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AN EXPLICIT FORMULA FOR LEBESGUE CONSTANTS ON
VILENKIN GROUPS

AMIL PECENKOVIC

ABSTRACT. We derive an explicit formula for Lebesgue constants on Vilenkin
groups.

1. INTRODUCTION
The following result (see [6], [8], [11]) is classical in Fourier analysis.

Theorem 1.1. There exists a continuous function f: T — C whose Fourier series
diverges at a pointt € T.

A quick way to prove this theorem is via the uniform boundedness principle com-
bined with asymptotic behaviour of the sequence (L) where L, is given by

L, = HDnHLl(T)a
and D, is the Dirichlet kernel on T. This highlights the significance of the sequence
(L,);_, in harmonic analysis. The constants L, are called Lebesgue constants.
Explicit formulas for Lebesgue constants were given by Fejér (see [3]), Szegd
(see [9]) and Hardy (see [4]).

We give an explicit formula for Lebesgue constants on Vilenkin groups. Our
derivation is based on the decomposition of the Dirichlet kernel given in [7].

oo
n=1

2. PRELIMINARIES

We denote by N the set of nonnegative integers. If n is a positive integer, then
Z,={0,1,...,n—1}

is a topological group with respect to the discrete topology and the operation of
addition modulo n. Let (m;);>, be a sequence of positive integers greater than 1. Let

G =T]Zn.
i=0
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We equip G with the product topology and componentwise addition. It is known that
G is a Vilenkin group (see [1], [10]). We define the sequence of positive integers
(M;);, by

My=1, Miyy=m;i-M;,i>0.

Then (see [1], [10]), every n € N can be represented in a unique way as
n=Y ni-M;, n€{0,1,....m—1}. (2.1)
i=0

The relation (2.1) is called the representation of n. Set
=G, L={(x)rp€Glxo="=x,-1=0},n>1.
Each set I, is both open and closed in G, and they satisfy
2L 2D...I,D....

It is known (see [1], [5]) that there is a unique Haar measure g on G which satisfies
u(G) = 1. In particular, we have

1
ulx+1,)=u(l,) = ﬁ,Vx € G,VneN. (2.2)

The integral of a measurable function f : G — C over a measurable set A C G (with
respect to the measure u) is denoted by

| £ty or [

The L' — norm of a measurable function f : G — C is denoted by ||f]|. For each
nonnegative integer k, define the function r; : G — C as follows

2mixy

rn(x)=em™ , x=(x)ip€G.

For every nonnegative integer n, define the function v, as
Yy (x) = Hr,’:k(x), x € G,
k=0

where n = Y7 o n; - M; is the representation of n. Then (see [1], [10]), (W,);_ is an
orthonormal system on G. The system (,);;_, is called the Vilenkin system. The
Dirichlet kernel is defined as

n—1
Do(x) =0,D,(x) = Y Wi(x),n>1,x€G.
i=0

It is known (see [1], [2]) that

M}’H X E Il’h
D0 ={ o ST 3
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for every nonnegative integer n. Define the sequence (e;); , of elements in G as

ei = (8;) 70,
where §;; denotes the Kronecker symbol. Let j = }.7° j; - M; be the representation
of j € N. We define y; as

yi =Y Jie
i=0

We will use the following lemma (see [7], Lemma 3.1):

Lemma 2.1. Let j € N. Suppose
J=Y ji-Mi,ji€{0,1,....m—1}
i=0

is the representation of j. Then:

i) For each positive integer k
JE<My—1&y;=jo-eo+ji-er+...+ ji—1-er1.
ii) For each positive integer k, the function

fk:{0,1,...,Mk—1}—>{oco-eo+...0ck,1~ek,1 IOLZ'E{0,1,...,mi—1},i:0,k—1}

defined by
k—1 =3
L) =Y jirei,Vi=Y jiMi€{0,1,.... M, —1} (2.4)
i=0 i=0

is bijective.
Notice that (2.4) is equivalent to fi(j) =vy;,j =0,M; — 1.

iti) For each positive integer k
M1

G=H (yj+h) (2.5)
Jj=0

iv) For eachk,j € N
yj € Iy < j =0 (mod M).
In particular,
Vi € I\Ir+1 < j = 0(mod My) \ j # 0 (mod My41).

v) Leti,j € N be such that 0 < i <n— 1. Then for every j€ {1,....M, — 1}
we have
jEO(mOdMi),j7_é0(m0dMi+1) (26)
if and only if the representation of j is of the form

J=JjiMi+ jisiMig1 + -+ ja M1, ji # 0. 2.7
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Proof. Claims i)-iv) are proven in [7]. Therefore, we only prove claim v).

Choose any jedl,.. — 1}. Then, we must have j; = 0,Vk > n. Therefore,
Jj= Zk:O JxMy, s the representatlon of j. Clearly, (2.7) implies (2.6). Conversely,
suppose (2.6) holds. Since Zj;lo JiMy = ):Z;(l) JiMy = j = 0 (mod M;), and 0 <

Z o JikMx < Y O(mk )My = M; — 1, we must have jo=--- = j;_; =0. The
condltlon J # 0(mod M) implies j; # 0. Therefore, j has the representation
2.7). O

We will also use the following decomposition of the Dirichlet kernel (see [7],
Theorem 3.1):

Theorem 2.1. Let n be a positive integer and
n=ng My, +...+n,My

be the representation of n, where 0 < ki, k; < kj for i < j, and ny; € {1,... ,my, —
1},i=1,1. Then

My, —1
Dy (x) = Wn(x < Z an,j - DMk,(x YJ)> xeG,
j=0
where ay_j, j = 1,My, — 1 are constants, and ay,  is a function on G. Moreover, we
have:
i) If j #0(mod My, ), then a, ; =0,
ii) If j =0 (mod My,), j # 0 (mod My, ,) for some p € {1,...,1—1}, then

p—1 Mip = 1 2misa

1 "
an,.,- = E Z nk,-Mki + Mk Z et 3
1§

1 =1

i (mod M . s
where a = w In particular, if j = 0(mod My, 1), then

P
—_— an,Mkz

iii)
My, — 1 2mixy, s
an,o(x 7anMk+ Z e " xel,.

S=. mkl kl




AN EXPLICIT FORMULA FOR LEBESGUE CONSTANTS ON VILENKIN GROUPS 123

3. RESULTS

The following theorem gives us an explicit formula for Lebesgue constants on
Vilenkin groups.

Theorem 3.1. Let n be a positive integer and let
n= I’lklel +... +”k1Mk1

be the representation of n, where 0 < ki, k; < kj for i < j, and ny; € {1,... ,my, —
1},i=1,1. Then

mklfl I—1 mklfl nish
1Dulli =), v Z”kMk +— ) ™
b=0 ki+1 = My o my, —ny,
-1 1
+ ) an My,
o=1 Mka+1 Mku+1
[—1 Mg —1 1 My, —1 nisq
+2 X Z mMig+— ), ™
= o=t | Mig+1 = my, d
a=1 g=1 o i=1 e e

Proof. By Theorem 2.1, we get

My, —1
Dy (x) = Yyu(x) - (an,0<-x>DMk[ X))+ Y an; ‘D, (x—yj)> VxeG, (3.1
j=1
where the constants ay, j, j € {1,...,My, — 1} and the function a, o (x) are character-

ized in the formulation of Theorem 2.1. Now, using (2.5) and (3.1) we obtain

My, —1
||D,, Hl_/]D )|dx = Z /yD )|dx (3.2)
=0 yity
M, —1
= [, Janolm, (ldx X [ fan Do, (53l
J=1 yit+,
My, —1

— M- / lano()ldx+ Y [anl,
k

,/ j=1
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where, in the last step, we used the relations (2.2) and (2.3). From the obvious

mklfl
relation Iy, = |§ (b-ex, +I,+1) and Theorem 2.1 (claim iii)), we get
b=0
mkl—l
/ ano@)ldx =Y / a0 () |dx (3.3)
Iy, b—=0 Ve, +l+1
mklfl 1 -1 mklfl nish
=) / VznkiMki+ e | dx
=0 Jbe i | M = s=g—ng,
m’qf1 1 1 -1 mk171 2mish
= . 7aniMki+ Z e |,
M, M,
b=0 ki+1 ki =1 s=my, —n,

where, in the last step, we used (2.2). On the other hand, using Theorem 2.1 (claim
1)), we get

My~ 1
Y lanjl= Y lanl (3.4)
j=1 JE{, My — 1}
J =0(mod My, )
kj—1
:Z Z ’an,j|-
i=ky jell ..My, 1}

Now, let’s calculate the inner sum appearing in (3.4). Leta € {1,...,/—1} and
i € {ke,...,kq+1 — 1} be arbitrary. We consider two cases:

1) i =kq.
By Lemma 2.1 (claim v)), for any j € {l,...,M}, — 1} we have j =
0 (mod My,,) and j # 0 (mod My, ) if and only if the representation of
Jj is of the form j = q- My, + ji,+1Mio+1 + -+ ji,—1My,—1, where g €
{1,...om, — 1}, jr€{0,1,...om— 1} fork € {kq+1,...,k; — 1}. Now,
using Theorem 2.1 (claim ii)), we get

Mg, —1 a—1 Mo, Mg =1 sy
Z ’an,j’:mka-i-l ce M- Z Mi aniMki+ M Z e ko
je{l,.... My, —1} q=1 ki i=1 ki s=myy—niy,
J=0(mod My, ),
J#0(mod My 1)
(3.5)

Notice that j =0 (mod M;), j # 0(mod M) implies j =0 (mod My, +1),j %
0 (mod My, ). By Theorem 2.1 (claim ii)), for any j € {1,...,M, — 1}
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such that j =0 (mod M;),j #£0 (modM,-H) we have

ap,j = an M;,. (3.6)

I r=1
On the other hand, by Lemma 2.1 (claim v)), forany j € {1,..., My, —1} we
have j =0 (mod M;) and j # 0 (mod M;4,) if and only if the representation
of jis of the form j=q-M;+ ji 1My + -+ ji,—1My,—1, where g €
{1,...,m;—1}, jy,€{0,1,...,mg—1}fors € {i+1,...,k, — 1}. Therefore,

we have
M
) L= (mi—1)-miq--my=(m—1)—"=. (3.7
Je{l My —1} i+1
J=0(modM;), ]¢O(modM-+|)
Now, using (3.6) and (3.7), we get
mi—1 &
)y |an,j| = 71‘/11 Y My, (3.8)
jell,... M, —1}, i+ =
Jj=0(modM;)
Jj#0(mod M)
1 1 &
=\ — — . nkerr
(Ml Mi-H) rzzl
Applying (3.5) and (3.8) forevery a. € {1,...,] — 1} we have
1
) lan,j| = ( > an,Mk, (3.9)
ka<i<koy1r je€{l,....My—1}, Mpg+1 Mk(x+l
Jj=0(modM;)
Jj#0(mod M)
1 mkafl o—1 mkufl 2misq
+ Y Y wMe+M, ), e
Mka'H g=1 |i=1 S=Mgg, —Nig,

From (3.9) and (3.4) we get

Mot 1 1
an j| = - -} My, (3.10)
ol =X, () s

Mg —1 |a—1 i, —1 2misq
m
et M CTES T
ka1l g=1 |i=1 S=Myo — Ny,

Finally, from (3.2), (3.3) and (3.10) we get the claim of the theorem. O
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