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GENERALIZED HEAT EQUATION UNDER CONFORM DERIVATIVE

M’HAMED ELOMARI, SAID MELLIANI, AND LALLA SAADIA CHADLI

ABSTRACT. In the present work, we establish the existence and uniqueness re-
sult of the linear heat equation with Conform derivative in Colombeau general-
ized algebra. We using for the first time the notion of a generalized conformable
semigroup and the purpose of introducing Conform derivative is regularizing it
in Colombeau.

1. INTRODUCTION

In this paper the heat equation is considered with the first order time deriva-
tive changed to a conform derivative. for each type of data wealways ask what
is the optimal corresponding nonlocal model to be applied.Moreover, many au-
thors studied Conform operators with local, nonlocal, singular and non-singular
kernels [2]. The Riemann and Caputo fractional calculus maynot provide us the
required kernel in order to extract important information from these types of sys-
tems. At this stage, we ask the following question. Can we generalize the standard
fractional Riemann-Liouville integrals in a way such that we obtain unification to
Riemann-Liouville, Hadamard and other fractional derivatives. The importance
of this procedure is to decide which differentiation operator should be used as a
starting point for the iteration procedure. For the standard fractional calculus, we
iterate the usual integral of a function and using the Cauchyformula we obtain the
integral of higher integer orders and then replace this integer by any real number.
In [1] the autor presented and developped the definitions of Conform derivative
and set the basic concepts in this new simple interesting fractional calculus. The
fractional versions of chain rule, exponential functions,Gronwall’s inequality, in-
tegration by parts, Taylor power series expansions, Laplace transforms and linear
differential systems are proposed and discussed. The present paper concerns the
study of existence and uniqueness to equation with Conform differentiation in ex-
tended Colombeau algebra. We consider Conform differentiation for indicating
to existence and uniqueness heat equation in extended Colombeau algebra. The
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reason for introducing conform derivatives into algebra ofgeneralized functions
was the possibility of solving nonlinear problems with singularities and derivatives
of arbitrary real order in it. We use specific space of Colombeau algebra type in
order to give a sense of our problem. Colombeau algebras is a differential alge-
bra, commutative, associative in which we can injectD′ the set of distributions so
that the product of smooth functions and the usual derivative of distributions are
respected [5], [6], [7]. From the previous ideas we will discuss the existence and
uniqueness of such equation in a specific spaces coincide with the usual spaces
whenα → 1.
The paper is organized as follows: After this introduction,we present some con-
cepts concerning the Colombeau’s algebra. In section 3 we give the definitions and
we prove some properties concerning the Conform derivative. The embedding of
this derivation in Colombeau algebra takes place in section4. In the last section
we discuss the existence and uniqueness of our problem.

2. PRELIMINAIRIES

We shall fix the notation and introduce a number of known as well as new classes
of generalized functions here. For more details, see [7].
Let Ω be an open subset ofRn. The basic objects of the theory as we use it are
families (uε)ε∈(0;1] of smooth functionsuε ∈ C ∞(Ω) for 0< ε ≤ 1. We single out
the following subalgebra.
Moderate families, denoted byEM(Ω), are defined by the property :

∀K ⊂ Ω,∀α ∈ N
n
0,∃p≥ 0 : sup

x∈K
|∂αuε(x)|= Oε→0(ε−p)

Null families, denoted byEM(Ω), are defined by the property :

∀K ⊂ Ω,∀α ∈ N
n
0,∀q≥ 0 : sup

x∈K
|∂αuε(x)| = Oε→0(εq)

Thus moderate families satisfy a locally uniform polynomial estimate asε 7→ 0,
together with all derivatives, while null functions vanishfaster than any power of
ε in the same situation. The null families from a differentialideal in the collection
of moderate families.
The Colombeau algebra is the factor algebra

G(Ω) = EM(Ω)/N (Ω)

The algebraG(Ω) just defined coincides with the special Colombeau algebra
in [5], where the notationGs(Ω) has been employed. It was called the simplified
Colombeau algebra in [5].
The Colombeau algebra on a closed half spaceR

n× [0,1) is defined in a similary
way. The restriction of an elementu∈ G(R× [0,1)) to the line{t = 0} is defined
on representatives by

u/{t = 0}= Class of
(
uε(·,0)

)
ε∈(0,1]
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Similarly, restrictions of the elements ofG(Ω) to open subsets ofΩ are defined
on representatives. One can see thatΩ −→ G(Ω) is a sheaf of differential algebras
on R

n. The space of compactly supported distributions is imbedded in G(Ω) by
convolution:

i :





E
′
(Ω)−→ G(Ω)

ω → i(ω) = class of
(

ω∗ (φε)/Ω
)

ε∈(0,1]
where

φε(x) = ε−nφ(
x
ε
)

is obtained by scaling a fixed test functionS(Rn) of integral one with all moments
vanishing. By the sheaf property, this can be extended in a unique way to an imbed-
ding of the space of distributionsD(Ω).
One of the main features of the Colombeau construction is thefact that this imbed-
ding rendersC ∞(Ω) a faithful subalgebra. In fact, givenf ∈ C ∞(Ω), one can define
a corresponding element ofG(Ω) by the constant imbeddingσ( f ) = class of
[(ε,x) −→ f (x)]. Then the important equalityi( f ) = σ( f ) holds inG(Ω).
If u∈ G(Ω) and f is a smooth function which is of at most polynomial growth at
infinity, together with all its derivatives, the superposition f (u) is a well-defined
element ofG(Ω).
We need a couple of further notions from the theory of Colombeau generalized
functions. An elementu of G(Ω) is called of localLp-type(1≤ p≤ ∞), if it has a
representative with the property lim

ε−→0
‖ uε ‖Lp(K) exists for everyK ⊂ Ω.

Regularity theory is based on the subalgebraG∞(Ω) of regular generalized functi-
ons inG(Ω). It is defined by those elements which have a representative satisfying

∀K ⊂ Ω,∀α ∈ N
n
0,∃p≥ 0 : sup

x∈K

∣∣∂αuε(x)
∣∣= Oε→0(ε−p)

Observe the change of quantifiers with respect to formula 2; locally, all deriva-
tives of a regular generalized function have the same order of growth inε > 0. One
has that (see [6]).

G∞(Ω)∩D
′
(Ω) = C ∞(Ω)

For the purpose of describing the regularity of Colombeau generalized functions,
G∞(Ω) plays the same role asC ∞(Ω) does in the setting of distributions.
A net(rε)ε∈(0,1] of complex numbers is called a slow scale net if

|rε|= Oε→0(ε−p)

for everyp≥ 0. We refer to [6] for a detailed discussion of slow scale nets. Finally,
an elementu∈ G(Ω) is called of total slow scale type, if for some representative,
‖ ∂αuε ‖L∞(K) forms a slow scale net for everyK ⊂ Ω andα ∈N

n
0.

We end this section by recalling the association relation onthe Colombeau algebra
G(Ω). It identifies elements ofu∈ G(Ω) if they coincide in the weak limit. That
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is, u,v∈ G(Ω) are called associated,

u≈ v, if lim
ε−→0

∫
(uε(x)−vε(x))ψ(x)dx= 0

3. CONFORMABLE DERIVATIVE

In this section we will give some definition and properties concerning the new
derivative important in the following.

Definition 3.1. [11] Let α ∈ (n,n+ 1] and f : [0,∞) → R be n-differentiable at
t > 0, then the conformable derivative of f of orderα is defined by

f (α)(t) = lim
ε→0

f (n)(t + εtn+1−α)− f (n)(t)
ε

f (α)(0) = lim
t→0

f (α)(t)

Remark3.1. [11] As consequence of the previous definition, one can easily show
that

f (α)(t) = tn+1−α f (n+1)(t)

whereα ∈ (n,n+1], and f is (n+1)-differentiable att > 0.

In [2] we find the following proposition.

Proposition 3.1. [2] Let f ,g two functionα-derivatives and a,b∈R. We have the
following properties.

(1) (a f +bg)(α) = a f(α)+bg(α),
(2) ( f g)(α) = f (α)g+ f g(α),
(3) (tp)(α) = ptp−α,

(4)
(

f
g

)(α)
= f (α)g− f g(α)

g2 ,

(5) If c ∈ R, c(α) = 0.

Proposition 3.2. If x is a continuous map, then t→ x(α)(t) is a continuous map.

Proof. Sincex is a continuous mapt ∈ R
∗
+ → x

(
t + εt1−α) is a continuous, thus

∀β > 0, ∃α > 0, ∣∣∣
x
(
t + εt1−α)−x

(
t0+ εt1−α

0

)

ε

∣∣∣≤ β

whenever|t − t0| ≤ α, by passing to limiteε → 0 we get
∣∣∣x(α)(t)−x(α)(t0)

∣∣∣≤ β as

desired. �

Proposition 3.3. Let f : X → X, be a Lipschitz map. i.e.
| f (x)− f (y)| ≤ k|x−y|, ∀x,y∈ X and k∈]0,1[. The problem of Cauchy

{
x(α)(t) = f (x(t)) , t > 0
x(0) = x0

has a unique solution.
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Proof. By 5.3x is continuous, the sequencexn+1 = f (xn) is a Cauchy’s sequence,
sinceR is a complet space thenxn converge to the unique solution of (3.3) �

Definition 3.2. [11] Let α ∈ (n,n+1]. We define theα-integral by:

(Iα f )(t) =
∫ t

0
sα−n f (s)ds.

According to the previous writing we set

dxα =
dx

xα−1

Theorem 3.1. [11] We have the following inequality

(Iα f )(α) (t) = f (t).
for t ≥ 0

Example 3.1. It is easy to prove that:

Iα(sin(t)) =
∞

∑
n=0

(−1)nt2n+α

(2n+α)(2n+1)!
whereα ∈ (1,2)

Definition 3.3. [9] Let α ∈ (0,1). For a Banach space X.
A family{T(t)}t≥0 ⊂ L(X,X) is called a conformα-semigroup if:

(1) T(0) = I
(2) T

(
(s+ t)

1
α
)
= T

(
s

1
α
)
T
(
t

1
α
)
, for all s, t ∈ [0,∞)

Example 3.2.Let A be a bounded linear operator on X. Define T(t) = e2
√

tA. Then{
T(t)

}
t≥0 is a 1

2-semigroup. Indeed:

(1) T(0) = e0A = I
(2) ∀s, t ∈ [0,∞), T

(
(s+ t)2

)
= e2(t+s)A = e2tAe2sA= T(s)T(t)

Definition 3.4. [9] An α-semigroup T(t) is called a C0-semigroup if, for each
fixed x∈ X, T(t)x→ x as t→ 0+

The conformableα-derivative ofT(t) at t = 0 is called theα-infinitesimal gen-
erator of the conformα-semigroupT(t), with domain equals

{
x∈ X, lim

t→0
T(t)x exist

}

In the sequelα ∈ (0,1).

4. IMBEDDING OF THE CONFORMABLE DIFFERENTIATION INTO EXTENDED

COLOMBEAU ALGEBRA OF GENERALIZED FUNCTIONS

Let uε(x) represents a Colombeau generalized functionu ∈ Ge(R): The con-
formable derivative for 0< α < 1 is defined by:

Dαuε(x) = x1−αu
′
ε(x)
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we have | Dαuε(x) |=| x1−αu
′
ε(x) |

| Dαuε(x) |≤| x1−α | | u
′
ε(x) |

sup
x∈K

| Dαuε(x) |≤| a1−α | sup
x∈K

| u
′
ε(x) |

so,
sup
x∈K

| Dαuε(x) |≤C1 εp

we use the regularization for 1< α < 1

D̃αuε(x) =
∫
R

Dαuε(s)φε(x−s)ds

The convolution form is given by:

D̃αuε(x) = Dαuε ∗φε(x)

we indicate that| D̃αuε(x)−Dαuε(x) |≈ 0

| D̃αuε(x)−Dαuε(x) |=| Dαuε ∗φε(x)−Dαuε(x) |
| D̃αuε(x)−Dαuε(x) |=| Dαuε ∗φε(x)−Dαuε ∗δ(x) |

| D̃αuε(x)−Dαuε(x) |=| Dαuε ∗ (φε(x)−δ(x)) |

| D̃αuε(x)−Dαuε(x) |=|
∫
R

Dαuε(x−s) (φε(s)−δ(s))ds|

| D̃αuε(x)−Dαuε(x) |=
∫
R

| Dαuε(x−s) | | φε(s)−δ(s) | ds−→ 0

asε −→ 0. Since lim| φε(s)−δ(s) |, then

D̃αuε(x) ≈ Dαuε(x)

Using the fact thatφε(x) has the compact support onK0, so by Holder inequali-
ties, have the following calculations:

we have

D̃αuε(x) = Dαuε ∗φε(x) =
∫
R

Dαuε(x−s)φε(s)ds

| D̃αuε(x) |= |
∫
R

Dαuε(x−s)φε(s)ds|= |
∫

K0

Dαuε(x−s)φε(s)ds|

| D̃αuε(x) |=
∫

K0

| Dαuε(x−s) | | φε(s) | ds

sup
x∈K

| D̃αuε(x) |= sup
x∈K

{
∫

K0

| Dαuε(x−s) | | φε(s) | ds}
so,

sup
x∈K

| D̃αuε(x) |≤ sup
x∈K1

| Dαuε(x) |
∫

K0

| φε(s) | ds

sup
x∈K

| D̃αuε(x) |≤ C1 εp
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and
d
dx

(D̃αuε(x)) =
d
dx

(Dαuε)∗φε(x) = Dαuε ∗
d
dx

(φε(x))

then,

sup
x∈K

| d
dx

(D̃αuε(x)) |≤ sup
x∈K1

| Dαuε(x) |
∫

K0

| d
dx

(φε(s)) | ds≤ C2 εp

In order to prove moderateness for higher derivatives a similar calculation is ap-
plied.

sup
x∈K

| ∂nD̃αuε(x) |≤ C3 εp

5. GENERALIZED CONFORMABLE SEMIGROUP

We define

EM(R) :=
{
(xε)ε ∈ (R)(0,1)/∃m∈N, |xε|= Oε→0(ε−m)

}

and
N (R) :=

{
(xε)ε ∈ (R)(0,1)/∀m∈ N, |xε|= Oε→0(εm)

}

It is easy to prove that

Proposition 5.1. The spaceEM(R) is an algebra andN (R) ideal in EM(R)

Definition 5.1. We define the Colombeau algebra type by:

R̃= EM(R)/N (R)

5.1. Locally convex and complete spaces

Definition 5.2. : Let X be a vector space with a seminorms familly(pi)i∈I . If τi is
the topology defined by the only semi-norm pi . If τ is the super bound of topology
τi . The spece provided with this topologyτ is called a locally convex space

A basis of 0-neighbourhood is the set of all ”balls” of the seminorms(pi)i∈I

B(i, r) =
{

x∈ X/ pi(x) < r
}
, ∀i ∈ I andr > 0.

Then,(xn)n∈N is a Cauchy sequence iff
(
∀ε > 0

)(
∀i ∈ I

)(
∃n0 ∈N

)(
∀n, p∈ N if n≥ n0 ⇒ pi(xn+p−xn)< ε

)

Definition 5.3. We said thatD is dense in locally convex space X iff
(
∀x∈ X

) (
∃y∈ D

) (
∀ε > 0

) (
∀i ∈ I

)
we have pi(x−y)< ε

and X is sequentially complete if any Cauchy sequence converges to an element e
in X.
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5.2. Generalized semigroup

Definition 5.4. Let X be a locally convex space with a seminorm familly(pi)i∈I .
We define

EM(X) :=
{
(xε)ε ∈ (X)(0,1)/∃m∈ N,∀i ∈ I , pi(xε) = Oε→0(ε−m)

}

and

N (X) :=
{
(xε)ε ∈ (X)(0,1)/∀m∈N,∀i ∈ I , pi(xε) = Oε→0(εm)

}

We define the Colombeau algebra type by:

X̃ = EM(X)/N s(X)

First, we are looking if it is possible to define a mapA : X̃ −→ X̃ by means of a
given family(Aε)ε∈(0,1) of mapsAε : X −→ X whereAε is a linear and continuous
operator. The general requirement is given in the following

Lemma 5.1. : Let (Aε)ε∈(0,1) be a given family of maps Aε : X −→ X.
For each(xε)ε ∈ EM(X) and(yε)ε ∈ N (X), suppose that

(1)
(

Aεxε

)
ε
∈ EM(X)

(2)
(

Aε(xε +yε)
)

ε
−
(

Aεxε

)
ε
∈ N (X).

Then

A :

{
X̃ −→ X̃

x=
[
xε

]
7−→ Ax=

[
Aεxε

]

is well defined.

Proof. From the first property we see that the class
[
(Aεxε)ε

]
∈ X̃

Let xε +xε be another representative ofx= [xε]
From the second property we have(

Aε(xε +yε)
)

ε
−
(

Aεxε

)
ε
∈ N (X)

and [(
Aε(xε +yε)

)
ε

]
=

[(
Aεxε)

)
ε

]
in X̃

ThenA is well defined. �

Definition 5.5. Let SEM
(
R+ : Lc(X)

)
is the space of nets

(
Sε
)

ε of strongly con-
tinuous mappings Sε : R+ −→ Lc(X), ε ∈ (0,1) with the property that for every
T > 0 there exists a∈R such that

sup
t∈[0,T)

‖Sε(t
1
α )‖= Oε→0(εa), (5.1)

and SN (R+ : Lc(X)) is the space of nets(Nε)ε of strongly continuous mappings
Nε : R+ −→ Lc(X), ε ∈ (0,1) with the properties:
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For every b∈ R and T> 0
sup

t∈[0,T)

‖Nε(t
1
α )‖= Oε→0(εb), (5.2)

There exist t0 > 0 and a∈ R such that

sup
t<t0

‖Nε(t
1
α )

t
‖= Oε→0(εa), (5.3)

There exists a net
(
Hε

)
ε in Lc(X) andε0 ∈ (0,1) such that

lim
t−→0

Nε(t
1
α )

t
Hεx, x∈ X, (5.4)

For every b> 0,
‖Hε‖= Oε→0(εb), (5.5)

Proposition 5.2. SEM
(
R+ : Lc(X)

)
is algebra with respect to composition and

SN
(
R+ : Lc(X)

)
is an ideal ofSEM

(
R+ : Lc(X)

)

Proof. Let
(
Sε(t

1
α )
)

ε ∈ SEM
(
R+ : Lc(X)

)
and

(
Nε(t

1
α )
)

ε ∈ SN M

(
R+ : Lc(X)

)

We will prove only the second assertion, i.e., That
(
Sε(t

1
α )Nε(t

1
α )
)

ε,
(
Nε(t

1
α )Sε(t

1
α )
)

ε ∈ SN M

(
R+ : Lc(X)

)

whereSε(t
1
α )Nε(t

1
α ) denotes the composition.

Let ε ∈ (0,1). By (2) and(3), for somea∈ R and everyb∈R,

‖Sε(t
1
α )Nε(t

1
α )‖ ≤ ‖Sε(t

1
α )‖‖Nε(t

1
α )‖= Oε→0(εa+b),

The same holds for‖Nε(t
1
α )Sε(t

1
α )‖. Further,(2) and(5) yield

sup
t<t0

‖Sε(t
1
α )Nε(t

1
α )

t
‖ ≤ sup

t<t0
‖Sε(t

1
α )‖sup

t<t0
‖Nε(t

1
α )‖

= Oε→0(εa),

for somet0 > 0 anda∈ R. Also,

sup
t<t0

‖Sε(t
1
α )Nε(t

1
α )

t
‖= Oε→0(εa),

for somet0 > 0 anda∈ R. Let nowε ∈ (0,1) be fixed. We have

‖Sε(t
1
α )Nε(t

1
α )

t
x−Sε(0)Hεx‖= ‖Sε(t

1
α )

Nε(t
1
α )

t
x−Sε(t

1
α )Hεx+Sε(t

1
α )Hεx−Sε(0)Hεx‖

≤ ‖Sε(t
1
α )‖‖Nε(t

1
α )

t
x−Sε(t

1
α )Hεx‖+ ‖Sε(t

1
α )Hεx−Sε(0)Hεx‖

By the first and the fifty properties in 5.5 as well as by the continuity of
t −→ Sε(t)(Hεx) as zero, it follows that the last expression tend to zero ast 7→ 0.
Similarly, we have
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‖|Nε(t
1
α )Sε(t

1
α )

t
x−HεSε(0)x‖ = ‖Nε(t

1
α )

t
Sε(t

1
α )x− Nε(t

1
α )

t
Sε(0)x

+
Nε(t

1
α )

t
Sε(0)x−HεSε(0)x‖

≤ ‖Nε(t
1
α )

t
‖‖Sε(t

1
α )x−Sε(0)x‖

+‖Nε(t
1
α )

t
(Sε(0)x)−Hε(Sε(0)x)‖

Assumptions(4), (5) and(2) imply that the last expression tends to zero ast 7→ 0.
Thus(5) is proved in both cases. �

Now we define Colombeau type algebra as the factor algebra:

SG
(
R+ : L(X)

)
= SEM

(
R+ : L(X)

)
/SN

(
R+ : L(X)

)

Elements ofSG
(
R+ : L(X)

)
will be denoted byS= [Sε], where(Sε)ε is a repre-

sentative of the above class.

Definition 5.6. S∈ SG
(
R+ : L(X)

)
is a called a Colombeau C0-Semigroup if it

has a representative(Sε)ε such that, for someε0 > 0, Sε is a C0-Semigroup, for
everyε < ε0.

Example 5.1. We takeG = G
(
R
+
)
, and we we define Tε(t)uε(x) = uε

(
x+ tα

α
)
.

Then
T(t) =

(
Tε(t)

)
ε

define a conformable semigroup onG

In the sequel we will use only representatives
(
Sε
)

ε of a ColombeauC0-semig-
roupSwhich areC0-semigroups, forε small enough.

Proposition 5.3. Let
(
Sε
)

ε and
(
S̃ε
)

ε be representatives of a Colombeau C0-semi-
group S, with the infinitesimal generators Aε, ε < ε0, andÃε, ε < ε̃0, respec-
tively, whereε0 andε̃0 correspond(in the sense of definition 5.6 to

(
Sε
)

ε and
(
S̃ε
)

ε,
respectively.
Then, D

(
Aε
)
= D

(
Ãε
)
, for everyε < ε̄ = min

{
ε0, ε̃0

}
and Aε− Ãε can be extended

to an element ofL(X), denoted again by Aε − Ãε.
Moreover, for every a∈R,

‖Aε − Ãε‖= Oε→0(εa), (5.6)

Proof. DenoteNε(Sε − S̃ε)ε ∈ SN (R+,L(X)).
Let ε < ε̄0 be fixed andx∈ X. we have

Sε(t
1
α )x−x
t

− S̃ε(t
1
α )x−x
t

=
Nε(t

1
α )

t
x
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This implies by lettingt 7→ 0, thatD(Aε) = D(Ãε). Now we have
(

Aε − (Ã)ε

)
x= lim

t−→0

Sε(t
1
α )x−x
t

(5.7)

− lim
t−→0

S̃ε(t
1
α )x−x
t

(5.8)

= lim
t−→0

Nε(t
1
α )

t
x= Hεx, x∈ D(Aε) (5.9)

sinceD(Aε) is dense inX, properties(4), (5) and(7) imply that for everya∈ R,

‖Aε − Ãε‖= Oε→0(εa). �

Now we define the infinitesimal generator of a ColombeauC0-semigroupS.
Denote byA the set of pairs((Aε)ε,(D(Aε))ε) whereAε is a closed linear operator
on X with the dense domainD(Aε) ⊂ X, for everyε ∈ (0,1). We introduce an
equivalence relation inA((

Aε
)

ε,
(
D(Aε)

)
ε

)
∼
((

Ãε
)

ε,
(
D(Ãε)

)
ε

)

if there existε0 ∈ (0,1) such thatD(Aε)=D(Ãε), for everyε< ε0, and for everya∈
R ther existC> 0 andεa ≤ ε0 such that, forx∈A(Aε), ‖(Aε− Ãε)x‖ ≤Cεa‖x‖, x∈
D(Aε),ε ≤ εa.
SinceAε has a dense domain inX, Rε := Aε − Ãε ca, be extended to be an operator
in Lc(X) satisfying‖(Aε− Ãε)x‖= Oε→0(εa), for everya∈R. such an operatorRε
is called the zero operator.
We denote byA the corresponding element of the quotient spaceA/ ∼. Due to
propostion 5.3, the following definition makes sense

Definition 5.7. A∈ A/ ∼ is the infinitesimal generator of a Colombeau C0-semi-
group S if there exists a representative(Aε)ε of A such that Aε is theinfinitesimal
generator of Sε, for ε small enough.

By Pazy we have the following proposition

Proposition 5.4. Let S be a Colombeau C0-semigroup with the infinitesimal gen-
erator A. Then there existsε0 ∈ (0,1) such that:
◦ Mapping t 7−→ Sε(t

1
α )x : R+ −→ X is continuous for every x∈ X andε < ε0

◦ lim
h−→0

∫ t+h

t
Sε(s

1
α )xdsα = Sε(t

1
α )x, ε < ε0, x∈ X

◦
∫ t

0
Sε(s

1
α )xdsα ∈ D(Aε), ε < ε0, x∈ X

◦ For every x∈ D(Aε) and t≥ 0 Sε(t
1
α )x∈ D(Aε) and

dα

dtα
Sε(t

1
α )x= AεSε(t

1
α )x= Sε(t

1
α )Aεx, ε < ε0 (5.10)
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◦ Let
(
Sε
)

ε and
(
S̃ε
)

ε be representative of Colombeau C0-semigroup S, with infin-
itesimal generators Aε and Ãε, ε < ε0, respectively. Then, for every a∈ R and
t ≥ 0

‖ dα

dtα
Sε(t

1
α )− ÃεSε(t

1
α )‖= Oε→0(εa). (5.11)

◦ For every x∈ D
(
Aε
)

and every t,s≥ 0,

Sε(t
1
α )x−Sε(s

1
α )x=

∫ t

s
Sε(τ

1
α )Aεxdτα =

∫ t

s
AεSε(τ

1
α )xdτα

Theorem 5.2. Let S andS̃ be Colombeau C0-semigroups with infinitesimal gener-
ators A andÃ, respectively. If A= Ã then S= S̃.

Proof. Let ε be small enough andx∈ D
(
Aε
)
= D

(
Ãε
)
. Proposition 5.4 property 4

implies that fort ≥ 0, the mappings 7−→ S̃ε(t − s)Sε(s)x, t ≥ s≥ 0 is differen-
tiable and

dα

dsα

(
S̃ε((t −s)

1
α )Sε(s

1
α )x

)
=−ÃεS̃ε((t −s)

1
α )Sε(s

1
α )x

+ S̃ε((t −s)
1
α )AεSε(s

1
α )x, t ≥ s≥ 0.

The assumptionA= Ã implies thatAε = Ãε+Rε, whereRε is a zero operator. Since
Aε commutes withS̃ε, for everyx∈ D

(
Aε
)

dα

dsα

(
S̃ε((t −s)

1
α )Sε(s

1
α )x

)
= Sε

(
(t −s)

1
α
)
RεSε(s

1
α )x, t ≥ s≥ 0.

and this implies

S̃ε
(
(t−s)

1
α
)
Sε(s

1
α )x− S̃ε(t

1
α )x=

∫ s

0
S̃ε
(
(t−u)

1
α
)
RεSε(u

1
α )xduα, t ≥ s≥ 0. (5.12)

Puttings= t in (11), we obtain

Sε(t
1
α )− S̃ε(t

1
α )x) =

∫ s

0
S̃ε
(
(t −u)

1
α
)
RεSε(u

1
α )xduα, t ≥ 0, x∈ D(Aε). (5.13)

SinceD(Aε) is dense inX, uniform boundedness ofS andS̃ on [0, t] implies that
(11) holds for everyy∈X. Let us prove that(Nε)ε =(Sε− S̃ε)ε ∈ SN (R+ : Lc(X)).
The formula(12) and definition 5.4 imply that for someC > 0 anda, ã∈ R,

sup
t∈[0,T)

‖Nε(t
1
α )x‖ ≤ sup

t∈[0,T)

∫ t

0
‖S̃ε

(
(t −u)

1
α
)
‖‖Rε‖‖Sε(u

1
α )‖‖x‖duα

≤ T Cεa+ã‖Rε‖‖x‖, x∈ X

Since‖Rε‖= Oε→0(εb), for everyb∈ R,
(
Nε(t)

)
ε satisfies condition(3) in defini-

tion 5.4. Condition(3) follows from the boundedness of(S̃ε)ε,(Sε)ε on dounded
domain[0, t), the properties of(Rε)ε and the following expression:

‖Nε(t
1
α )

t
‖=‖1

t

∫ t

0
S̃ε
(
(t−u)

1
α
)
RεSε(u

1
α )xduα‖≤ ‖S̃ε(t

1
α )‖‖Rε‖‖Sε‖≤ const, x∈X, t ≤ t0,
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for somet0 > 0. Also,

lim
t−→0

Nε(t
1
α )

t
= lim

t−→0

S̃ε(t
1
α )x−x
t

− lim
t−→0

Sε(t
1
α )x−x
t

= Rεx, ∀x∈ D
(
Aε
)
.

Since it is enough that(5) holds for a dense subset ofX see the remark after defi-
nition 5.5 this concludes the proof. �

6. MAIN RESULT

This section deals with applications of Colombeauα-C0-semigroups in solving
a class of heat equations with singular potentials and singular data. We consider
the problem 




∂α
t u(t,x) = (∆−v(x))u(t,x) xinR, t ∈ R

+

u(0, t) = u0(x) = δ(x)
v(x) = δ(x)

(6.1)

Before we discuss the problem we will defined some spaces on which we will
work. First we set‖.‖L2(R) = ‖.‖2

Definition 6.1. We define H2,α by:

H2,α =
{

f ∈ L2(R), D̃α f ∈ L2(R)
}

with the norm
‖ f‖H2,α =

√
‖ f‖2

2+‖D̃α f‖2
2

The Colmbeau algebra type defined as follows

GH2,α = EM
(
H2,α)/N

(
H2,α)

whereEM
(
H2,α) the vector space of nets

(
Gε

)
ε ∈H2,α with the property: for every

T > 0 there exist a∈ R such that
‖Gε‖H2,α = O(εa)

and N
(
H2,α) the vector space of nets

(
Gε

)
ε ∈ H2,α with the property: for every

T > 0 for all b ∈ R such that
‖Gε‖H2,α = O(εb)

is a Colombeau type vector space.

Definition 6.2. EC1,H2,α
(
[0,T],R

)
(respectivelyNC1,H2,α

(
[0,T],R

)
), T > 0, is the

vector space of nets
(
Gε

)
ε of functions

Gε ∈ C
(
[0,T],H2,α)∩C 1([0,T],L2(R)

)

with the property: for every T1 ∈ (0,T) there exists a∈ R, (respectively, for every
a∈ R) such that

max
{

sup
t∈[0,T1]

‖Gε‖H2,α , sup
t∈[T1,T]

‖D̃αGε‖L2(R)

}
= Oε→0(εa)
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The quotient space
GC1,H2,α

(
[0,T],R

)
= EC1,H2,α

(
[0,T],R

)
/NC1,H2,α

(
[0,T],R

)

is a Colombeau type vector space.

Remark6.1. The multiplication of potentialV ∈ GH2,α andu∈ GC1,H2,α
(
[0,T],R

)

which is expected to be a solution to equation




∂α
t u(t,x) = (∆−v(x))u(t,x) xinR, t ∈ R

+

u(0, t) = u0(x) = δ(x)
v(x) = δ(x)

makes sense.

Definition 6.3. Let A be represented by a net(Aε)ε, of linear operators with the
common domain H2,α(R) and with ranges in L2(R). A generalized function G∈
GC1,H2,α T > 0, is said to be a solution to equatioñDαG= AG if

sup
t∈[0,T ]

‖D̃αGε(t, .)−AεGε(t, .)‖2 = Oε→0(εa), ∀a∈ R.

Definition 6.4. An element V∈GH2,α is of logarithmic type if it has a representative
(Vε)ε ∈ EC1,H2,α with the property

‖Vε‖H2,α = Oε→0(lnε−1)

An element V∈ GH2,α is said to be of log-log type if it has a representative(Vε)ε ∈
EC1,H2,α with the property

‖Vε‖H2,α = Oε→0(ln
a lnε−1)

We set
E(t,x) =

1

2
√

πt
exp

|x|2
4t

Theorem 6.1. Let V∈ GH2,α be of logarithmic type.

(1) Derivation of Aεu =
(
∆−V

)
u, u∈ H2,α(R), are infinitesimal generators of

conformable semigroups Tε, for everyε > 0, and(Tε)ε is a representative of a
Colombeau conformable C0-semigroup.

T(t) ∈ SG
(
R
+,L

(
L2(R)

))

(2) Let V∈ GH2,α and let Tε be as in1.
Then, for every T> 0, the problem 6.1 has unique solution inGH2,α(R).

Proof.

(1) Let ε > 0 small enough. By the Feynman-Kac formula the operatorAε is the
infinitesimal generator of the corresponding semigroup

Tε(t)ψ(x) =
∫

Ω

(
exp

(
−

∫ tα

0
Vε(ω(s))ds

))
ψ(ω(tα))dµx(ω)
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for ψ∈ L2(R), whereΩ=∏t≥0R andµx is is the Wiener measure concentrated
atx∈ R.
SinceV is of logarithmic type, there existC> 0 andη ∈ (0,1) such that

∣∣Tε(t)ψ(x)
∣∣ ≤ exp

(
tα sup

s∈R
|Vε(s)|

)∫
Ω
|ψ(ω(t))|dµx(ω)

≤ εCtα 1

2
√

πtα

∫
R

exp−|x−y|2
4tα |ψ(y)|dy

Therefore, there existC0 > 0 such that

sup
t∈(0,T]

‖Tε(t)ψ(x)‖2 ≤C0εCTα‖ψ‖2

Thus(Tε)ε ∈ SG
(
R
+,L

(
L2(R)

))

(2) (a) By the Duhamel principle, solutionuε(t,x) to equation (6.1) satisfies

uε(t,x) =
∫
R

E(tα,x−y)bε(y)dy (6.2)

+

∫ t

0

∫
R

E((t −s)α,x−y)Vε(y)uε(s,y)dy (6.3)

Young’s inequality implies

‖uε(t, .)‖2 ≤ ‖bε‖2+

∫ t

0
‖Vε(.)‖∞

L ‖uε(s, .)‖2ds

Gronwall’s inequality gives

‖uε(t, .)‖2 ≤ ‖bε‖2 exp
∫ t

0
‖Vε(.)‖∞

L , ∀t ∈ (0,T]

SinceV ∈ GH2,α(R) is of logarithmic type and(u0ε)ε ∈ EH2,α(R), it
follows that supt∈(0;T ]‖uε(t, .)‖2 has a moderate bound. Differentiation of
equation 6.2 with respect to some spatial variablex gives

d
dx

uε(t,x) =
∫
R

E(tα,y)
d
dx

bε(x−y)dy

+

∫ t

0

∫
R

E((t −s)α,y)
d
dx

V(x−y)uε(s,x−y)

+V(x−y)
d
dx

uε(s,x−y)dyds

then

‖ d
dx

uε(t, .)‖2 ≤ ‖ d
dx

b‖2+

∫ t

0
‖ d

dx
Vε(.)‖L∞‖uε(t,.)‖2+‖Vε(.)‖L∞‖ d

dxuε(t,.)‖2

Also Gronwall’s inequality implies that supt∈(0,T] ‖uε(t, .)‖2 is moderate.

So(uε)ε ∈ EC1,H2,α(R).
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(b) For uniqueness:
Let uε andvε two solution of (6.1).
e setGε = uε −vε, we get

Gε(t,x) =
∫
R

E(tα,x−y)Nε(y)dy

+
∫ t

0

∫
R

E((t −s)α,x−y)Vε(y)Gε(s,y)dy

+
∫ t

0

∫
R

E((t −s)α,x−y)Nε(y)dy

whereNε(x) = G(0,x), andNε =
dα

dtα Gε − (∆−V)Gε
Then Young’s and Gronwall’s inequalities imply

‖Gε(t, .)‖2 ≤ ‖N‖2+

∫ t

0
‖Vε(s, .)‖L∞‖Gε(s, .)‖2ds+

∫ t

0
‖Nε(s, .)‖2dsα

thusGε ∈ N H2,α. �
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