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FG-COUPLED FIXED POINT THEOREMS FOR VARIOUS
CONTRACTIONS IN PARTIALLY ORDERED METRIC SPACES

PRAJISHA E. AND SHAINI P.

ABSTRACT. In this paper we introduce FG-coupled fixed point, which gea-
eralization of coupled fixed point for nonlinear mappingspartially ordered
complete metric spaces. We discuss existence and uniqudrezsems of FG-
coupled fixed points for different contractive mappings.r @eorems general-
izes the results of Gnana Bhaskar and Lakshmikantham [1].

1. INTRODUCTION

Fixed point theory has many applications in nonlinear aialyIn [3-5] the au-
thors presented fixed point theorems in partially orderettimspaces and their
applications. As a generalization of fixed points, in [2] Gual Lakshmikantham
introduced the concept of abstract coupled fixed points daresoperators, there-
after Gnana Bhaskar and Lakshmikantham in [1] introducegblenl fixed points
and mixed monotone property for contractive mappings otighigrordered metric
spaces. They proved interesting coupled fixed point regults]. An interesting
application of their result is that it can be used to find thkitson of periodic
boundary value problem, moreover it guarantees the unapsenf the solution.
Followed by this, several authors established new coupked fboint theorems in
partially ordered complete metric spaces and in cone mgpaces. In [6] Sabet-
ghadam, Masiha and Sanatpour proved generalization dfseguGnana Bhaskar
and Lakshmikantham in cone metric spaces.

In this paper we introduce a new concept which is a genetaizaf coupled
fixed point and prove existence theorems for contractivepimggs in partially or-
dered metric spaces. Some examples are also discussessti@atik our results. We
recall the basic definitions.

Definition 1.1 ([1]). Let(X, <) be a partially ordered set and FX x X — X. We
say that F has the mixed monotone property (ikfy) is monotone non decreasing
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in X and is monotone non increasing in y, that is for any & X
X, X2 € X, X <X = F(X,y) <F(x,y) and
YLY2€ X Y1 <Y, = F(Xy1) > F(Xy2).

Definition 1.2 ([1]). We call an elemen(x,y) € X x X a coupled fixed point of the
mapping F if Ax,y) =X, F(y,x) =Y.

2. MAIN RESULTS

Definition 2.1. Let (X,<p,) and (Y,<p,) be two partially ordered sets and F
XxY —Xand G Y x X —Y be two mappings. An elemérty) € X x Y is said
to be an FG-coupled fixed point if

F(xy) =xand Qy,x) =Y.

Note2.1 If X =Y andF = G then FG-coupled fixed point becomes coupled fixed
point. An elementx,y) € X xY is FG-coupled fixed point if and only {fy,x) €
Y x X is GF-coupled fixed point.

Note2.2 Let(X,dx,<p,) and(Y,dy,<p,) be two partially ordered metric spaces,
then we define the partial orderand metricd on X x Y as follows:
For all (x,y), (u,v) € X x Y,

(xy) < (uv) < x<puandy>p,v and

d((X,y),(U,V)) = dx(X,U)+dY(y,V).
Definition 2.2. Let (X,<p,) and (Y, <p,) be two partially ordered sets and F
XxY—=XandGY xX—=Y.Wesay that F and G have mixed monotone property
if F and G are monotone increasing in first variable and monetadecreasing in

second variable, i.e, if for allx,y) € X x Y,
X1,% € X, %1 <p, X2 = F(x1,y) <p, F(x2,y) and Qly,x1) >p, G(¥,Xz) and

Y1.Y2 €Y, % <p, Y2 = F(X,y1) >p, F(X,¥2) and Gly1,X) <p, G(y2,X).
Note2.3 LetF: X xY — X andG:Y x X =Y be two mappings, then for> 1,
Fh(xy) = F(F"(xy),G" *(y,x) andG"(y,x) = G(G"(y,x),F"(xy))

where for allx € X andy € Y, FO(x,y) = xandGP(y,x) = .

Theorem 2.1. Let (X, dx,<p,) and (Y, dy,<p,) be two partially ordered complete
metric spaces and FEX xY — X and G: Y x X —Y be two continuous functions
having the mixed monotone property. Assume that therelekist[0, 1) with

dx(F(X,y),F(U,V)) g[dX(X,U)—de(y,V)],VX ZPl uy SPZ Vv, (21)

dY(G(y> X)>G(Vv U)) < IE[dY(%V) +dx (Xv U)],VX <p WYy>p, V. (22)

IN
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If there exist(Xo,Yo) € X xY such that x<p, F(xo,Yo) and yo >p, G(Yo,Xo), then
there existx,y) € X x Y such that x= F(x,y) and y= G(y, X).
Proof. By hypothesis there exis{go,Yo) € X x Y such that
Xo <p, F(X0,Yo0) = X1 (say) andyo >p, G(Yo. %) = Y1 (say).
Forn=1,23,... definexy,;1 = F(Xn,¥n) @andyn.1 = G(yn, X,) then we get
Xni1=F""(X0,Y0) andyn:1 = G™*(yo,%0).
Then we can easily prove thék,} is an increasing sequence in X afwh} is a
decreasing sequence in Y by using the mixed monotone pyopeR and G.

Claim: Forne N

k

0 (F™*2x0,90). F"(10.30)) < 5(“21)" [ 30) +ev(vn.30)). (2.3)

dv(G™(yo,%),G"(Y0.%0)) < IE(%)nil[dY(yl,yo)erx(Xlaxo)]- (2.4)

We will use the fact thafx,} is an increasing sequence in X afyg } is a decreas-
ing sequence in 'Y, (2.1), (2.2) and symmetric propertghofo prove the claim.
Forn=1,
dx (F2(x0,¥0), F (X0, o)) = dx (F (F (x0,Y0), G(Yo, %)), F (X0, Yo))

l%[dx( (X0,Y0),%a) + v (G(Yo,%0), Yo)]

_ g[dx (X1,%0) + dv (Y1, Y0)]-

. [
Similarly dy (G?(Yo,Xo), G(Yo, X)) < 5[dv (Yo, y2) + o (%0, x1)]-
Now assume the claim for < mand check fon=m-+1.
Consider,

dx (F™2(x0,¥0), F™(x0,Y0))
:dx( (F™*(x0,Y0), G™ (Yo, %)), F (F™(x0.¥0), G"(¥0. %0)))

K lax (F™ (%, yo) (%0, ¥0)) + Ay (G™ (Y0, X0), G"(Yo, X0))]

=5
Kk K+1 | /k41\m-1
< L) ™ T 30) i v yo) 5 (M) ™ o (o) e 0)]
K/k+1
= 5(%) [dx (X1, %0) + dy (Y1, Y0)]-
Similarly we can show that
O (G™2(¥6,50), G™(y0.%0)) < 5 (“ 1) "l 30, 50) + b (y1.¥0)).
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Thus the claim is true for aff € N. Using the result obtained we prove tHag }
is a Cauchy sequence ¥and{y,} is a Cauchy sequence Yh
Form > n consider,

dx (F™(X0, Yo), F" (X0, Y0))
< dx (F™(x0,Y0),F™ *(X0,¥0)) + dx (F™ *(Xo,Yo), F™ 2(X0, Yo))
+ -+ dx (F™ (%0, Y0), F"(%0, Y0))

< g (k—;rl) ™00, 50) + (v, Yo + g (%) "l (0. 50) + v (31,0
et g (k_?>n_l[dx(x1,xo) + dv (y1,Yo)]

A A e B o s

n-1
< g(%) [dx (X1,X0) + dy(Y1,Y0)]; whereB = % <1 —0asn— .
That is{F"(xXo,Y0) }»_o is Cauchy sequence {X,dx).
Similarly we get{G"(yo,%o) }1n_o is @ Cauchy sequence (i, dy ).
Since(X,dx) and(Y,dy) are complete metric spaces, we have

liMn—e F"(Xo0,Y0) = xand limy . G"(yo,X%o) =y for some(x,y) € X x Y.

Now we can prove thgix,y) is an FG-coupled fixed point by using the continu-
ity of F and G. For that consider,

dx (F (), X) = lim dx (F (F"(0,Yo), G"(¥0,%0)). F"(%.30))

= lim dx (F"(x0.Y0). F"(%0.Y0)) = O.
That isF(x,y) = x.
In a similar manner we can prove thaty,x) =.
This completes the proof. d

Example 2.1. Let X = (—o0,0] and Y = [0, ) with usual order and usual metric.
Define F: X xY = X and G:Y x X =Y as Fx,y) = %3¥ and Gy, x) = =%, then
it is easy to check the conditior{2.1) and (2.2) for F and G with k= 3,1 = 2.
Here (0,0) is the unique FG-coupled fixed point.

We obtain the result of Gnana Bhaskar and Lakshmikantharag 3| corollary of
our result.

Corollary 2.1. [1, Theorem 2.1 Let(X, <) be a partially ordered set and suppose
there is a metric d on X such théX, d) is a complete metric space. Let R x X —

X be a continuous mapping having the mixed monotone propen§ Assume that
there exist ke [0,1) with

d(F(x,y),F(u,v)) < = [d(x,u)+d(y,v)],¥x > uy < V.

NI X
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If there exists ¥ Yo € X such that ¥ < F(xo,Yo) and ¥ > F(yo,%o), then there
exist xy € X such that x= F(x,y) and y= F(y,X).

Proof. TakeX =Y, F = Gandk =1 in Theorem 2.1, we get the result. O

Remark2.1 By adding to the hypothesis of Theorem 2.1 the condition:efary
(X,¥), (x1,y1) € X x Y there exists @u,v) € X x Y that is comparable to botlx,y)
and(x1,y1), we can obtain a unique FG-coupled fixed point.

In the following theorem we prove the uniqueness of FG-aedifixed point
using the above condition.

Theorem 2.2. Let (X, dx,<p,) and(Y,dy,<p,) be two partially ordered complete
metric spaces and FEX xY — X and G: Y x X — Y be two continuous functions
having the mixed monotone property. Assume that for exeyy, (x3,y1) € X xY
there exists du,v) € X x Y that is comparable to boftx,y) and (x1,y1) and there
exist kI € [0,1) with

dx (F(x,y),F(u,v)) < g[dx(x, u)+dy (Y, V)], VX >p, u,y <p, V, (2.1)

O (G(yX), G(1 1)) < S (YY) + O (K UL VX Sp Uy >p v (22)

If there exist(Xo,Yo) € X xY such that x<p, F(xo,Yo) and yo >p, G(Yo,Xo), then
there exist uniquéx,y) € X x Y such that x= F(x,y) and y= G(y, X).

Proof. Following as in Theorem 2.1 we obtain the existence of FGatmalifixed
point. Now we show the uniqueness part.
Suppose thafx*,y*) € X x Y is another FG-coupled fixed point, then we show
thatd((x,y), (x*,y*)) = 0, wherex = limp_» F"(Xo,Yo) andy = limy_,. G"(yo, Xo)-
Claim: For any two point$xi,y1), (X2,¥2) € X x Y which are comparable,

dx (F"(x1,y1), F"(%2,¥2)) < (%) n[dx (X1, %2) + dv (Y1,¥2)], (2.5)

K+1\n
0 (G"(y1, %), G"(y2.%2)) < (5 ) vy y2) +cOa)).  (26)
Without loss of generality assume tha, y2) < (X1,Y1).
We will use (2.1), (2.2) and symmetric propertydyfto prove the claim.

Forn = 1 consider,

O (F 04,2, F 0, 2)) < 3 [0, 5) + G (31, 2)]

K+1

< [dx (X1, %2) 4 dy (Y1,¥2)],

 (Gy1,%1). BlYz: %)) < 5k (Va.y2) + ok, )]

< %[d\(()’l,)b) + dx (X1, %2)].
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That is our claim is true fon = 1.
Assume that it is true fan < mand check fom = m+ 1.
Consider,

dx (F™ 4 (x2,y1), F™ (%2, y2))
= dx (F(F™(x1,y1),G™(y1,x1)), F (F™(X2,¥2),GM(y2,%2)))

< K (™00 1), F (%2, y2) + b (G, 0). G (¥, %0) )]

2

< I%((%)m[dx(xl,><2)+0|Y(y17)’2)]+ (%)m[dX(X17X2)+dY(Y17Y2)]>
Kot 1\ M

§<T> [k (1, %2) + dv (Y1, Y2)]-

Similarly,

O (G™ 0. 30), G™ (2. %) < (K57

m+-1
> ) [dy (Y1,Y2) + Ox (X1, %2)]-

Thus our claim is true for ath € N.

To prove the unigueness we consider two cases:

Case 1: Assumex,y) is comparable t@x*,y*) with respect to the ordering in
X xY. We have,

d((xy), (x",y"))
= dx (x,X") +dv(¥,y")
= dx (F"(x.y),F"(x",y")) + dv(G"(%,%), G"(y",x"))

< (1) lox 000 )+ tyy 1+ (S51) Ty e )

2(‘”2rI ) [ (%, X°) + Ay ()] — 0 asn — oo.

This implies thatx,y) = (X*,y*).

Case 2: If(x,y) is not comparable t0x*,y*), then by the hypothesis there exist
(u,v) € X xY that is comparable to botfx,y) and (x*,y*), which implies that
(v,u) € Y x X is comparable to botly,x) and(y*,x*)

Consider
d((xy),(x,y") = d((F"(xy),G"(y,x)), (F"(x",y"),G"(y",x")))
< d((F"(xy),G"(y.x)), (F"(u,v),G"(v,u)))
+A((F(x",y"), G (y",x)), (F"(u,v), G"(v,u)))
= dx (F"(xy),F"(u,v)) + dv (G"(y,x),G" (v, u))
+dx (F (X", y"),F"(u,v)) +dv (G"(y",x"),G" (v u))

(5 e s (51 o+ v
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+(%)n[dx(x*,u) +av(y,v)] + (k—?>n[dY(W7V) +ox (<, W]

K+1

= 2(*F) e+ )]+ 2(“Z0) ek )+ ey )

K1\ .
< 2 ) {I0x(¢'.0) + dr(y" V)] + B (6 1) + iy (v:v) ]} — 0 asn — e

Which implies(x,y) = (X*,y*).

Hence the uniqueness of FG-coupled fixed point is proved. O
Corollary 2.2. [1, Theorem 2.4 In addition to the hypothesis of corollary 2.1,
suppose that for al(x,y), (zt) € X x X there exists 4u,v) € X x X that is com-
parable to both(x,y) and (zt), then F has a unique coupled fixed point.

Proof. TakeX =Y, F = Gandk =1 in Theorem 2.1, we get the result. O

Theorem 2.3. Let (X, dx,<p,) and (Y, dy,<p,) be two partially ordered complete
metric spaces. Assume that X and Y have the following piepert

(i) if a non decreasing sequenégg,} — x in X, then x <p, x for all n
(i) if a non increasing sequencgn} — y in Y, then y >p, y for all n.

LetF: XxY —=Xand GY x X =Y be two functions having the mixed monotone
property. Assume that there existlke [0,1) with

dx (F(x,y),F(u,v)) < g[dx(x, u)+ay (Y, V)], VX >p, u,y <p, V, (2.1)

dY(G(y> X)>G(Vv U)) < I_Z[dY(y>V) +dx (Xv U)],VX <p UYy>p, V. (22)

If there exist(Xo,Yo) € X xY such that x<p, F(xo,Yo) and yo >p, G(Yo,Xo), then
there existx,y) € X x Y such that x= F(x,y) and y= G(y, X).

Proof. Following the proof of Theorem 2.1 we only have to show thay) is an
FG-coupled fixed point. Recall from the proof of Theorem Bat{x,} is increas-
ing in X and{y,} is decreasing in Y, lif, F" (X0, o) = xand limy_,. G"(Yo, X0) =

y. We have,

dx(F(X,y),X) < dX(F(X7y)7Fn+1(X07yO))+dX(Fn+1(X07yO)7X)
= dx(F(x.Y),F (F"(X0,%),G"(¥o,%0))) + dx (F""*(x0,Y0), X).
By (i) and(ii), x >p, F"(Xo,Yo) andy <p, G"(yo, Xo), therefore by (2.1)

dx (F(x,y),x) < g[dX(X>Fn(XOaYO))+dY(y>Gn(YO>XO)]+dX(Fn+1(XO>y0)>X)
— 0asn— oo,

Therefore we have (x,y) = x.
Similarly we can prove thab(y,x) =y. This completes the proof. O
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We obtain the result of Gnana Bhaskar and LakshmikantharagH corollary
of our result.

Corollary 2.3. [1, Theorem 2.2 L et(X, <) be a partially ordered set and suppose
there is a metric d on X such théX, d) is a complete metric space. Assume that X
has the following property:

(i) if a non decreasing sequend&,} — x, then x < x for all n
(i) if a non increasing sequencgn} — Y, then y >y for all n.

Let F: X x X — X be a mapping having the mixed monotone property on X. Assume
that there exist k [0, 1) with

d(F(xy),F(uv)) <

NI X

[d(x,u)+d(y,v)],Vx > u,y < V.

If there exist ¥,Yo € X such that ¥ < F (X0, Yo) and y» > F(yo,Xo), then there exist
X,y € X such that x= F (x,y) and y= F (y,X).

Proof. TakeX =Y, F = Gandk =1 in Theorem 2.3, we get the result. O

Remark2.2 By adding to the hypothesis of Theorem 2.3 the condition:efary
(%,Y), (x1,y1) € X x Y there exists 4u,v) € X x Y that is comparable to botlx,y)
and(xq1,y1), we can obtain a unique FG-coupled fixed point.

Theorem 2.4. Let (X, dx,<p,) and(Y,dy,<p,) be two partially ordered complete
metric spaces and FEX xY — X and G: Y x X — Y be two continuous functions
having the mixed monotone property. Assume that thererexishegative k, | with
k+1 < 1such that

dX(F(X7y)7 F (U,V)) < kdX(X7 U) + IdY(y7V);VX 2P1 uy SPZ v, (27)

dY(G(y7X)7G(V7 U)) < de(y,V) + IdX(X7 u);VX SPl uy ZPZ V. (28)

If there exist(xo,Yo) € X x Y such that x <p, F(Xo,Yo) and Y >p, G(Yo,Xo),
then there existx,y) € X x Y such that x= F(x,y) and y= G(y, x).

Proof. Following as in Theorem 2.1 we get an increasing sequé¢rgein X and
a decreasing sequenfg,} in Y wherexn 1 = F (Xn, Yn) = F™ (X0, Yo0) andyn,1 =

G(yﬂaxn) — Gn+1(y07X0)-
Claim: Forne N

o (F™ (%0, Y0), F"(¥0,Y0)) < (K+1)"[dx (X1, %) + cb (¥1,Y0)), (2.9)

dv (G™(¥0,%),G"(Yo,%0)) < (K+1)"[dy (Y1, Yo) + dx (X1, X0)]- (2.10)

By using (2.7), (2.8) and symmetric propertydyf we prove the claim.
Forn=1 consider,

dx (F2(Xo,Yo); F (%0, ¥0)) = dx (F (F (X0, Y0) G(Yo, %)), F (X0, Yo))
< kdx (F (%0, ¥0),%o) + 1dy (G(Yo,%o), Yo)
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= Kdx (x1,%0) +1dv(y1,Yo0)
< (K1) [dx (x1,%0) + dy (Y1,Y0)]-

Similarly, dy (G?(yo,%o), G(Yo.%0)) < (K+1)[dy (Y1,Yo) + dx (X1, X0)].
Assume the result is true for< m, then check fon=m+ 1.
Consider,

dx (F™2(x0,Y0), F™ (%0, Y0))
= dx (F(F™™*(x0,Y0), G™(¥o, %)) F (F™(X0,Y0), G™(Yo, %)))
< ko (F™ (%0, Y0), F™(%0, o)) +1dv (G™*(y0, %), G" (Yo, ¥o))
< k(k+1)Mdx (x1,%0) + dv (Y1, Yo)] + 1 (K+1)™[dy (y1,Yo) + dx (X1, X0)]
< (K4 1)™ el (X1, %0) + v (Y1, Yo)-
Similarly we can prove that

dv (G™2(y0,%0), G™ (Y0, %0)) < (k+1)™"* [dy (V2. Y0) + tix (X1, %))

Thus the claim is true for alh € N.

Next we prove thafx,} is a Cauchy sequence in X agg,} is a Cauchy se-
quence in Y using (2.9) and (2.10) respectively.

Form > n consider,

dx (F™(x0,Yo), F" (X0, Y0))
< dx(F™(x0,Y0),F™ *(X0,¥0)) + dx (F™ *(Xo,Yo), F™ 2(X0, Yo))
+ -+ Ak (F™ (%0, Y0), F"(%0, Y0))
< (k+1)™H[dx (31, %0) 4 dy (Y1, Yo)] + (K+ D)™ 2[dx (X1, %0) + v (Y1, Yo)]
+ -+ (K+1)"dx (X1, X0) + dy (Y1, Yo)]
= {(k+ D)™ (kD)™ 2o (K1) (X2, %0) + v (Y1, Yo)]

n
1-9
This implies that{F"(xo,Yo)} is @ Cauchy sequence in X. Similarly one can
show that{G"(yo,Xo)} is a Cauchy sequence in Y. SinQ€,dx) and(Y,dy) are
complete metric spaces we hagey) € X x Y such that lim_.. F"(Xo,Yo) = X

and limy. G"(yo,X) =Y. In the same lines as in Theorem 2.1 we can show that
(x,y) € X x Y is an FG-coupled fixed point. Hence the proof. O

<

[dx (X1,%0) + dy(Y1,Y0)] — 0 asn— o; whered =k+1 < 1.

Example 2.2. Let X = (—o0,0] and Y = [0, ) with usual order and usual metric.
Define F: X xY — X and G:Y x X — Y as Ax,y) = %¥ and Gy,x) = 2%,
then it is easy to check that F and G satisfies the condit{@i and (2.8) for

k= 1i7,l = 1% Here(0,0) is the unique FG-coupled fixed point.




300 PRAJISHA E. AND SHAINI P.

Remark2.3. By adding to the hypothesis of Theorem 2.4 the condition:efary
(X,Y), (x1,y1) € X x Y there exists @u,v) € X x Y that is comparable to botlx,y)
and(x1,y1), we can obtain a unique FG-coupled fixed point.

In the following theorem we obtain uniqueness of FG-couffibeet point using
the above condition.

Theorem 2.5. Let (X, dx, <p,) and (Y, dy, <p,) be two partially ordered complete
metric spaces and FEX xY — X and G:Y x X =Y be two continuous functions
having the mixed monotone property. Assume that for e¥eyy, (x3,y1) € X xY
there exists du,v) € X x Y that is comparable to botfx,y) and(x1,y1) and there
exist non negative k, | with&| < 1 such that

dX(F(X>y)> F (U,V)) < kdX(Xv U) + IdY(y>V);\V/X ZPl uy SPZ v, (27)

dv (G(y, %), G(v;u)) < kdy(y,v) +1dx(x,u);vx <p Uy >p V. (2.8)

If there exist(Xp,Yo) € X x Y such that x <p, F(Xo,Yo0) and ¥ >p, G(Yo,%o),
then there exist uniqué,y) € X x Y such that x= F(x,y) and y= G(y, X).

Proof. Following as in Theorem 2.4 we obtain existence of FG-calified point.
Now we prove the uniqueness part.
Suppose thafx*,y*) € X x Y is another FG-coupled fixed point, then we show
thatd((x,y), (x*,y*)) = 0, wherex = limp_» F"(Xo,Yo) andy = limy_,. G"(yo, Xo)-
Claim: For any two point$xs,y1), (X2,¥2) € X x Y which are comparable,
dx (F"(xe,y1), F"(%2,¥2)) < (k+1)"o (X2, %2) +dv (Y1, ¥2)], (2.11)

dy (G"(y1,X1),G"(¥2,%2)) < (k+1)"[dy (y1,Y2) + dx (X1, X2)]. (2.12)
Without loss of generality assume thab, y,) < (x1,y1). Using (2.7) and (2.8)
we prove the claim.
For n=1 we have,

dx (F (X1,¥1), F (X2,¥2)) < kdx (X1,%2) +1dy (y1,Y2)
< (k+1)[dx (X1,%2) + Ay (y1,Y2)].

Now assume that the result is true foK mand check fon = m-+1.
Consider,

dx (F™2(xq,y1), F™ (%0, y2))
= dx (F(F™(x1,y1),G™(y1,%1)),F (F"(x2,¥2),G"(y2,%2)))
<k (F™(x1,y1), F™(X2,¥2)) +1dy (G™(y1,X1), G™(Y2, X2) )
< K(k41)"M[dx (X1, %2) 4 0 (y1,¥2)] + H(K+1)M[dy (Y1, Y2) + dx (X1, X2)]
= (K-+ D)™ (X1, %2) + dy (y1,Y2)].
Similarly we get,
dy (G™ H(y1, x1), G™Hy2,%2)) < (k+1)™dy (y1,Y2) + dx (X1,%2)]
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Thus the claim is true for alh € N.

To prove the uniqueness we use the inequalities (2.11) afhé)(2Ne consider
two cases:

Case 1: Assumeéx,y) is comparable tdx*,y*) with respect to the ordering in
X xY. Now consider,

d((x,y),(x",y")) = dx(x,X") +dv(y,y")
= dx (F"(x.y), F"(x",y")) + dv (G"(y.x), G"(y",x"))
< (K 1)ax (. X7) + dy (v, y7)] + (K+ 1) [dy (v, ) + dx (%, X7)]
= 2(k+1)"[dx (X, X*) + dv(y,y*)] — 0 asn— co.
This implies thatx,y) = (X*,y*).
Case 2: If(x,y) is not comparable tx*,y*), then by the hypothesis there exist
(u,v) € X x Y that is comparable to botfx,y) and(x*,y*). Now consider

d((x,y),(X",y"))
=d((F"(xy),G"(y.%)), (F"(x",y"),G"(y",x")))
< d((F(xy),G"(y.x)), (F"(u,v),G"(v,u)))
+d((F"(u,v), G (v,u)), (F"(x",y"),G"(y",x")))
= dx (F"(x,y), F"(u,v)) +dv (G"(y.x),G"(v,u))
+dx (F(x",y"), F(u,v)) +dv (G(y",x"),G"(v,u))
< (k+1)"[dx (%, u) +dy (y, )]+ (k-+1)"[dy (v, v) + 0 (%, U)]
+ (k)Mo (X7, u) +dv (y*, V)] + (k+1)"[dy (y", v) +dx (X", u)]
= 2(k+1)"[dx (%, u) + dy (Y, V)] + 2(k+1)"[dx (X", u) + dv (y*, V)] — 0as n — oo.
which implies(x,y) = (x*,y*).
Hence the uniqueness of FG-coupled fixed point is proved. O

The above result is valid for any two mappings F and G if thespaatisfies a
condition as shown in the following theorem.

Theorem 2.6. Let (X, dx,<p,) and (Y, dy,<p,) be two partially ordered complete
metric spaces. Assume that X and Y have the following piepert

(i) if a non decreasing sequenégg,} — x in X, then x <p, x for all n
(i) if a non increasing sequencgin} — yinY, theny>p, yforalln.
LetF: X xY —=Xand GY x X =Y be two functions having the mixed monotone
property. Assume that there exist non negative k, | with k. 1
dX(F(X7y)7 F (U,V)) < kdX(X7 U) + IdY(y7V)7VX 2P1 uy SPZ vV, (27)
dY(G(y7X)7G(V7 U)) < de(y7V) + IdX(X7 U),VX Spl uy zpz V. (28)

If there exist(Xo,Yo) € X x Y such that x<p, F(Xo,Yo) and ¥ >p, G(Yo,%o), then
there exist(x,y) € X x Y such that x= F(x,y) and y= G(y,X).
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Proof. Following the proof ofTheorem 2.4ve only have to show thak,y) is an
FG-coupled fixed point. Recall from the proofTifeorem 2.4hat{x,} is increasing
in X and{yy} is decreasing ilY, limp_,. F"(Xo, o) = x and limh_,. G"(Yo, Xo) = V.
We have

dX(F(X>y)>X) < dX(F(X>y)> Fn+l(X07yO)) + dX(FnJrl(XanO)vx)
= dx (F(xY),F (F"(x0,Y0), G"(Y0,%0))) + dx (F™(X0,Y0), X).

By (i) and (ii) we havex >p, F"(xo0,Y0) andy <p, G"(yo,Xo). Therefore using
(2.7) we get

dx (F (%,Y),X) < ke (X, F"(x0,Y0)) + Iy (¥, G" (Yo, %0)) + tix (F™"*(x0,Y0),X) = 0
as n— oo,
That isF(x,y) = X.
Similarly we getG(y,x) =Y.
This completes the proof. O

Remark2.4. By adding to the hypothesis of Theorem 2.6 the condition:efary
(%,Y), (X1,y1) € X x Y there exists du,v) € X x Y that is comparable to botlx,y)
and(xq,y1), we can obtain a unique FG-coupled fixed point.

/

Remark2.5. By puttingk=1 = % in theorems 2.4, 2.5, 2.6 we get theorems 2.1,
2.4, 2.2 of Gnana Bhaskar and Lakshmikantham [1] respégtive

Theorem 2.7. Let (X, dx, <p,) and (Y, dy, <p,) be two partially ordered complete
metric spaces and FEX xY — X and G: Y x X =Y be two continuous functions
having the mixed monotone property. Assume that thererexishegative k, | with
k+1 < 1 such that

dx (F(x,y),F(u,v)) < kdx(x,F(xY))+ldx (u,F(u,v)),vx >p u,y <p, Vv, (2.13)

dv (G(Y.X),G(v,u)) < kdy (y,G(y,x)) +1dv (v, G(V,U)), VX <p, U,y >p, V. (2.14)
If there exist(Xo,Yo) € X x Y such that x<p, F(Xo,Yo) and ¥ >p, G(Yo,Xo), then
there exist(x,y) € X x Y such that x= F(x,y) and y= G(y,X).

Proof. By using the mixed monotone property of F and G and given ¢iomdi
on xp andyp it is easy to show thafx,} is an increasing sequence in X afyh}
is a decreasing sequence in Y whexe; = F (X, Yn) = F™1(Xo,Y0) andyn,1 =

G(Yn,Xn) = G™(yo,%0)
Claim: Forne N

i (F (0, Y0), F"(,90)) < (7= ) 00, %). (2.15)

I
1-k
n+1 n k n
v (G™(y0,%0). G"(Yo.%0)) < (777 ) Gr(¥2.Y0): (2.16)
Using the contraction on F and G and symmetric propertydpnwe prove the
claim.
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For n =1 consider,

dx (F2(X0,Y0), F (X0, Y0)) = dx (F (F (X0, Y0), G(Yo, %)), F (X0, Yo))
<kdyx (F (X0, Yo), F2(X0,Yo)) +1dx (X0, F (%0, Y0))
i.e, (1-K)dx (F2(x0,Yo),F (X0, Y0)) <ldx (X0, F (X0, Y0)) = ldx (X0, %1)

L. (F2(%0.Y0),F (10,90)) < (3 ) 00,30

Hence forn = 1, the claim is true. Now assume the claim foK mand check
forn=m+1.
Consider,

dx (F™"2(X0,Yo), F™"™ (X0, Yo))
= dx (F(F™™(%0,Y0), G™ (Yo, %)), F (F™(X0 Y0), G (Yo. X0)))
< kdx (F™(xo,Y0), F™ (X0, Y0)) + ldx (F™(X0.Yo), F™" (X0, Y0))

1.6, (l_ k)dX(sz(XovyO)vFm+l(X07y0)) < IdX(Fm(XO>y0)7Fm+l(XO>yO))
<1(— )"
<I{1) o)
. | m+1
e, Ak (F™2(0,30), F™ 1 (%0,30) < (77) (%0, x0):
Similarly we get,
K \m+1
B (G™2(y0,%0). G™H(¥0.0)) < (775)  Gr(¥oyu)-
Thus our claim is true for alh € N. Next we prove thafF"(xo,Yo)} and
{G"(yo,%0)} are Cauchy sequencesirandY using (2.15) and (2.16) respectively.
Form > n consider,

dx (F™(x0.Yo), F" (X0, ¥0))
< dx (F™(X0,Y0),F™ (X0, Y0)) + dx (F™ (X0, Y0), F™ (X0, Y0))
+ -+ dx (FnH(Xo Yo),F ( ))

< ()" oo+ (1 > o+ () i
{(1| k) ( ) (1| k)n}dX(xo’xl)
< (;ir]é)dx(xo,xl) —0 asn— o; whered = 1|Tk <1l

This implies that{F"(xo,Yo)} is @ Cauchy sequence 1 In a similar manner we
can prove thafG"(yp,Xo)} is @ Cauchy sequence Yh
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Since(X,dx) and(Y,dy) are complete metric spaces we héxg/) € X x Y such
that lim, . F"(Xo,Y0) = x and limh_, G"(yo,X0) =Y. Proceeding as in Theorem
2.1 we get(x,y) is an FG-coupled fixed point. This completes the proof. [

Example 2.3. Let X=[1,2] and Y = [—2, —1] with usual metric and usual order.
Define F: XxY — X and G1Y x X =Y by F(x,y) = 5 +1and Qy,x) = § — 1,
then we can see that the conditiai#s13) and(2.14) for F and G are satisfied with

k=11 = 3. Here(3,3?) is the FG-coupled fixed point.
Theorem 2.8. Let (X, dx, <p,) and (Y, dy, <p,) be two partially ordered complete
metric spaces. Assume that X and Y have the following piepert

(i) if a non decreasing sequenégg,} — x in X, then x <p, x for all n

(i) if a non increasing sequencgn} — y in 'Y, then y >p, y for all n.
LetF: X xY —Xand G Y x X —Y be two functions having the mixed monotone
property. Assume that there exist non negative k, | with k- 1 such that

dx(F(X,y),F(U,V)) < kdX(XvF(Xay)) —|—|dx(U,F(U,V)),\V/X ZF’l uy §P2 v, (213)
dv (G(y,X), G(v, ) < kdy(y,G(y,x)) +1dy (v, G(V,u)), VX <p, U,y >p, V. (2.14)

If there exist(xg,Yo) € X x Y such that ¥ <p, F(Xo,Yo) and Y >p, G(Yo,Xo),
then there existx,y) € X x Y such that x= F(x,y) and y= G(y,X).

Proof. Following as in the proof ofheorem 2.7t remains to show thaix,y) is an

FG-coupled fixed point. Recall from the proofTifeorem 2.2hat{x,} is increasing

in X and{yn} is decreasing ilY, limp_,. F" (X, Yo) = xand lim,_,. G"(Yo,X0) = V.
We have

dX(F(X7y)7X) < dX(F(X7y)7 Fn+1(X07y0)) + dX(Fn+1(X07yO)7X)
= dx (F (x.¥), F (F"(x0,Y0), G"(Y0,%0))) + dx (F™**(x0, Y0), ).
By (i) and (ii) we havex >p, F"(xo,Yo) andy <p, G"(yo,%o).
Therefore using (2.13) we get
dx (F (%,¥),%) < ko (%, F (x,¥))+dx (F"(x0, o), F (%0, Y0))-+0x (F"* (X0, Y0), X)-
As n— o, dx (F(X,y),x) < kdk (X, F(x,y)).
This is possible iflx (F (x,y),x) = 0. Hence we havE (x,y) = x.

Similarly using (2.14) we gady (G(y,x),y) < ldy(y,G(Y,X)).
This is possible ifly (y, G(y,x)) = 0. HenceG(y,x) = .
This completes the proof. O

Theorem 2.9. Let (X, dx, <p,) and (Y, dy, <p,) be two partially ordered complete
metric spaces and FEX xY — X and G: Y x X — Y be two continuous functions
having the mixed monotone property. Assume that therelekist|0, %) such that

dx (F(xy), F(u,v)) < kdx (X, F(u,v)) +ldx (u,F(X,y)), VX =p, Uy <p, v, (2.17)
dY(G(y7 X),G(V, U)) < de(y7G(V7 U)) + IdY(Va G(y,X)),VX SP;L uy 2P2 V. (218)
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If there exist(Xo,Yo) € X xY such that x<p, F(xo,Yo) and yo >p, G(Yo,Xo), then
there existx,y) € X x Y such that x= F(x,y) and y= G(y, X).

Proof. As in Theorem 2.1 we can construct an increasing sequféen X and a
decreasing sequendg,} in Y wherex,,1 = F (X, Yn) = F™(x0,¥0) andyn 1 =

G(Yn, X%n) = Gn+l()’07x0)-
Claim: Forne N

o (F™0%0.y0), F"000.30)) < (7)), (2.19)
dy (G™(yo,%0), G" (Yo, %0)) < (%() dv(v1.Yo). (2.20)

Using (2.17), (2.18) and symmetric propertydgfwe prove the claim.
For n= 1, consider,
dx (F2(Xo,Y0); F (%0, ¥0)) = dx (F (F (%0, Y0). G(Yo, %)), F (X0, Yo))
< kdx (F (X0, Yo), F (X0, Y0)) +1dx (X0, F (X0, Y0))
< 1[dx (%o, F (%0, Y0)) +0x (F (X0, Yo), F2(X0, Yo))]
i.e, (1—1)dx (F%(X0,Y0), F (X0, Yo0)) < Idx (X0, F (X0, Y0)) = ldx (X0, X1)

e, 6x(F2(%,y0).F 00.90)) < (77 ) oo x).

i.e, forn=1, the claim is true.
Now assume the claim for < mand check fon = m-+ 1. Consider,

dx (F™2(%0,Yo), F™ (X0, Y0))

= dy (F (F™(x0,Y0), G™*(Y0,%)), F (F™(X0,Y0), G™(Yo, X0)))

< kdx (F™(x0,¥0), F ™ (%0, Y0)) + 1dx (F™(X0, Yo), F ™?(%0,Y0))
< 1[dx (F™(X0,Y0), F™ (X0, ¥0)) + dx (F™ (X0, Yo), F ™2(X0, Y0) )]

i.e, (1—1)dx(F™?(x0,Y0),F™™ (X0, Y0)) < ldx (F™(X0,Y0),F™ (X0, Y0))
<1(7) do)

L, G (F™2(0,y0). F™00,90)) < (117) O, 30).
. K \mil
Similarly we getdy (G™2(yo,Xo), G™(yo, %)) < (ﬁ) dv (Yo, Y1)-

Thus the claim is true for alt € N. Now using (2.19)_and (2.20) we prove that
{F"(x0,Y0)} and{G"(yo,%0)} are Cauchy sequencesXmandyY respectively.

For m > n, consider,
dX(Fm(X07yO)7 Fn(X0>y0))
< dx (F™(X0.Y0), F™ (X0, ¥0)) + dx (F™ (X0, ¥0), F™ % (X0, Y0))
+ -+ dx (F™ (%0, o), F" (X0, Y0))
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< ()™ o)+ (7)™ o0a) oo () ok (x0.30)

l—_|| m-1 | m}Z_I | n 1=
) ) () o
< (1_6>dx(xo,x1) — 0 asn— o; whered = ﬁ <1l

This implies thaf{ F"(Xo, o)} is @ Cauchy sequence ¥

Similarly we prove tha{G"(yo,X%o) } is a Cauchy sequence Yh

Since(X,dx) and(Y, dy) are complete metric spaces we héxg/) € X xY such
that limy_,. F"(X0,Y0) = x and limh . G"(Yo, %) =Y. By using the continuity of F
and G we can prove tha@x,y) is an FG-coupled fixed point as in the Theorem 2.1.

Hence the result. O

Example 2.4. Let X = [0,1] with usual metric, xu € [0,1] with X<p, U & X=

u and Y= [—1,0] with usual order and usual metric. Define:l X xY — X and
G:Y xX—=Y asFxy) =3 and Qy,x) = &, then we can see that the conditions
(2.17) and (2.18) for F and G are satisfied for any,ke [0, 3). Here(0,0) is the
unique FG-coupled fixed point.

We can replace the continuity of F and G by other conditionshtain FG-
coupled fixed point result as follows:

Theorem 2.10.Let (X, dx, <p,) and(Y,dy, <p,) be two partially ordered complete
metric spaces. Assume that X and Y have the following piepert

(i) if a non decreasing sequenégg,} — x in X, then x <p, x for all n

(i) if a non increasing sequencgin} — y in Y, then y >p, y for all n.
LetF: X xY —Xand GY x X =Y be two functions having the mixed monotone
property. Assume that there exist k [0, %) with

dx (F(x.y), F(u,v)) < kdx (x,F(u,v)) +ldx (u,F(x,y)), VX =p Uy <p, V, (2.17)

dy (G(y,x),G(v,u)) < kdy(y,G(v,u)) +1dv (v, G(y,X)), VX <p, U,y >p, V. (2.18)

If there exist(Xo,Yo) € X xY such that x<p, F(xo,Yo) and yo >p, G(Yo,Xo), then
there existx,y) € X x Y such that x= F(x,y) and y= G(y, X).

Proof. Following as in the proof of Theorem 2.9 we only have to shoat tk,y)
is an FG-coupled fixed point. Recall from the proof of Theor2® that{x,} is
increasing inX and{y} is decreasing iiY, limn_,. F"(Xo,Yo) = X and
limn—0 G"(Yo,X) =Y. Now consider

dX(F(va)vx) < dX(F(X>y)7Fn+1(XO7y0))+dX(Fn+l(X07y0)7X)

= dx(F(xY),F (F"(X0,Y0),G"(Yo,%))) + dx (F""*(x0,Y0) . X).-

By (i) and (ii) we havex >p, F"(xo,Y0) andy <p, G"(yo,Xo). Therefore using
(2.17) we get
dx (F(x,Y), %) < ke (%, F"(x,y)) +1dx (F" (X0, Yo), F (%,¥)) +dx (F™** (X0, o), X).-
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As n— o°>dX(F(X7y)7X) < IdX(X7 F(va))
This is possible ifix (F (x,y),X) = 0. Hence we haveE (x,y) = x.
Similarly using (2.18) we prove thal (y,G(y,x)) = 0. ThusG(y,x) =y.
This completes the proof. d

Remark2.6. In all the theorems in this paper if we pdt=Y andF = G we get
several coupled fixed point theorems in partially orderedglete metric spaces.
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