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CESARO-LIKE OPERATORS

B. E. RHOADES AND D. TRUTT

ABSTRACT. In previous work it was shown that the lower triangular gahe
ized Hausdorff matrixy with nonzero entriebp = (n+a+ 1)*1, fora >0, is
subnormal o2 if and only ifa =0,1,2, .... For 0< h< 1, the weighted Cesaro
operatoiC}, : {an} — {bn} on¢2, whenby = (ag+diag + - -+ dhan) /(n+1)dn,

is subnormal whem:lj2 =T (j+1)r(h)/r(j+h). Inthis paper we show that,
whendj =T (j+1)F (h)/I(j+h), the square of the weights chosen above, then
the corresponding operat@, is bounded or/? for 0 < h < 3/2, thatH is
bounded orf? for all non-integera < 0, and thaCj, is closely related tdd_1.
This relationship leads to our main result t@gtis only subnormal wheh =1,
when it corresponds to the original Cesaro operator with0 and eactd; = 1.

1. INTRODUCTION AND SUMMARY OF RESULTS

The Cesaro operat@: {a,} — {b,} on¢?, whereb, = (ag+ay +---+an)/(n+
1) was shown, in [6], to be subnormal, which answered a queséized in [1].
For 0< h < 1, the weighted Cesaro operajjon 22, with

bn = (ap+dhag +---+dnan)/(N+ 1)dn, (1.1)

wheredj2 =T (j+1)r(h)/r(j+h), was shown to be subnormal in [5]. Fer> 0,
another generalization @, the lower triangular generalized Hausdorff mat,
with hp = (N4 o 4 1)1, was shown, in [3], to be subnormal far=0,1,2,....
The question of the subnormality Bif, for nonintegeio > 0 was settled negatively

in [7].
In this note we consider the transformatiGnin [1] with weights
r(j+21rh)
) r(j+h) (1.2

the square of the weights chosen in [5]. We show that thes@lacebounded
operators orf? for 0 < h < 3/2, and that they are closely related to the operators
Hg in [3], but for —1 < a <0.
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We shall show thaHy is bounded for all non-integaex < 0, but not subnor-
mal. The relation betwee@, and Hy then yields our main result th&, is not
subnormal, except fdr = 1, when it is the original Cesaro operator studied in [1]

The authors gratefully acknowledge the guidance and megbmical contribu-
tions of Stefan Maurer, who declined the well-deservedistaf joint authorship.
We also thank him for access to his elegant proofs of the Uighal results in [7].

2. A WEIGHTED CESARO OPERATOR
For each sequendgl},d, > 0, define the transformatia®y on /2 by

(aodo+a1d1+m+ajdj)
(j+1)d; '

fO<h<1 anddj2 =T (j+1)r(h)/r(j+h), it was shown in [5] thaCy is a
subnormal operator, a generalization of the result in [6ilie Cesaro operator. We
now consider the casy = I'(j+ 1)l (h)/I'(j +h), and denote the corresponding
linear transformation ol by C,,. Our goal is to determine whether or r@ is
subnormal.

Lemma2l IfO<h<3/2andd =TI (j+1)r(h)/I(j+h),j=0,1,2,..., then
Ch is bounded orf?. If h > 3/2, then G, is unbounded o?.

Cd{aj} = {bj}, where bj = (l.l/)

Proof. If 0 < h < 1, the proof in [6] also applies here. Namely,hit= 1, then
Ch, is the Cesaro operator and the result was proved in [1, p.. 1S@Fe{d,} is
non-decreasing for & h < 1, the proof follows from the inequality

XT_odjaj‘< Yiolajl)
dy(n+1)1 = n+1

Since||C|| =2, [1], ||Ch|| <2when 0< h< 1.
Now assume that & h < 3/2. The lower triangular matri&;, is a factorable
matrix of the form(Cp)nk = anbk, where

1 T(n+h)
(n+1)dy, (N (n+2)

=0o(n"?),

an:

and, by [8], page 47,
bk = di = O(k*™M)

Thus, for sufficiently largen > Np andk > Kp, we may assume th&, is a
factorable matrix with entriea/b),, wherea, = n"~2 andby = k~". By Corollary
8(iii) on page 413 of [2], withp = g = 2, it follows thatCy, is a bounded operator
on/?ifandonlyif2—h>1/2 and(2—h)+(h—1) >1/2+1/2.

Thus a necessary and sufficient condition@qtto be a bounded operator ¢h
is thath < 3/2. O
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Lemma 2.2. The point spectrum of{ds the open disk

{hip- 3—12h‘ = 3—12h}’
for eachO < h < 3/2.

Proof. If f = {f(n)} isin ¢? andC;f = Af, then, as in the proof of Lemma 2.2
of [5], page 238, wittd, = I'(n+1)I (h) /T (n+h),

Crn+r(h) 1
f(n) _Wﬂ(l—j—)\>f(0).

1 2 1 \2
‘)‘_ 3—2h‘ = <3—2h> ’
or, equivalently, ifu=1/A, 2Rgp) > 3—2h; i.e.,
2Rg) = 3—2h+ ¢ for somee > 0. Then

Suppose that

T lﬁ( Yol
h
wnere ‘1_E‘2_1_M_’_ “1’2
j j 2 ,
1 3— 2h+a+@

<exp(“l‘2 3— 2h+£)

It follows from the estimaté (n+ 1) (h) /T (n+h) = O(n'~"), page 57 of [g],
and the argument on page 130 of [1], tiais in #2, and hence every satisfying
A —1/(83—2h)| < 1/(3—2h) is an eigenvalue of}. That these are all of the
eigenvalues follows as in [1]. d

Corollary 2.1. Let T, =1—Cy, for 0 < h < 3/2. The point spectrum ofTis
{A:]A—(2—2h)/(3—2h)| <1/(3—2h)}.
Proof. G f =Af ifand only if (1 —C})f = (1—A)f. O

Following the constructions in [6], [5], and [3], for eadhin (2, defineF by
F(z) = (f,q,), for all z— (2—2h)/(3—2h)| < 1/(3— 2h), whereT, ¢, = z¢,, and
¢,(0) = 1. Let H denote the set of all functiorts, and defind|F ||, = || f||4,.

Theorem 2.1. Forall 1/2 <h < 3/2, H is the space of functions(E) analytic for
|z— (2—2h)/(3—2h)| < 1/(3—2h). The operator {in ¢, is unitarily equivalent
to the operator inH which maps Kz) into zF(z) in #. The functionsyy(z) =
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Ln(z) =dn(z—1)""2(z—1/2)---(z— (n—1)/n),n > 1, form an orthonormal
basis for#. The reproducing kernel function fdi is
K(W.2) = ZUn(Wy(w) = 3P - %v— h+1, 1— —h+1hh 1),

Proof. The correspondencé <+ F is 1 - 1 since the functiong, span a dense
subset of? (or H?) when /2 < h < 3/2. The numberad, =1/nn=12,..., are
in the point spectrum of,’, and@, is a polynomial of degrea— 1, by the proof
of Lemma??. So, the span of all of the, includes all of the polynomials, which
are dense inf?.

The proofs of the other statements in Theorem 1 are the saméase on page
216 of [6] and page 238 of [5]. An orthonormal basis fércan also be derived by
a direct computation. O

Note that, for 0< h< 1/2, 0 is not in the spectrum @f,, so that the above proof
thatf +» F is a 1-1 correspondence does not hold. This observatioreigodbtefan
Maurer, as is the following lemma.

Lemma 2.3. For 0 < h < 1/2, the correspondence £ F betweer¢? and # is
notl—1.

Proof. Sincel (n+h)/I"(n+1) = O(n"~1) from page 47 of [8],f = {f(n+h) /

F(hr(n+1)} is in 2 when 0< h < 1/2. We shall show that the corresponding

analytic functionF (z) in ‘A vanishes for all reat, and hence vanishes identically.
From the proof of Lemma 2.E(z) = (f,@;), whereg,;(0) =1 and

F(n+21)r(h) 2 1
@z(n) = WD@_TZ)’ n=12....

So, forreakc=1/zc= 3/2 h+s/2 > l+s/2 and

c
z)=1+ 1-—)=1+ 1--)=0,
SN0 =13 n0-))
using the binomial expansion f()1+ x)¢~ 1 with x = —1. O

A consequence of Lemma 2.3 is tffatin £2 is not unitarily equivalent t& (z) —
zF(z) in #H for 0 < h < 1/2. For our purposes it will be sufficient to continue with
an analysis off for 1/2 <h < 3/2.

The mappingz — z/(1— z) takes the diskz— (2—2h)/(3—2h)| < 1/(3—2h)
onto the half plan&kgw) > —h+1/2. The inverse map & — w/(1+w).

Let K denote the set of functiors of the formF (z) = G(z/(1+z)) for someG
in #, whereRgz) > —h+1/2. Using the conformal mapping, the orthonormal ba-
sis{(—1)"Wn(2)} for # is mapped into the orthonormal bagis(z) = 1,yn(z) =
(dn/nN)z(z—1)---(z—n+1),n > 1, for X, and the reproducing kernel function
for X is

2) = In(@P,(W) = sF(W+h—1,z+h-1;1hh1).
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It follows, as on page 218 of [6] and page 239 of [5] that, fer 8,b < 1,a* and

b? are in K and
1-a) o AF2(n+1)r2(h)
a,b’) g = (—_ (1-a)"(1-b)"
@3 Zo Tt
:F(h,h;l(l a)(1—h))
Let K’ denote all functiong)(z) of the formg(z) = f(z+h—1) for somef in

X, and define
19@)[lx = [ T(D)]«-
Then, for 0O< a,b < 1, a* andb? belong tox”’, and

(@2,b%) o = (ab)" (&, b?) 4 = (ab)""1F (h,h,;1;(1—a)(1—h)).

This formula also appears on page 262 of [3],where it was shovwhold for
h> 1. In our case, & h< 1, by Lemma 2.1. However, a careful review of the
results on page 262 of [3] shows that they hold not onlyHor 1, but also for
O<h<1l;ie.,—1<a<0. The result that the operatbly in [3] is bounded for
—1 < a < 0 will be proved in the next section. It follows, from a comigan of
the Hilbert spaceX’ above with the Hilbert spacég in [3], with a = h— 1 and
0 < h< 1, that they have the same orthonormal basis. Hence thegemtdal.

By Theorem 1, there is a unitary operatdy, from ¢2 onto X such thatCy,
is unitarily equivalent td=(z) — F(z)/(1+2) in X, and a unitary operatdyy,
from ¢? onto X', such thatCy, is unitarily equivalent td-(z) — F(2)/(z+2— h)
in K’. Since X,_1 in [3] is the same space ag’, the operatoH,_1 in [3] is
unitarily equivalent td-(z) — F(z)/(1+2) in K'. Therefore we have the following
identities relatindC, andHp_1:

Hh-1[l — (1 —h)Ch] =G, (2.1)
and
Ch[l = (h—1)Hp1] = Hn_1. (2.2)
For certain values df these identities can be simplified. If4< h <1, then,
by the proof of Lemma 2.1||Cy| < 2 and ||(1 — h)Ch|| < 2(1—h) < 1. Thus
| —(1—h)C; is invertible and

Hho1=Cu[l — (1—h)Cy]*. (2.1)
It now follows, from [4] that, for Y2 < h < 1,
Ch = Hn_1[l — (h— DHn_1] (2.2)

thatl — (1—h)C andl — (h— 1)Hp_1 are bounded inverses of each other, and that
ChHh-1 = Hn_1G,.

SinceCy is bounded for < h < 3/2 and, as we shall show in Lemma 3Hq
is bounded forx > —1; i.e.,h > 0, the operators in (2') and (22') are bounded
for 0 < h < 3/2. Since all of the matrix entries are polynomialshiifor rational
functions of # with poles at the negative integers), andl{Rand (22') hold for
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1/2 < h <1, it follows that they are also true for&h < 3/2. (Thus, as pointed
out by Larry Zalcman, we need not appeal to the Identity Téeofor analytic
functions.)

In the next section we shall use identitiesl(Pand (22') to show thaC; is not
subnormal, except fdr = 1.

3. GENERALIZED HAUSDORF OPERATORSHy FORO < 0.

As in [3], let Hy denote the lower triangular matrix with entribg = 1/(n+
a+1). From [4],Hq is bounded or? for o > 0.

Lemma3.1. For —1 < a < 0,Hq is bounded orf?

Proof. Note that the nonzero terms df; are
dn (n+1)
hwk= —— here dy=——"—.
k= hr N T e
ThereforeHy = DC, whereD is the diagonal matrix with diagonal entriéd;,)
andC is the Cesaro matrix of order 1.
SinceC is known to be a bounded operator €n( [1]), to prove the lemma it
will be sufficient to show that the sequenfd, } is bounded.
By inspection, for each > 0,

|dn| < maX{%,Z},

wheree = a + 1 denotes the distance fromto —1. ThereforeD is bounded by
1/€ andH, is bounded ort? for —1 < a < 0. O

For completeness we present a more general result. The symndenotes the
set of positive integers.

Lemma 3.2. Forany ke N, if —k < a < —k+ 1, then H, is bounded orf2.

Proof. As in the proof of Lemma 3.1, defir = a + Kk, the distance fronu to
—k, ande; = a + k— 1, the distance fronm to —k+ 1. ThenD is bounded by
max{k/e1, (k+1)/e,}, andHq is bounded orf? for —k < a < —k+ 1. O

Remark. Itis clear from the above arguments thitis also bounded off for
p > 1, and for all non-integem < 0.

The next lemma is needed to show thigtis not subnormal of for non-integer
a<0.

Lemma 3.3. If Hy is subnormal or?? for anya > —1, and ne N, then H,n is
also subnormal or?.

Proof. Since the proof is by induction, it is sufficient to provideraqf for n = 1.
If the first row and column oHq are deleted, the resulting matrixhg, 1. Thus,
Hy.1 may be regarded as the restrictionkf to the closed invariant subspace
of ¢2 consisting of all sequence®,} € ¢? of the form {0,ay,ap,...}. Since the
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restriction of a subnormal operator to a closed invariatispace is clearly also
subnormalHg . 1 is subnormal. O

Corollary 3.1. Hq is not subnormal for-1 < a < 0.

Proof. The proof is by contradiction. Letl < a < 0 and assume thaiy is
subnormal. Then & a +1 < 1, and, by Lemma 3.3]4.1 is subnormal. But this
contradicts the result in [7] th&iy is not subnormal for any non-integer> 0. [

Corollary 3.2. Hy is not subnormal for any non-integer < O.

Proof. The result clearly follows from Corollary 2, Lemma 3.3, amdiaduction
argument. [

Theorem 3.1. Cy, is not subnormal for any < h < 3/2, except for h= 1, the
Cesaro operator.

Proof. If h# 1, andCy is subnormal, then so [ — (1—h)Cy] L. Thus, by (21),
so isHp_1. If 0 < h < 1, we have a contradiction to Corollary 2. Ifdh < 3/2,
we have a contradiction to the result in [7] tht is not subnormal for non-integer
a>0. O
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