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GENERALIZED HEAT EQUATION UNDER CONFORM DERIVATIVE

M'HAMED ELOMARI, SAID MELLIANI, AND LALLA SAADIA CHADLI

ABSTRACT. In the present work, we establish the existence and unéassere-

sult of the linear heat equation with Conform derivative iol@nbeau general-
ized algebra. We using for the first time the notion of a gdimsd conformable

semigroup and the purpose of introducing Conform derieaiwegularizing it

in Colombeau.

1. INTRODUCTION

In this paper the heat equation is considered with the fid¢rotime deriva-
tive changed to a conform derivative. for each type of dataalwmeays ask what
is the optimal corresponding nonlocal model to be appliedddver, many au-
thors studied Conform operators with local, nonlocal, slagand non-singular
kernels [2]. The Riemann and Caputo fractional calculus nmyprovide us the
required kernel in order to extract important informatioonh these types of sys-
tems. At this stage, we ask the following question. Can weggize the standard
fractional Riemann-Liouville integrals in a way such tha abtain unification to
Riemann-Liouville, Hadamard and other fractional demxe. The importance
of this procedure is to decide which differentiation operathould be used as a
starting point for the iteration procedure. For the staddeactional calculus, we
iterate the usual integral of a function and using the Cadichmula we obtain the
integral of higher integer orders and then replace thigendy any real number.
In [1] the autor presented and developped the definitionsarff@m derivative
and set the basic concepts in this new simple interestirgjidreal calculus. The
fractional versions of chain rule, exponential functio@spnwall’'s inequality, in-
tegration by parts, Taylor power series expansions, Laplieansforms and linear
differential systems are proposed and discussed. Therprpaper concerns the
study of existence and uniqueness to equation with Confdfferehtiation in ex-
tended Colombeau algebra. We consider Conform differtéonigor indicating
to existence and uniqueness heat equation in extended Getanalgebra. The
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reason for introducing conform derivatives into algebrageheralized functions
was the possibility of solving nonlinear problems with sitagities and derivatives
of arbitrary real order in it. We use specific space of Coloatbalgebra type in
order to give a sense of our problem. Colombeau algebras iffegedtial alge-
bra, commutative, associative in which we can injgtthe set of distributions so
that the product of smooth functions and the usual derigativdistributions are
respected [5], [6], [7]. From the previous ideas we will diss the existence and
uniqueness of such equation in a specific spaces coincidetét usual spaces
whena — 1.

The paper is organized as follows: After this introductiame present some con-
cepts concerning the Colombeau’s algebra. In section 3 veetlye definitions and
we prove some properties concerning the Conform derivaiivee embedding of
this derivation in Colombeau algebra takes place in secetion the last section
we discuss the existence and uniqueness of our problem.

2. PRELIMINAIRIES

We shall fix the notation and introduce a number of known asasatew classes
of generalized functions here. For more detalils, see [7].
Let Q be an open subset &". The basic objects of the theory as we use it are
families (Ug )¢c 0,y Of smooth functionsi; € C*(Q) for 0 <& < 1. We single out
the following subalgebra.
Moderate families, denoted [ (Q), are defined by the property :

VK C Q,Va € Ng,3p > 0: sup|d®ue (X)| = Oc0(e™P)
xeK

Null families, denoted byEy (Q2), are defined by the property :
VK C Q,Va € Ng, Vg > 0 : supd®ug(X)| = Og—0(e%)
xeK

Thus moderate families satisfy a locally uniform polynohastimate as — 0O,
together with all derivatives, while null functions vanifgster than any power of
€ in the same situation. The null families from a differentdgal in the collection
of moderate families.

The Colombeau algebra is the factor algebra
G(Q) = Em(Q)/N(Q)

The algebrag(Q) just defined coincides with the special Colombeau algebra
in [5], where the notatiorG3(Q) has been employed. It was called the simplified
Colombeau algebra in [5].

The Colombeau algebra on a closed half sgate [0,1) is defined in a similary
way. The restriction of an elemente G(R x [0,1)) to the line{t = 0} is defined
on representatives by

u/{t = 0} = Class of(ug(-,O))se(Ql]
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Similarly, restrictions of the elements 6f(Q) to open subsets @ are defined
on representatives. One can see fhat— G(Q) is a sheaf of differential algebras
on R". The space of compactly supported distributions is imbédde;(Q) by
convolution:

[F@ 6@
w— i(w) = class of(oo* ((pe)/Q) 0

where X
%0 =& "9(0)

is obtained by scaling a fixed test functisR") of integral one with all moments
vanishing. By the sheaf property, this can be extended incuiarway to an imbed-
ding of the space of distribution®(Q).

One of the main features of the Colombeau construction iftttehat this imbed-
ding renderg"*(Q) a faithful subalgebra. In fact, giveihe ¢*(Q), one can define
a corresponding element gf(Q) by the constant imbedding(f) = class of
[(e,x) — f(x)]. Then the important equality f) = o(f) holds inG(Q).

If ue G(Q) andf is a smooth function which is of at most polynomial growth at
infinity, together with all its derivatives, the superpasit f (u) is a well-defined
element ofG(Q).

We need a couple of further notions from the theory of Colomnbgeneralized
functions. An element of G(Q) is called of localLP-type (1 < p < ), if it has a
representative with the propersty_> I(i)rﬂ'l Ue lLok)  exists for ever C Q.

Regularity theory is based on the subalgegfg Q) of regular generalized functi-
onsinG(Q). Itis defined by those elements which have a representatfisfysng

VK C Q,Va € Ng,3p > 0: sup|o®ug(X)| = Oc—o(e™P)
xeK

Observe the change of quantifiers with respect to formuladlly, all deriva-
tives of a regular generalized function have the same orfdgnoavth ine > 0. One
has that (see [6]). )

G*(QND(Q)=C"(Q)
For the purpose of describing the regularity of Colombeanegaized functions,
G*(Q) plays the same role &s°(Q) does in the setting of distributions.
A net(re)ec(0,1) Of complex numbers is called a slow scale net if

Ire| = Oco(e™P)

for everyp > 0. We refer to [6] for a detailed discussion of slow scale rneisally,
an elementi € G(Q) is called of total slow scale type, if for some represengativ
[| 0%Ue || =(k) forms a slow scale net for evely C Q anda € Ng.

We end this section by recalling the association relatiotherColombeau algebra
G(Q). Itidentifies elements af € G(Q) if they coincide in the weak limit. That
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is,u,ve G(Q) are called associated,
ur v, if lim /(us(x) —Ve(X))P(x)dx=0
e—0

3. CONFORMABLE DERIVATIVE

In this section we will give some definition and propertien@arning the new
derivative important in the following.

Definition 3.1. [11] Leta € (n,n+1] and f: [0,0) — R be n-differentiable at
t > 0, then the conformable derivative of f of ordeis defined by

) (t et 1-0) — £(0)(t)

f@(t) = lim
e—0 €
@ (0) = lim (@ (t)
t—0
Remark3.1 [11] As consequence of the previous definition, one canyeakibw
that f(a)(t) — th+1l-a f(n+1) (t)
wherea € (n,n+ 1}, andf is (n+ 1)-differentiable at > 0.
In [2] we find the following proposition.

Proposition 3.1. [2] Let f, g two functiono-derivatives and 2 € R. We have the
following properties.

(1) (af+bg)® = af@ 4 pg@),

(2) (fg)'¥ = t@g+ g,

(3) (t") = pto-e,

) (é)(d) _ f(u)g;zfg(a)’

(5) IfceR, c® =0.

Proposition 3.2. If x is a continuous map, thent x(%(t) is a continuous map.

Proof. Sincex is a continuous mape R*. — x(t +&t'~) is a continuous, thus
VB > 0,da >0,

1-a) _ 1-a
‘x(t+st ) 8x(t0+z-:t0 ) <p
whenevelt —to| < a, by passing to limite — 0 we get|x(®)(t) —x® (tp)| < B as
desired. O

Proposition 3.3. Let f: X — X, be a Lipschitz map. i.e.
|f(x) — f(y)| <k[x—yl, ¥x,y € X and ke]0,1[. The problem of Cauchy

{x(o‘)(t) = f(x(t)), t>0
X(0) =%

has a unique solution.
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Proof. By 5.3x s continuous, the sequengg.1 = f(xy) is a Cauchy’s sequence,
sinceR is a complet space theq converge to the unique solution of (3.3) O

Definition 3.2. [11] Let a € (n,n+ 1]. We define the-integral by:
t
(19F)(t) :/ $Nf(g)ds
0

According to the previous writing we set
dx
Theorem 3.1. [11] We have the following inequality
(140 @) = f(0).
fort >0
Example 3.1. It is easy to prove that:
00 (_1)nt2n+a

i) = > Enr )@t

wherea € (1,2)
Definition 3.3. [9] Let a € (0,1). For a Banach space X.
A family {T (t) }i>0 C L(X,X) is called a conformu-semigroup if:

1) T(0) =1

2 T((s+t)%) :T(s%)T(t%), for all s,t € [0, 00)
Example 3.2. Let A be a bounded linear operator on X. Defing 7= e2V*A. Then
{T(t)},., is a3-semigroup. Indeed:

(1) T0)=e"=1

(2) Vst € [0,), T ((s+1)2) = M= ASA=T(9)T (1)
Definition 3.4. [9] An a-semigroup Tt) is called a G-semigroup if, for each
fixed xe X, T(t)x — x as t— 0"

The conformablex-derivative ofT (t) att = O is called thex-infinitesimal gen-
erator of the conforna-semigroupT (t), with domain equals

{xeX, imT(t)x exist }
t—0
In the sequett € (0,1).

4, |IMBEDDING OF THE CONFORMABLE DIFFERENTIATION INTO EXTENDED
COLOMBEAU ALGEBRA OF GENERALIZED FUNCTIONS

Let ug(x) represents a Colombeau generalized functiah G*(r): The con-
formable derivative for < a < 1 is defined by:

DU (X) = X2 U (%)
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we have
| DU (x) =] XU (X) |

| D (%) < X | Up(%) |
sup| Dug(x) [<|a"~* | sup| Ug(x) |
50 xeK xeK

sup| Dug(x) |[< CreP
xeK

we use the regularization ford a < 1
DU (X) = /Rﬂ)o‘us(s)(pe(x— s)ds
The convolution form is given by:
DUg(X) = DUg * @ (X)
we indicate that D%ug(X) — D%Ug(X) |~ 0
| DUg(X) — DPUg (X) |=| D Ug * @ (X) — D Ug(X) |
| DOUg (X) — DUe(X) |=| DU % @ (X) — DU % 3(X) |
| DUe(X) — DU (x) | =] DUe * (e (x) —8(x)) |
| DU~ D) =] [ DOue(x—3) (@() ~ 5(8))ds|
| DU (X) — D Ug (X) |:/ | D%ug(x—5s) || @:(s)—d(s) | ds— 0
ase — 0. Since lim| ¢(s) — 6(5) |, then
DUg (X) ~ D*Ug (X)

Using the fact thatp:(x) has the compact support @, so by Holder inequali-
ties, have the following calculations:
we have

DUg (X) = D Ug * @ (X) /Q)O‘u8 X—S)@(s)ds
| DUg(X) |=| /Rﬂ)o‘ug(x—s)(pg(s )ds|= | /KO Dg (X — )@ (s)ds|
D) |= [ 1P°wx=9) || (s) | ds

sup| D%ue(x) |= sup{ [ | Due(x—9) || () | ds}

xeK xeK JKo
S0,
sup| Dte(x) < sup | Due() | [ | @(s)|ds
xeK xeKy

sup| Dug(X) |< Cyp €P
xeK
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and
9 (Due) = L (D0 5 (%) = D= 2 (@ (%))
dx ST dx e) * @e(X) = e * oy e
then,
sup| (B (x) |< sup | D (x |/ )| ds< CpeP
xek  dX XeKy

In order to prove moderateness for higher derivatives alairnalculation is ap-
plied. ~
sup| 0"D%g(x) |< Cz€P
xeK
5. GENERALIZED CONFORMABLE SEMIGROUP
We define
Eu(R) = { (e)e € (R)®Y/3me N, xe| = Oeo(e™)
and

A(R) = { (x)e € (R)* /Yme N, [xe| = Os-0(™) }

It is easy to prove that

Proposition 5.1. The spacefy (R) is an algebra and\((R) ideal in Ey (R)

Definition 5.1. We define the Colombeau algebra type by:
= Zu(R)/N(R)

5.1. Locally convex and complete spaces

Definition 5.2. : Let X be a vector space with a seminorms famifhy)ic,. If T; is
the topology defined by the only semi-normIpT is the super bound of topology
T;. The spece provided with this topologis called a locally convex space

A basis of 0-neighbourhood is the set of all "balls” of the §gonms (p; )i
B(i,r) = {xe X/ pi(x) < r}, Vi el andr > 0.
Then,(x,)n € N is a Cauchy sequence iff
(Vve>0)(Viel)(Ino eN)(Vn,peNif n>ng = pi(Xrp—X) <E)
Definition 5.3. We said thatD is dense in locally convex space X iff
(vxeX) (IyeD) (ve>0) (Viel) wehave pHx—y)<e

and X is sequentially complete if any Cauchy sequence aew¢o an element e
in X.
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5.2. Generalized semigroup

Definition 5.4. Let X be a locally convex space with a seminorm faniitty;c; .
We define

T (X) = { (e € (X) O /3me N,¥i €1, pilx) = O0(e™) |
and
N(X) = {<x5>s e(X) Y /ymeN,Viel, pi(x)= oHo<s”‘>}
We define the Colombeau algebra type by:
X = Zu(X)/AE(X)

First, we are looking if it is possible to define a mapX — X by means of a
given family (A¢)ec(0,1) Of mapsAe : X — X whereA is a linear and continuous
operator. The general requirement is given in the following

Lemma5.1. : Let (A¢)ec(0.1) be a given family of maps:AX — X.
For each(xe)s € Em(X) and (ye)e € A(X), suppose that

(1) (Asxs>8 € Zu(X)
@ (Aclxe+y0)_~ (Aexe)_ € A(X).
Then %%
e f e o
is well defined.

Proof. From the first property we see that the cl%(ségxs)s] e X

Let X +xe be another representative of= [x]
From the second property we have

(Rl +ye)) = (Aoxc) €A(X)
and
(Pl +¥0)), | = [ (Axe), | in X
ThenA s well defined. O

Definition 5.5. Let SEw (R : L¢(X)) is the space of nettS:), of strongly con-
tinuous mappingseS R, — L¢(X), €€ (0,1) with the property that for every
T > Othere exists & R such that

sup [|S(t

te[0,T)

1
[0}

)l = Oe0(€7), (5.1)

and SA (R : L¢(X)) is the space of netd\g), of strongly continuous mappings
Ne : Ry — Le(X), € € (0,1) with the properties:
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Foreverybe Rand T>0

1
sup [INe(te)|| = Oeo(E”), (5.2)
te[0,T)
There existg > 0 and ac R such that
1
Ne(ta
sup ") = 0, o(e?), 53
t<tp

There exists a nefH; ) in Lc(X) andeg € (0,1) such that

lim
t—0
[Hell = Os—0(€”), (5.5)
Proposition 5.2. SEum (]R{+ : [C(X)) is algebra with respect to composition and

SN (R; @ Lg(X)) is an ideal ofSEy (R : Lg(X))

Proof. Let (S(t7)), € SEm(R= : Lo(X)) and (Ng(ta)), € SNy (Ry : Lo(X))
We will prove only the second assertion, i.e., That

(SDNe(t)) . (Ne(t2)S(t7)), € SN (R © Le(X))

whereS (t%)Ns(tal) denotes the composition.
Lete € (0,1). By (2) and(3), for somea € R and evenb € R,

IS (65 )Ne(t7) | < S (83 [|INe(t7) | = Oc0(e*+P),
The same holds fofNe(ta )S.(t)]|. Further,(2) and(5) yield
t7)Ng (ta
sup) SLNe(?)

t<to t

Ne(ta
S(t )ng, X e X, (5.4)
For every b> 0,

| < sup||S:(t&) || sup||Ne(t3) |
t<to t<tp

- OS—)O(sa) 9

for somety > 0 anda € R. Also,
1

S(ta)Ng(t
SUpH ( )t 8( )
t<tp
for sometg > 0 anda € R. Let nowe € (0,1) be fixed. We have
&<t3>th<t%>X ) s(tté>

Q=

[I'= Oe0(E"),

Q=
Z

1
a

Q=

—S(O)Hex|| = [|1S:(t JHeX+ S(t@)Hex — S(0)Hex||

l Xx— St

s

1 1
a a

< st JHeX]| + [ S(t5)Hex — S:(0)Hex]|

By the first and the fifty properties in 5.5 as well as by the ity of
t — S (t)(HeX) as zero, it follows that the last expression tend to zerb-as0.
Similarly, we have
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Ne(t3)

I x— HeS (0| = | = S(t5 )x— ———=S(0)x
+ M5 0 s 0
< M) g e x- s 0
M) 5 00 - Mt 0]

Assumptiong4), (5) and(2) imply that the last expression tends to zerd as0.
Thus(5) is proved in both cases. O

Now we define Colombeau type algebra as the factor algebra:
SG(Ry: L(X)) =SEm(Rs: L(X)) /SN (R4 : L(X))

Elements ofS G (R, : L(X)) will be denoted byS= [S], where(S); is a repre-
sentative of the above class.

Definition 5.6. S€ SG(R; : L(X)) is a called a ColombeaudsSemigroup if it
has a representativéS; )¢ such that, for somep > 0, S is a G-Semigroup, for
everye < €.

Example 5.1. We takeG = G(R*), and we we definelt)ug(x) = ug (x+L).

Then
T(t) = (Tﬁ(t))a
define a conformable semigroup gh

In the sequel we will use only representati\(és)8 of a ColombealCy-semig-
roup Swhich areCy-semigroups, foe small enough.

Proposition 5.3. Let (S;), and ($), be representatives of a Colombeag-&mi-
group S, with the infinitesimal generators,A € < g0, andAs, € < &, respec-
tively, wherego andg, correspondin the sense of definition 5.6 {&)_and (S)..,
respectively.
Then, D(A¢) = D(A¢), for everye < € = min{&o,&} and A — A¢ can be extended
to an element of (X), denoted again by A- A;.
Moreover, for every & R,

1Ae = Ac]l = Ocs0(€?), (5.6)

Proof. DenoteNs (S — S )e € SAUR 4, L(X)).
Lete < g be fixed andk € X. we have
Sta)x—x  §o)x—x  Ng(ts)
t t ot

X
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This implies by letting — 0, thatD(A¢) = D(A¢). Now we have

(- e, S0 o
_t"—njo (tat)x_X (5.8)
= fim. Ne), _hx xeD(A) (5.9)

t
sinceD(A¢) is dense irX, propertles(4), (5) and(7) imply that for everya € R,

|Ae — Ae|| = Os0(€?). 0

Now we define the infinitesimal generator of a Colomb€gisemigroupS.
Denote byA4 the set of pairg(Ae)e, (D(A¢))e) WhereAg is a closed linear operator
on X with the dense domaid(A¢) C X, for everye € (0,1). We introduce an
equivalence relation iA

((A).. (DA)),) ~ (o). (D(A),)
if there existeg € (0,1) such thaD(A¢) = D(A¢), for everye < €o, and forevena e
R ther exisiC > 0 ande, < &g such that, fox € A(A¢), ||(Ae — A¢)x|| < Ce?||x||, x
D(A¢),€ < &a.
SinceA¢ has a dense domain ¥, R; := A, — A, ca, be extended to be an operator
in Lc(X) satisfying||(Ac — A¢)x|| = Oe_0(€2), for everya e R. such an operatd®,
is called the zero operator.
We denote byA the corresponding element of the quotient spdge~. Due to
propostion 5.3, the following definition makes sense

Definition 5.7. A€ 4/ ~ is the infinitesimal generator of a Colombeay-§&mi-
group S if there exists a representatii#; ) of A such that Ais theinfinitesimal
generator of § for € small enough.

By Pazy we have the following proposition

Proposition 5.4. Let S be a Colombeauytemigroup with the infinitesimal gen-
erator A. Then there exist@ € (0,1) such that:

o Mapping t— Se( x: Ry — X is continuous for every & X ande < gg
) I|m/ Su )xdg = S(ta ), €<€g, xeX
o /Sb(s%)xdsj eD(A), €<g, xeX
0
o For every xe D(As) andt>0S(t %) D(A¢) and
L sthx=ASHx=SHAx s<g (5.10)

dt“
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o Let(S), and (ég)s be representative of Colombeay-§emigroup S, with infin-

itesimal generators AandAg, € < &g, respectively. Then, for everyaR and
t>0

| S8 t) A ()] = Ocso(e?). (5.11)
o For every xe D(As) and every ts> 0,

S(t7) / S.(1#)Axdty = / AS (T4 )xdt

QI»—-
._.

Theorem 5.2. Let S andS be Colombeaudssemigroups with infinitesimal gener-
ators A andA, respectively. If A= A then S=S.

Proof. Let € be small enough anxe D( AE) =D Ag) Proposition 5.4 property 4
implies that fort > 0, the mapping— S(t —s)S ()X, t > s> 0 is differen-
tiable and
d* = 1 1 ~ 1
—(8((t-97)8(s7)x) = —A&((t —9)7)S(s7)x
+8((t—97)AS(sT)x, t>s>0.

The assumptioi :~A implies thatAs = A¢ +R:, whereR; is a zero operator. Since
As commutes withs;, for everyx € D(A¢)

d* -

1= (B(t-9%)8(5)) =S(t-9F)R&(s?)x, t=5>0.
and this implies

§((1-9%)8(x- 8 t)x= [ &((t-0?)RSW
Puttings=tin (11), we obtain
Sg(tu) S t%x /& (t—u)a )RsSc( %)Xqu, t >0, xeD(A). (5.13)

SinceD(Ag) is dense inX, uniform boundedness (ﬁangéon [0,t] implies that
(11) holds for everyy € X. Let us prove thatNe ) = (S — S )e € SN (R @ Le(X)).
The formula(12) and definition 5.4 imply that for son@ > 0 anda, 8 € R,

t o 1
< sup [ IS((—ué) RIS (uh) ] xdu
te[o,T)~/0

H

1 1
a ]

Xduy, t >s>0. (5.12)

1 1
] ]

sup ||Ng(t
te[0,T)

<TCefRelx|, xeX

Since||Re|| = Oe—0(€"), for everyb € R, (N¢(t)), satisfies conditior{3) in defini-

tion 5.4. Condition(3) follows from the boundedness 68 )c,(S ). on dounded
domain[O t), the properties ofR¢). and the following expression:

1

1 1
=1 [ &0 RS dw] <[5

1
]

)HIRe[I[|Se]l < const x e X, t <to,
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for sometg > 0. Also,

CONe(ts)  S(tax—x . S{ta)x—x
tILno— _tlino _tILno t =R, "xeD(A).
Since it is enough thgb) holds for a dense subset Xfsee the remark after defi-
nition 5.5 this concludes the proof. O

6. MAIN RESULT

This section deals with applications of Colombeay-semigroups in solving
a class of heat equations with singular potentials and Bnglata. We consider
the problem

ofu(t,x) = (A—v(x))u(t,x) xinR,teR"
u(0,t) = up(x) = 8(X) (6.1)
V(X) = 8(X)
Before we discuss the problem we will defined some spaces achwie will
work. First we set|.||,_2(R> =l

Definition 6.1. We define B¢ by:
H2% = {f € L?R), D°fcL?R)}

1 llhes = /I fI5+ 11D F13
The Colmbeau algebra type defined as follows
GHZG — Z:M (HZ,C()/N(HZ.(X)

whereZy (H2%) the vector space of nef&; ), € H*® with the property: for every
T > Othere exist ac R such that
|Gel|p2a = O(€?)

and 7 (H2%) the vector space of ne{sS¢), € H%* with the property: for every
T > Ofor all b € R such that
IGe [lze = O(e”)

is a Colombeau type vector space.
Definition 6.2. T py2q ([0, T],R) (respectively\g: 2« ([0, T],R)), T > 0, is the
vector space of net&Ge), of functions

Ge € C([0,T],H**) N c*([0,T],L%(R))

with the property: for every iTe (0,T) there exists & R, (respectively, for every
a € R) such that

max{ sup |Gellize, SUP [D%Geiz(r) | = Oc-role?)
tE[QTl] tG[TLT]

with the norm



278 M'HAMED ELOMARI, SAID MELLIANI, AND LALLA SAADIA CHADLI

The quotient space

Getpza ([0, T],R) = Fc1 2 ([0, T, R) /Nga y2a ([0, T],R)

is a Colombeau type vector space.

Remark6.1 The multiplication of potentiaV € G2« andu € Gei pza ([0, T, R)
which is expected to be a solution to equation

ofu(t,x) = (A—v(x))u(t,x) xinR,teR"
u(0,t) = up(x) = &(x)
V(X) = 8(X)

makes sense.

Definition 6.3. Let A be represented by a ngk )¢, of linear operators with the
common domain F*(R) and with ranges in &(R). A generalized function G
Gerpza T >0, is said to be a solution to equatiddr G = AG if

sup ||D%Ge(t,.) — AcGe(t,.)||2 = Oe—o(e?), Vae R.
te[0,T]

Definition 6.4. An element\& G,,2. is of logarithmic type if it has a representative
(Ve)e € Eci p2a With the property
”VgHHZ.u — Og_>0(|n 8_1)
An element \E G2« is said to be of log-log type if it has a representatig), €
1 2o With the property
[Vellpza = O o(In®Ing™1)

2 it P gt

Theorem 6.1. LetV € G2q be of logarithmic type.

(1) Derivation of Au= (A—V)u, ue H*%(R), are infinitesimal generators of
conformable semigroups,Tfor everye > 0, and(T;) is a representative of a
Colombeau conformablegsemigroup.

T(t) € SG(R™, L (LA(R)))

(2) LetV € G2« and let E be as inl.
Then, for every T> 0, the problem 6.1 has unique solutiondgiH?%(R).

E(t,x) =

Proof.

(1) Lete > 0 small enough. By the Feynman-Kac formula the operAtas the
infinitesimal generator of the corresponding semigroup

.
TOwe0 = [ (exp(~ [ Ve(els)ds) ) w(e(t)) (o)
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for ¢ € L?(R), whereQ = [~ R andy is is the Wiener measure concentrated
atxe R.

SinceV is of logarithmic type, there exi€ > 0 andn € (0,1) such that
TeW00] < exp(t” supve(s)) | [9((0) ()

<¢ “—/exp— X_y|2|lIJ(y)|0|y
- 2V Jr 4t

Therefore, there exi€ly > 0 such that

sup | Te(t)W(x)||2 < Coe®" W2
te(0,T]

Thus(Te)e eSG<R+ L(LZ(R))>

(2) (a) By the Duhamel principle, solutiar(t,x) to equation (6.1) satisfies

() = [ B x—y)be(y)dy 62)
t
+ [ [ E-9%x=yVeyu(syidy 63)
Young'’s inequality implies
t
[Ue(t, )2 < Hbs||2+/0 Ve (I ]Ue (s ) [[2ds
Gronwall’s inequality gives
t
[[Ue(t,)ll2 < HbsteXIO/O Ve (IIE, Vt € (0,T]
SinceV € GH?%(R) is of logarithmic type anduge)s € EH2%(R), it

follows that sup. o1 [|Ue(t,.)[|2 has a moderate bound. Differentiation of
equation 6.2 Wlth respect to some spatial variataigves

d d
&US(LX :/E ta>y &b (X*Y)dy

+// (t=9% ) LV X=y)te(s.x~y)

d
+V(x—y)&ua(S,X—Y)dde
then
d
II& (L, )Ilz_H—bII2+/ | Vs (e uee. M2 Vel oy 8 e 1,1,

Also Gronwall's inequality implies that supo 1) [|Ug(t,.) |2 is moderate.
S0 (Ug)e € Ec H2a(R).
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(b) For uniqueness:
Let u; andv; two solution of (6.1).
e setGe = Uz — Vg, we get

Ge(tx) = [ E(x—y)Ne(y)dly
+ [ B9 x-yvmeas vy

+/Ot/RE((t—s)“,x—y)Ns(Y)dy

whereN;(x) = G(0,x), andN; = & Ge — (A~ V)G
Then Young’s and Gronwall’s inequalities imply

t t
Gt )z < NI+ [ Vel ) o[ Ge(s. lads [ INe(s. s

thusGe € A(H2C, O
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