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CHARACTERIZATION OF JORDAN VECTORS OF
OPERATOR-VALUED FUNCTIONS WITH APPLICATIONS IN

DIFFERENTIAL EQUATIONS

MUHAMED BOROGOVAC

Dedicated to Prof. Mehmed Nurkanović on the occasion of his 65th birthday

ABSTRACT. A well-known characterization of Jordan vectors of a matrix poly-
nomial L(z) is generalized to a characterization of Jordan vectors of the operator-
valued function Q(z) at an eigenvalue α∈C. The results are then applied to solve
a system of nonlinear ordinary differential equations.

1. INTRODUCTION

1.1. Let N, R, and C denote the sets of positive integers, real numbers, and
complex numbers, respectively. The extended complex plane is defined as C̄ :=
C∪{∞}. Let H denote a Hilbert space, and let L(H ) denote the Banach space of
bounded linear operators on H .

We assume that D(Q) ⊆ C is a domain, and that Q : D(Q)→ L(H ) is a holo-
morphic operator-valued function on D(Q), that is, the domain of Q and its domain
of holomorphy coincide. We have chosen this level of generality so that our main
result, Proposition 2.1, applies to important classes of operator-valued functions,
such as generalized Nevanlinna functions, which are meromorphic on C \R and
may have generalized poles as well as continuous and residual spectra on the real
axis; see [7]. We frequently focus on H =Cn, where Q is a matrix-valued function
and where we are able to concretely apply the abstract result of Proposition 2.1.

If an operator-valued function Q(z) is boundedly invertible at at least one point
of holomorphy w ∈ D(Q), then it is boundedly invertible on some domain in C and
is called a regular operator-valued function on that domain; see, e.g., [8, p. 327].
Evidently, a matrix-valued function holomorphic on some domain is regular if and
only if χ(z) := detQ(z) ̸≡ 0.
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Recall that an isolated singularity β ∈ C is called a pole of order m ∈ N of the
operator-valued function Q(z) if m is the minimal number such that the function
Q̃(z) := (z−β)mQ(z) is holomorphic at β. We frequently deal with rational matrix-
valued functions Q that are meromorphic on C̄, that is, they have only points of
holomorphy and poles in C̄.

1.2. In this subsection, we review the terminology and basic facts related to matrix
polynomials, since the concepts of eigenvalues, eigenvectors, and Jordan vectors
introduced for matrix polynomials, as well as Proposition 1.1 below, will be ex-
tended to more general classes of operator-valued functions in this paper.

Let A j, j = 0, 1, . . . , l, be a set of n×n constant complex matrices, where l ∈N,
and let

Al
dlu
dt l + . . .+A1

du
dt

+A0u = 0 (1.1)

be the corresponding linear system of differential equations, where

u(t) :=

 u1(t)
...

un(t)


is an n-dimensional unknown complex vector function. This system is called a
homogeneous linear system of ordinary differential equations (ODE) with constant
coefficients. One can seek a solution in the form

u(z) = ϕezt , ϕ :=

 ϕ1
...

ϕn

 ̸= 0, ϕi ∈ C, i = 1,2, . . . , n. (1.2)

After substituting (1.2) into (1.1), we obtain:

L(z)ϕezt = 0, (1.3)

where
L(z) := Alzl + . . .+A1z+A0.

A vector ϕ ̸= 0 is a solution of (1.3) for some z = α, or equivalently, a solution of
the algebraic system:

L(α)ϕ = 0, (1.4)
if and only if z = α is a solutions of the equation:

detL(z) = 0. (1.5)

The polynomial χ(z) := detL(z) is called the characteristic polynomial of the ma-
trix polynomial L(z). The zeros of the characteristic polynomial, i.e., solutions of
the equation (1.5) are called eigenvalues of L(z). Every solution ϕ ̸= 0 of (1.4) is
called an eigenvector corresponding to the eigenvalue α.
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The following proposition, see [5, Proposition 1.9], is very important in the
theory of ordinary linear differential equations.

Proposition 1.1. [2] The vector function

u(t) =
(

tk−1

(k−1)!
ϕ0 +

tk−2

(k−2)!
ϕ1 + . . .+ϕk−1

)
eαt , (1.6)

where k ∈ N and ϕ j ∈ Cn for j = 0, 1, . . . , k− 1, is a solution of equation (1.1) if
and only if the following equalities hold:

i

∑
p=0

1
p!

L(p) (α)ϕi−p = 0, i = 0, . . . , k−1, (1.7)

where L(p) (α) is the p-th derivative of the matrix polynomial L(z) at the eigenvalue
α of L(z).

The sequence of n-dimensional vectors ϕ0, ϕ1, . . . , ϕm−1, with ϕ0 ̸= 0 and m ≤
k, for which identities (1.7) hold, is called a Jordan chain of order (or length) m
for the matrix polynomial L(z) at the eigenvalue α ∈ C. The Jordan chain is said
to be maximal, of order k, if the system (1.7) with the additional equation for i = k
does not have a solution.

1.3. Evidently, rational matrix-valued functions, which are meromorphic on C̄, are
more general than matrix polynomials, as they may also have poles in C. Unlike
matrix polynomials, for which all eigenvalues (including their multiplicities) are
characterized as the solutions of the characteristic equation, the situation for a ra-
tional matrix-valued function Q(z) is more complex: in addition to zeros, there are
also poles of the characteristic function χ(z) := detQ(z), and the zeros and poles
of the characteristic function are not sufficient to characterize the zeros and poles
of the matrix-valued function Q itself or their multiplicities. For the purpose of
characterizing the zeros and poles of operator-valued functions, including matrix-
valued functions, the so-called root functions and pole cancellation functions are
used.

The following definition is consistent with those given in [1, 2, 4]. See also [6,
Definition 2.3].

Definition 1.1. Let Q : D(Q) → L(H ) be an operator-valued function holomor-
phic on D(Q). Suppose that the vector function ϕ(z) satisfies the following condi-
tions at some point α ∈ C:
(a) ϕ(α) ̸= 0;
(b) (Q(z)ϕ(z))(l) → 0 as z → α, for 0 ≤ l ≤ m−1, where l,m−1 ∈ N∪{0}.
Then ϕ(z) is called a root function of Q(z) of order at least m at the critical point
(or zero) α. If m is the maximal number for which condition (b) holds, then ϕ(z) is
said to be a root function of exact order (or exact partial multiplicity) m at α.
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The vector ϕ(α) is called an eigenvector corresponding to the eigenvalue α. If
ϕ(z) is a root function of maximal order k among all root functions with the same
eigenvector ϕ(α), then ϕ(z) is called a canonical root function associated with
ϕ(α).

The maximal order among all canonical root functions at α is called the order
of the zero at α.

If an operator-valued function Q(z) is boundedly invertible in some domain,
i.e., regular, then α is a pole of Q(z) if and only if α is a zero of Q−1(z) := Q(z)−1.
Thus, all the above definitions for a zero α of Q can be applied to a pole α of Q−1.

Our main goal is to find the necessary and sufficient conditions under which the
system (1.7) holds for the eigenvalues of a class of operator-valued functions Q
that are more general than matrix polynomials. In this general situation, we will
not be able to use solutions of any system of differential equations the way the
solutions (1.6) were used in Proposition 1.1. However, we will see that certain
rational matrix-valued functions are associated with specific systems of nonlinear
differential equations.

2. JORDAN VECTORS OF AN OPERATOR-VALUED FUNCTION Q(z)

Proposition 2.1. Let Q : D(Q)→ L(H ) be an operator-valued function holomor-
phic on D(Q), and let α ∈ D(Q) be a zero of Q(z) of order at least l ∈ N (hence,
α is not a singularity of Q).

A function ϕ(z), holomorphic at α, satisfying ϕ(α) ̸= 0, is a root function of
Q(z) at α of order at least l ∈ N if and only if it can be written in the form

ϕ(z) =
l−1

∑
s=0

1
s!
(z−α)s

ϕ
(s)(α)+(z−α)l−1O(z−α), (2.1)

where the derivatives

Q( j)(z), ϕ
( j)(z), ∀ j = 0,1, . . . , l −1, (2.2)

satisfy the conditions

j

∑
p=0

1
p!( j− p)!

Q(p)(α)ϕ( j−p)(α) = 0, j = 0, . . . , l −1. (2.3)

Here, O(z−α) is a function such that, for some M > 0, it satisfies

| O(z−α) |≤ M | z−α |, as z → α.

Proof. Assume that α ∈ D(Q) is a zero of Q(z) of order at least l ∈ N, and that
ϕ(z) is a root function of Q at α of order at least l. Then, in some neighborhood of
α, the derivatives (2.2) and the derivatives (Q(z)ϕ(z))( j), ∀ j = 0,1, . . . , l−1, exist.
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The Taylor expansion of the function ψ(z) := Q(z)ϕ(z) is

Q(z)ϕ(z) =
l−1

∑
j=0

(z−α) j

j!
(
Q(z)ϕ(z)

)( j)
|z=α

+
∞

∑
j=l

(z−α) j

j!
(
Q(z)ϕ(z)

)( j)
|z=α

=
l−1

∑
j=0

(z−α) j

j!
(
Q(z)ϕ(z)

)( j)
|z=α

+(z−α)l−1
∞

∑
j=1

(z−α) j

( j+ l −1)!
(
Q(z)ϕ(z)

)( j+l−1)
|z=α

.

When we introduce the function

O(z−α) :=
∞

∑
j=1

(z−α) j

( j+ l −1)!
(
Q(z)ϕ(z)

)( j+l−1)
|z=α

(2.4)

and develop the derivatives(
Q(z)ϕ(z)

)( j)
|z=α

=
j

∑
p=0

j!
p!( j− p)!

Q(p)(α)ϕ( j−p)(α)

we obtain

Q(z)ϕ(z) =
l−1

∑
j=0

(z−α) j

j!

j

∑
p=0

j!
p!( j− p)!

Q(p)(α)ϕ( j−p)(α)+(z−α)l−1O(z−α).

(2.5)
According to Definition 1.1 (b) it holds

Q(z)ϕ(z) = (z−α)l−1O(z−α).

This implies that the first sum in (2.5) is equal to zero. Since the functions (z−α) j,
j = 0, . . . , l −1, are linearly independent, the condition (2.3) is satisfied.

Conversely, assume that the condition (2.3) is satisfied, i.e.,
j

∑
p=0

j!
p!( j− p)!

Q(p)(α)ϕ( j−p)(α) = 0, j = 0, . . . , l −1. (2.6)

By substituting the Taylor expansions of Q(z) and ϕ(z) at α of degree l into the
function ψ(z) := Q(z)ϕ(z), and introducing the O(z−α) functions related to Q(z)
and ϕ(z) analogously to (2.4), we obtain

Q(z)ϕ(z) =( l−1

∑
p=0

(z−α)p

p!
Q(p)(α)+(z−α)l−1O(z−α)

)
×

×
( l−1

∑
s=0

(z−α)s

s!
ϕ
(s)(α)+(z−α)l−1O(z−α)

)
=

l−1

∑
j=0

1
j!
(z−α) j

j

∑
p=0

j!
p!( j− p)!

Q(p)(α)ϕ( j−p)(α)+(z−α)l−1O(z−α).
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The last equality follows by introducing the exponent j := p+ s of (z−α) and
grouping the products Q(p)(α)ϕ( j−p)(α) according to (z−α) j for j = 0, . . . , l −1,
while collecting all terms with j > l −1 into (z−α)l−1O(z−α).

Since condition (2.6) is satisfied, it follows that

Q(z)ϕ(z) = (z−α)l−1O(z−α).

This proves that the function ϕ(z) given by (2.1) is indeed a root function of Q at
α of order at least l. □

Definition 2.1. The vectors 0 ̸= ϕ j ∈ H that satisfy the conditions

j

∑
p=0

1
p!

Q(p)(α)ϕ j−p = 0, j = 0, . . . , l −1, (2.7)

are called generalized Jordan vectors of the operator-valued function Q(z) at α.
If l ∈N is the maximal number for which the system (2.7) has a solution, then the

vectors ϕs, s = j− p = 0, . . . , l −1, form the maximal Jordan chain corresponding
to the eigenvector ϕ0.

Remark 2.1. Assume that L(z) is a matrix polynomial. Then, evidently, conditions
(2.3) are satisfied by the Jordan vectors ϕ0, . . . ,ϕl−1 of L(z) at α, that satisfy condi-
tion (1.7). In other words, Proposition 2.1 is a generalization of Proposition 1.1,
extending the result from matrix polynomials to operator-valued functions includ-
ing matrix-valued functions.

In this case, the root function ϕ(z) of Q(z) at α is given by (2.1), with

ϕ
(s)(α) = s!ϕs, s = 0, . . . , l −1.

□

Remark 2.2. If A ∈ L(H ) and α ∈ C is an eigenvalue of A, then substituting
Q(z) = A − zI into condition (2.3) yields the well-known relations between the
Jordan vectors ϕs of the operator A:

(A−αI)ϕ0 = 0, ϕs−1 = (A−αI)ϕs, s = 1, . . . , l −1. (2.8)

If ϕ0, . . . ,ϕl−1 is a Jordan chain, not necessarily maximal, of the operator A ∈
L(H ) at the eigenvalue α ∈C, then a root function of the operator-valued function
Q(z) = A−αI of order l is given by

ϕ(z) = ϕ0 +(z−α)ϕ1 + ...+(z−α)l−1
ϕl−1.

Indeed,

Q(z)ϕ(z) = (A− zI)(ϕ0 +(z−α)ϕ1 + ...+(z−α)l−1
ϕl−1) =

= [(A−αI)+(α− z)I] (ϕ0 +(z−α)ϕ1 + ...+(z−α)l−1
ϕl−1) =

= (A−αI)(ϕ0 +(z−α)ϕ1 + ...+(z−α)l−1
ϕl−1)+
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+(α− z)(ϕ0 +(z−α)ϕ1 + ...+(z−α)l−1
ϕl−1) =−(z−α)l

ϕl−1.

The last equality follows after applying the relations (2.8) to the first sum and
subsequent cancellations with the corresponding members in the second sum.

Note that similar things are discussed in [6, Subsection 2.2.] for a matrix A. □

Unlike scalar functions and matrix polynomials, the rational matrix-valued func-
tions may have zeros and poles at the same point. In this case we cannot apply
equations (2.3) to find Jordan chains and the root functions at such points. In the
following example we exhibit a such function Q(z).

Example 2.1. Find a root function at the singularity α = 0 of the matrix-valued
function

Q(z) =

 z 2 −1
0 z−1 −2
0 0 3

z

 .

It is easy to verify that

ϕ1(z) =

1

z

0

 , ϕ2(z) =

1

0

z2

 , ϕ3(z) =

1

0

0

 ,

all linear combinations of those, and many other functions, are root functions of
Q(z) at α = 0. Hence, the singularity α = 0 is both a zero and a pole of Q. □

In the following example, we demonstrate how the equations (2.3) can be ap-
plied to find generalized Jordan vectors and the corresponding root functions of the
rational matrix-valued functions, i.e. that Proposition 2.1 is indeed an generaliza-
tion of Proposition 1.1.

Example 2.2. For the meromorphic matrix-valued function

Q(z) =


z−2
z−3

1
3−z 0

0 z−2
z−3

1
z−3

0 0 z+3
z−3

 ,

find the zeros α1 and α2, and the corresponding maximal root functions ϕ1(z) and
ϕ2(z).

Since, in this example, χ(z) and Q(z) have identical zeros and poles, including
their multiplicities, there are no common poles and zeros of Q. Therefore, the
zeros of Q are points of holomorphy. Hence, the conditions of Proposition 2.1 are
satisfied for zeros of Q. It follows that:

detQ(z) =
(z−2)2(z+3)

(z−3)3 = 0 ⇒
(
(α1 = 2,k1 = 2)∧ (α2 =−3,k2 = 1)

)
.
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Let us find the generalized Jordan vectors ϕ(z) at α1 = 2 of Q. Since α1 = 2 is a
zero of order k1 = 2, we will use the first two equations of the system (2.3) to find
the first two Jordan vectors:

Q(2)ϕ0 = 0,
Q′(2)ϕ0 +Q(2)ϕ1 = 0. (2.9)

We have

Q(2) =

0 1 0
0 0 −1
0 0 −5

 ,

Q′(z) =


−1

(z−3)2
1

(z−3)2 0
0 −1

(z−3)2
−1

(z−3)2

0 0 −6
(z−3)2

⇒ Q′(2) =

−1 1 0
0 −1 −1
0 0 −6

 .

The first equation of the system (2.9) gives0 1 0
0 0 −1
0 0 −5

ϕ0 =

0
0
0

⇒ ϕ0 =

1
0
0

 .

The second equation implies−1 1 0
0 −1 −1
0 0 −6

1
0
0

+

0 1 0
0 0 −1
0 0 −5

ϕ1 = 0. We select ϕ1 =

0
1
0

 .

It is straightforward to verify that the third equation of the system does not have
a solution consistent with the first two equations. Therefore, there are only two
generalized eigenvectors. The root function at α1 = 2 is

ϕ(z) =

1
0
0

+

0
1
0

(z−2).

It is easy to check that

Q(z)ϕ(z) =

 0
(z−2)2

z−3
0

 ,

which confirms that α1 = 2 is indeed a zero of Q(z) of order two.
Finding the second root function, which is a root function of order k2 = 1, is

easier. We need only the first equation of the system (2.3). This simple task is left
to the reader. □

In the following example, we will see that the first equation of (2.3), when Q(z)
is a rational matrix-valued function, can also be used to obtain a solution of a
certain nonlinear system of differential equations.
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Example 2.3. Solve the system of differential equations

2

u(2)1

+
1
u1

+
2

u(2)2

+
1

u(1)2

= 0,

−1

u(2)1

+
1

u(1)1

+
1

u(2)2

= 0.
(2.10)

We seek a solution of the form(
u1(t)
u2(t)

)
=

(
1

ϕ1
1

ϕ2

)
ezt . (2.11)

By substituting (2.11) into (2.10), we obtain 2
z2 +1 2

z2 +
1
z

−1
z2 + 1

z
1
z2

( ϕ1
ϕ2

)
e−zt =

(
0
0

)
. (2.12)

We have

Q(z) =

 2
z2 +1 2

z2 +
1
z

−1
z2 + 1

z
1
z2

 ∧ detQ(z) =
−z+4

z4 . (2.13)

We see that Q(z) has a zero of order k = 1 at α = 4. This means that the algebraic
system (2.3) reduces to its first equation. After multiplying by 42 to avoid fractions,
we have

Q(4)ϕ = 0 ⇒
(

18 6
3 1

)(
ϕ1
ϕ2

)
=

(
0
0

)
⇒ ϕ2 =−3ϕ1.

Hence, a solution (2.11) of the system (2.10) is given by(
u1(t)
u2(t)

)
=

(
1

ϕ1
1

−3ϕ1

)
e4t , ϕ1 ∈ C\{0}.

□
In the previous example, we showed how to associate a system of nonlinear

differential equations of the form (2.10) with the rational matrix-valued function
Q(z) by seeking a solution of the form (2.11). Then the solutions (2.11) exist if
and only if the vector ϕ is an eigenvector of the function Q(z), i.e., a solution of
the first equation of (2.3). In fact, the following proposition holds.

Remark 2.3. Let Q(z) be an n×n rational matrix-valued function associated with
a system of the form (2.10). This means that n differential equations of order l ∈N
with n unknown functions um(t),m = 1, ...,n, are sums of fractions of the form

ak
i j

u(k)m
,

where ak
i j, k = 0, ..., l; i, j = 1, ...,n, are complex constants and u(k)m are derivatives
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of the unknown functions. The function Q(z) is associated with the system by the
substitutions

u(t) :=

 u1(t)
...

un(t)

=


1

ϕ1
...
1

ϕn

ezt (2.14)

as demonstrated in the previous example. Let z=α be an eigenvalue of Q(z). Then
the function (2.14), for z = α, is a solution of the system if and only if the vector

ϕ =

 ϕ1
...

ϕn


is a corresponding eigenvector with ϕi ̸= 0,∀i = 1, ...,n.

One might think that the Jordan vectors could provide additional solutions of the
associated system of differential equations in the sense of (1.6). In the following
example, we will see that this is not the case when the associated function Q(z) is
not a matrix polynomial. □

Example 2.4. Solve the system of differential equations
1
u′

1
− 2

u′′
2
= 0,

1
u1

− 2
u′

1
+

1
u′′

1
+

1
u2

− 2
u′

2
+

1
u′′

2
= 0.

(2.15)

We seek a solution of the form (2.14), which leads to the associated function:

Q(z) =

 1
z

−2
z2

1− 2
z +

1
z2 1− 2

z +
1
z2

 ∧ detQ(z) =
(z−1)2(z+2)

z4 .

We see that Q(z) has two zeros, α1 = 1 of order k1 = 2 and α2 =−2 of order k2 = 1.
Therefore, if we want to find the root function at α1 = 1, or the corresponding Jor-
dan vectors, we will use system (2.3), which in this case consists of the following
two equations:

Q(1)ϕ0 = 0,

Q′(1)ϕ0 +Q(1)ϕ1 = 0.
(2.16)

We have

Q(1)ϕ0 = 0 ⇒
(

1 −2
0 0

)(
ϕ0

1
ϕ0

2

)
=

(
0
0

)
⇒ ϕ0 = c

(
2
1

)
, c ̸= 0.

Note that, since α1 = 1 is an eigenvalue of Q(z), the matrix Q(1) is singular, as
expected.
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Hence, a solution (2.14) of the system (2.15) is given by

u(t) =
(

u1(t)
u2(t)

)
=

( 1
2ϕ0

2
1

ϕ0
2

)
et , ϕ

0
2 ∈ C\{0}. (2.17)

Let us solve the second equation of (2.16).

Q′(z) =

 −1
z2

4
z3

2
z2 − 2

z3
2
z2 − 2

z3

⇒ Q′(1) =
(
−1 4
0 0

)
.

The second equation of (2.16) gives(
−1 4
0 0

)(
2
1

)
+

(
1 −2
0 0

)(
ϕ1

1
ϕ1

2

)
= 0 ⇒ ϕ1 =

(
2(ϕ1

2 −1)
ϕ1

2

)
.

If we select ϕ1
2 = 2 we obtain

ϕ1 =

(
2
2

)
.

One might think that formula (1.6) could provide new solutions of the system
(2.15), following the logic of the solution (2.17). Namely:

If we take only one vector from a Jordan chain, specifically the vector ϕ0 =(
ϕ0

1
ϕ0

2

)
, then the expression (1.6) gives ϕ(z) =

(
ϕ0

1
ϕ0

2

)
et . This leads to the solution

(2.17), with reciprocal components forming the vector of the solution. If we take
two vectors of the Jordan chain, then expression (1.6) gives

ϕ(t) =
(

2t +2
t +2

)
et .

The question is: Does this lead to the new solution

u(t) =
(

u1
u2

)
=

( 1
2t+2

1
t+2

)
et

of system (2.15)? However, when we substitute the derivatives u′(t) and u′′(t) into
the first equation of system (2.15), we see that it is not satisfied.

This gives a negative answer to the hypothesis that the Jordan vectors of the
function Q(z) associated with the system (2.15) yield new solutions to the system.

Finding a solution corresponding to the eigenvalue α =−2 is left to the reader.
□

Let us note that the general system of differential equations of the form (2.10)
is studied in [3, Section 4]. In that article, the eigenvalues and eigenvectors of
the associated rational matrix-valued function Q(z) are obtained in a different way,
rather than by solving the algebraic system (2.3).
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