
In [8] regular ultrafilters were defined. Lé&dn)ne v be a coroner sequenceln
The sequence is calledregular sequencef jién:N I_L lan—a;| > 0.
ne

An ultrafilter U is said to beregular if it is thir?ner than a regular sequence.
Thus, by definition, a regular ultrafilter is a coroner ulltafi

Now, given an ultrafiltert on D, the function|f(x)| from D to [0, || f||] has a
limit ¢¢;(f) which clearly defines an elementMfult(A, || . ||). We can then derive
Theorem 11.2.
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Given a filter ¥ on D, we will denote by7 (¥ ) the ideal of thef € A such that
limg¢ f(x) =0.
Theorem I1.2. Let U be an ultrafilter on D. For every & A, |f(x)| admits a limit
¢ ¢(f) alongU. Moreover, the mappingi¢; from Ato IR, belongs to MultA, || . |)
and Ker(¢ ;) = 7(U). Given two contiguous ultrafiltersly, U on D,d ¢, = dq,.
Proof. Let 8 be the function defined iD, by 8(x) = |f(x)|. For eachf € A, 8
takes values in the compaf, || f||]. Clearly, ® admits a limitp, along every
ultrafilter 71 on D. Consequentlyp ¢, defines a continuous multiplicative semi-
norm onA whose kernel isf(U). Finally, since every functiorf € A is uni-
formly continuous, it is easily seen that li| f (x)| = lim¢, | f(X)| Vf € A, hence
(I)qll(f):q)ﬂz(f)Vf cA henca)rul:(l)tuz. O
Remark. Contrary to the context of uniformly continuous boundedctions [11],
it seems very hard to know whether two ultrafiltets and 7 on D such that
¢« = ¢ are contiguous.

Notation. We will denote by9” the filter onD admitting for basis the family of
sets of the form

o On

d(0,17)\ J(UJd(@nj.ra))

n=1 j=1
with |ajn| =rh <rpp1 <1Vne INand limr, =1.
n—o

Proposition I1.3.  For every fe A, ||f|| = Ii;n |f(X)].

Proof. Let f € A, let (C(O,rm))ne n be the sequence of circles of center O con-
taining zeros off and for everyn € IN, and leta, 1, ...,anq, be the zeros of in

©  On
C(0,ry). Then we can see thatt(x)| = | f|(|x|) ¥x ¢ d(0,27)\ [ J (| d(an.rm)).
n=1 j=1
Next, by definition of the nornj . ||, we have||f|| = Iiml|f|(r), which ends the
r—
proof. O

Proposition I1.4. Let@ e Mult(A, || . ||) satisfy@(P) = ||P|| VP € K[x]. Every

quasi-invertible element ¢ A also satisfieg(f) = || f|.

Proof. First supposef € A invertible inA. Then 1= ¢(f)@(f~1). But¢(f) <

I f]l, @ f~1) <|f~1|, hence both inequalities must be equalities. Now,flet

Pg e Abe quasi-invertible, witlP € IK[x] a polynomial having all zeros ib and

g € A invertible inA. Theng(f) = @(P)o(g) = ||P||lgll = IPdl| = || f]|. O
Let us now look at the maximal spectrumAaf

Theorem I1.5. LetM be anideal of A. Thef/ is a maximal ideal of codimension

1if and only if it is of the form(x— a)A with a< D.

Proof. Givenaec D, the idealx—a)Ais obviously a maximal ideal of codimension
1 because the mapping, from A to IK defined as(a(f) = f(a) mapsA onto K.
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Now, let M be a maximal ideal of codimension 1 and &be the IK-algebra
homorphism fromA onto K admitting?M for kernel. Leta= 6(x). Since®(x—

. . . . 1
a) = 6(x) —a is not invertible, we haveéa] < 1 because ifal > 1, thennl

belongs tdH (D) and hence té\. Thus,abelongs td. We know that all characters
of a Banach IK-algebra are continuous (see for instance rehe®.19 in [7]),
hence so i®. Consequentlyp(f) = f(a) Vf € Aand henc&er(8) = (x—a)A. O

Notation. We will denote byMult; (A, ]| . ||) the set of maximal ideals of codimen-
sion 1.

Remark. A admits maximal ideals of infinite codimension.

Theorem II1.6. Let M be a maximal ideal of A. The following statements are-equ
valent:

(i) there existsa € D such thaM = (x— a))A,
(i) M is principal,
(i) M is of finite type,
(iv) M is of codimension 1.
(v) M contains a quasi-invertible element.

Proof. Supposdi) is satisfied. Then so ai@) and(iii) and by Theorem 1.4, so
is (iv). Moreover, byi), x— a belongs toA, hence(v) is satisfied. Suppose now
that (v) is satisfied and leP(x)g(x) € M be quasi-invertible, withP a polynomial

whose zeros lie ilD andg an invertible element oA. ThenP belongs toM. Let
q
P(x) = I_L(x— a;). SinceM is prime, one of thex— a; belongs tdD and hencei)

is satisfied, which ends the proof. 0

Corollary 11.6.1. An element of Mult(A,|| . ||) belongs to Muk(A, || . ||) if and
only if there exist®t € D such thatp(f) = |f(a)],Vf € A.

Notation. Given an ideall of A we will denote byg; the filter generated by the
setsE(f,g), f €1,e> 0. By definition, G; is minimal, with respect to the relation
of thinness, among the filterd such that lim, f(x) =0Vf €.

Theorem 11.7. Let M be a non-principal maximal ideal of A. ThenM7(Gw).

Proof. By definition, we havéVl C 7(Gw). On the other handj(Gu) # Abecause
by Theorem 11.5 all elements of(Gwv) are non-quasi-invertible. Consequently,

M=79(Gwm). O
Corollary 11.7.1: Let M be a non-principal maximal ideal of A. For every ultrafil
ter U thinner thanGy, 7(U) = M.

Corollary 11.7.2.  For every maximal ideal M of A, there exist ultrafiltets such
that M= 7(U).

Proof. Indeed, eitheM is principal, of the form(x—a)A or M is not principal and
then the answer comes from Corollary 11.7.1. O
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Definition. A maximal ideal® of A will be said to becoroner(resp. regular) if
there exists a coroner (resp. regular) ultrafitésuch thatM = 7(U).

Notation. Let # be the IK-algebra of (bounded or not) analytic function®in
Theorem 11.8 also is classical ( [10], Theorem 22.26):

Theorem 11.8. Let f € A and let r,r, €]0,1] satisfy g < r,. If f admits exactly
q zeros in dO,r1) (taking multiplicity into account) and t different zeros, of
respective multiplicity order (1 < j <t)in(0,ry,ro), then f satisfies

1l(2) /b T2y f
|f|(rf)=(ﬂ(|a—2,.|> )G

Corollary 11.8.1. Let f(x ;anx € # have a set of zeros in D that consists of

a sequenceédn)ne N such thatan #0Vn e IN and where eaclx,, is of order .
Then|f|p=|f(0 ||'L

Corollary 11.8.2. Let fe A be not quasi-invertible, such tha{d) = 1 and let
(an)ne v be the sequence of zeros with respective multipligityTden the series

1
log [ — ) converges tdog|| f||.
3 aalog ;) converges tbog| |

By Theorem II.6, 1.7, and 11.8 we can derive Theorem I1.9:

Theorem 11.9. A maximal ideal of A is of infinite codimension if and only isit
coroner.

Proof. Let M be a maximal ideal of\. By Corollary 11.7.2,M is of the formJ (1)
with 71 an ultrafilter orD. If U is coroner, theM is not of the form(x—a)A a€ D,
and by Theorem 11.6 it contains no quasi-invertible elemamd it is of infinite
codimension. Iftl is not coroner, either it is a Cauchy filter of lindte D or it is
thinner than a circular filter oB of centera € D and diameter €]0,1[. If Uis a
Cauchy filter,M is the ideal of functiond such thatf(a) = 0, then by Theorem
I1.6., M is of codimension 1.

Suppose now that If7 is not a Cauchy filter. Since it is not coroner, it is se-
cant with a diskd(a,r) ¢ D and hence it is thinner than a circular filtgr of
centerb € d(a,r) and diametes €]0,r] so that limy | f(x)| =0V f € M. But since
the functionf € A'is an element H(d(a,r)), by Theorem 1.9 it cannot satisfy
lim# | f(x)| = 0, a contradiction. O
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3. ARAUJO SEMFNORMS

Theorem Ill.1. If Ais multbijective, then MUltA, || . ||) is dense in Mulk(A, || . ||).

Proof. By Theorem 1.2, each ultrafiltet/ on D defines an elemergt; of

Mult(A, || . ||). Conversely, by Corollary 11.7.2, every maximal ide# is of the
form J(U) with U an ultrafilter onD. Suppose now thak is multbijective and
let @ € Multym(A,]| . ||). ThenKer(g) is a maximal ideatM of the form 7(U)
with U an ultrafilter onD. ConsequentlyKer(¢¢,) = M = Ker(@). But sinceA
is multbijective, thenp= ¢ ;. And then, by Theorem II.19 ; does belong to the
closure ofMulty (A, || . ||) in Mult(A,]| . ||), which ends the proof. O

On the other hand, consequently to Theorem 11.8, we can Stegerem lll.:

Theorem l11.2. Letr, s, R€]0,+] satisfy0 <r < s< R and let fe H((0,R)).
Then

0g(11[(5) (1)) < (foa(111(R) ~10(11(5)) (foa ey — o)
Proof. Letqbe the total number of zeros 6fin d(0, s), each counted with its mul-
tiplicity. Then by Theorem 1.8 we have logf |)(s)) —log(| f|)(r)) < g(Jog(s) —
log(r)). On the other hand, Idgf|(R)) —log(|f|(s)) > q(log(R) —log(s)). Con-

sequently,
log(|f|(R)) —log(| f[(s)

~ log(R) —log(s)
which ends the proof. O
Theorem I11.3. Letge Mult(A, || . ||) and assume that its restrictiapy to H(D)
is not|| . ||. Theng(f) =lim« |f(x)| VI €A.
Proof. By hypothesis,F is a circular filter of diameter < 1. Suppose first that
f is invertible. Thenf(x)| is a constanb > 0. Consequently||f|| =b= ¢+ (f).

Supposep(f) # b. Theng(f) < b becausé = | f||. Now consideth = % Since

I . || is multiplicative, we see thap(h) > ||h||, a contradiction. Consequently,
o(f) =0 (f).

Suppose now is quasi-invertible. Therf is of the formPgwith P € IK[x] and
ginvertible inA. Then,@(f) = @P)@(9) = ¢ #(P)d#(g) = d# ().

We now suppose thdt is not quasi-invertible. By Corollary 1.4.1f, has a se-
quence of zero$a,)ne v in D, each having a multiplicity ordax,. By Corollary
11.8.1, we hav%_JLrpo lan| = 1, sowe can assunj@,| < |an+1| Vn€ IN. Lett =¢(f)

ands= lim¢ | f(x)|. We shall show that <'s.
Suppose first thaff has a diskd(a,r) which contains none of the,. By

Un
Corollary 11.8.1 we hav% =M., (|an - a|> , hence inside the disk(a, r),

Un
|f(x)| is a constant equal 1f || [ (\an — a]) and therefore,
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5= uf||n|j(|an—a|)“”. )

f
Foreachge IN, let fy= —g———— and letlg = S_, ux. So, clearly,
T Mazo(Xx—an)% 4= 20
[ fall = If]l Vg€ IN.

Now, since(P) = ¢ 4 (P) VP € K[x], we have

®Mn-1(X—an)") = -1 |an —a*", henceg(fy) = —g—————. But since

. ﬂn:l‘aﬂ_a‘ "
@(fq) < | fqll, that yields

t

—r 0 < lfdl = [fl vae IN

Mh-1/an—atn ‘
hence t

|f|| Vge IN

q Up < |
Hn:l |aﬂ - a|
Since this is true for everg € IN, we can derive

tf'l(\an—'l am) <1l

hence by (1)@ < || f]] and therefore: < s.

Now consider the case when there exists no digkr) belonging to¥, such
that none of thex, lie in d(a,r). Since lim|a,| = 1, ¥ is a filter admitting a center
n—oo

a. Letp be its diameter: of course < 1 because) 5 is not|| . ||. Consequently,
d(a, p) contains finitely many zeros dfay, ..., as (eventually, ifp = 0, thend(a, p)
is reduced to the singeltofu} ).

Suppose firsp = 0. Thenp 4+ (f) = 0 and@(x— a) = O therefores=t.

Suppose nowp > 0. Supposea; — a| < p wheneverj =1,...,q. We can choose

S
a#ajvj=1,..,9 Seth=————. Thend¢s(h)= —g———
J . H?:l(X—aj)u‘ H?:1|aj —alt

@(h) = —g————=- Thus we are led to the same problem wiith Setting

M= laj—al

B s v t

i , = 50 e
Mj—1laj — o’ Mj=alaj —al"

and therefore we have proven again that

oh) <¢s(h)vheA. (2)

Suppose now that for somee A, we have@(f) < ¢ (f). We can take e
JI,1] such that the diskl(0,r) belongs to¥. Let f(x) =3y, 1bnx". For every
ge N, let g4(x) = zﬂ:lbnx”. We notice that whem is big enough we have

and

we havet’ < g hencet < sin all cases
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b (gq) = sup|by|r". Setw = sup|by|r". Now ¢ 7 (f —gq) < SUR,.q|bn|r", there-
ne IN ne IN

forquiT ¢4 (f —gq) = 0and hence, by (2), we have
oo
oJim o(f —gq) = (3)

So, we can take| such thatd s (f —gq) < ¢+ (f) and hence, by (2), we have
@(f —gq) < ¢+ (). But sincegy is a polynomial, we have(gy) = ¢ #(9q), hence

@(gq) > @(f). Consequentlyp(f —gq) = @®(gq) = W whenq is big nenough, a
contradiction to (3). O

By Theorem II1.3 we now have the following corollaries:

Corollary 111.3.1.  Let ¥ be a circular filter on D of diameter €]0,1[. Thend
has extension to a norm that belongs to MAlt| . ||).

Proof. Lets<]r, 1] and letd(a,s) be a disk that belongs t&. As an element of
H(d(a,s)), each element of Ais such thath » (f) = lim« |f(X)| and that defines
a multiplicative norm orA. O

Corollary 111.3.2.  Let@e Mult(A, || . ||) \ Multa(A, ]| . ||). If the restriction ofp
to H(D) is of the form¢ » with # a circular filter on D of diameter k)0, 1], then
@isanormonA.

Proof. Indeed, given a disk of diameters € [r, 1], which belongs tof, ¢+ is a
norm onH (L) which containsA. O

Corollary 111.3.3.  Let@e Mult(A, || . ||) \ Multa(A, ]| . ||). If @is not a norm on
A, its restriction to HD) is || . ||.

Proof. Indeed, if the restriction op to H (D) is of the form¢ + with F a circular
filter on D of diameter €]0, 1], then by Corollary I11.3.1pis a norm orA. d

The following Theorem III.4 is Theorem 22.33 in [10]:
Theorem lIl.4. Let f(x Z anX" € 4(KK) (resp. f(x z anxX" € 4(d(0,r7))).

All zeros of f are of order one and the set of zeros of f |s a SBIR(® ) )ne N SUCh
that |an| < |any1| if and only if the sequenc#—‘ is strictly increasing. More-

+1
over, if these properties are satisfied, then the sequermeras of f inlK (resp. in
d(0,r)) is a sequencén)ne N+ such thatnirpr |op| = 400 (resp.nﬂm lon| =)

and|ap| = ‘i

The following Theorem 1l11.5 is also given in [5] as Theorem25
Theorem I11.5. Let(a;)jcn be a sequence in(8,17) such thatd < |a,| < |an1]
for every ne IN and rI]gn lan| = 1. Let (0n)nen be a sequence itN* and let Be
]1,+oo][. There exists £ A(d(0,r~)) satisfying

) f(0) =
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= @n
i) || f < Bl'L|;|qj whenever re IN
=0 &;

iii) for each ne IN a, is a zero of f of order.z> qp.

Corollary 111.5.1. Let (aj)jen be a sequence in(@,r~) such that0 < |an| <
|an+1| for every ne IN, r!in lan| =r and let(qn)nen be a sequence iN* such that

= (lan[\9

— >0

nee)

Let B€]1,+oo[. There exists £ A satisfying

) f(0)=1

N AN AN

i || ]| <B — ) whenever re IN

) 11 < [L(\an\)

iii) for each ne IN, a, is a zero of f of orderz> gn.
Notation. Let (an)ne v @ Sequence iD such thata,| < |an;1] andn_ljr+n lan| =1

and let(gn)ne N be a sequence of integerg, (> 0). The family (a,,qn)ne N iS
calleda divisor of D. The definition applies to a divisor where g}| are null but
finitely many.

The family of divisors ofD is provided with a natural order: given two divisors
T = (an,0n)ne N @NAE = (an,Sn)ne N, We say thall <E if gy <s,Vne IN.

Let f € A and let(an,0n)ne v be the set of zeros of, each zera, being of
orderg,. We will denote by7 (f) this family (an, 0n)ne v @and the expressiof ( f)
is then calledivisor of f.

An interesting question was whether certain elemenkdwt (A, || . ||) may have
a kernel that is neither null nor a maximal ideal. The questvas solved by Jesus
Araujo thanks to this nice example [1].

In the proof of Theorem IlI.7, we will need the following Theon 111.6 that
comes from Theorems 28.14 and 29.6 in [10].

Theorem 11.6. Let E= (a,,0n)ne v be a divisor on D with g~ 0vVne IN and
lete > 0. There exists € A such thatZ (f) > E, f(0) =1and|f|(r) <|E|(r)(1+
€) Vr €]0,1]. Moreover, if IK is spherically complete, then there exists B such
that 7 (f) =E.

Corollary 111.6.1. Let KK be spherically complete. L&) cn be a coroner se-
quence such thgt)y_g|an| > 0. There exists £ # admitting each aas a zero of
order 1 and having no other zeros.

Corollary 111.6.2. Let f, ge Abe such tha (g) < 7(f). There exists k A such
that f = gh.

Theorem I11.7. (J. Araujo) Let h(x) = S_panX" and suppose that the sequence

(|;na”| |> N is strictly increasing, of limitl. Then h belongs to A. Moreover,
+1 ne
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|an|

|an 1] ’
no other zero in D.

Let A’ be an ultrafilter onIN and for every fe A, let@(f,n) = || f||g,r). Let
o () = Iiyr\cn(p(f,n).

Then¢, belongs to MultA, || . ||) and Ker¢,) is neither null nor a maximal
ideal of A. Moreover, Kdip,) does not depend ong|0,1].

However each so defined semi-nappbelongs to the closure of MuliA, || . ||)
in Mult(A, || . |])-

Proof. hbelongs toA because the sequen@) is bounded. Nexth has a unique
zeroap in each circleC(0,r,) and no other zero iD by Theorem II1.4.
Let M be the ideal of thef € A such that yl\iin”jf(an)\ =0. Of courseh be-

putting 1, = ne< IN, h admits a unique zero on each circlédr,) and has

longs to M and Ker(¢,) is strictly included in. Indeed, sinceh admits a
unique zero in the diskl(ap,r), it satisfies||h||qq,, ) = |h|(rn)rT” and therefore

Ii&n [0lld(anr)) = % which proves thah does not belong tier(¢; ).

On the other hand, we will prove th&ter(¢,) is not null. Let(q,)ne N+ bE @
sequence of positive integers satisfyigg< gnr1 VN € IN¥, nIirJr: On = + and
—> 400
—+o00
such that the serie{ qnlog(ri) converges: we can easily find the sequeftg
n=1 n

sincen Ii£n rh=1. _Now, consider the divisofan,gn)ne n Of D. By Theorem
——+00

1.6 there existyy € A admitting eaclu, as a zero of order, > ¢, and such that
l9|(rn) <|T|(rn)+1Vne IN*. Consequentlyg is bounded irD and hence belongs
to A. Next, for everyn € IN*, by Corollary 11.8.1 we have

19lla(anr) < Igl(rn)<rr_n)t“ < gl (rr_n)q

Since the sequende),)nc v+ tends to+o and the sequendey) is increasing, we
haverHIiLn 19lld(an,r) = O, Which proves thag belongs tcKer(¢r).

Let f € Ker(¢,) and lets€]0,1[. If s<r, itis obvious thatf belongs tKer(¢s).
Now supposes > r. Consider an elemett of A such that infc, || f||g(a,r) = O
We will prove that infic || f{|(q,.s) = O-

For eacm € IN*, by Theorem IIl.2, we have

log([[ f llaan.s)) =109l Flla(anr)) 1)

< (10901 laan) ~ 10801 lter9)) (o o)

Suppose that the sequer|tH|y(q,s) does not tend to 0.
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There exists a sequent@n)me N Of IN* such that| f[|qq, s > b, Yme IN
with b > 0. But then, we get to a contradiction with (1).

Consequently, iR || f{|q., s = 0 and thereforef belongs toKer(¢s), which
proves thaKer(¢s) = Ker(¢y).

Consider now a neighborhooH (¢y, f1, ..., fq,€) of ¢,, wherefy,..., f; € Aand
€ > 0, with respect to the topology of pointwise convergenes, i.

V(@r. f1,.... fg. )= {@e MUlt(A, |.])| |6+ (f;) —xf)| <€, j=1...q, g N*}.
By definition of that topology, there exists a sub&abf IN such that

0r (F5) — [l filld(ann) [0 <EVNEG,Vj=1,...,q. But now, in each disk(an,r), we
can take a clasd(bn,r~) where none of thd; admits a zero, and hence we have
[£i(Bn)| = [[fjlla(enr) Vi = 1,...,dand hencedp, (fj) — ¢ (fj)le <eVj=1,...q
Consequentlypy, belongs to?(¢y, f1,..., fg,€), which proves thad, lies in the
closure ofMulty (A, || . ||) and that finishes the proof of Theorem I11.7. O
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