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BINET-CURVES FOR UNUSUAL GENERALIZED FIBONACCI
SEQUENCES

KHUSHBU J. DAS AND DEVBHADRA V. SHAH

ABSTRACT. In this article, we trace Binet-curves for some unusual Generalized
Fibonacci sequences. We extend their Binet-type formula to arbitrary real vari-
ables in the complex plane and use them to analyze and calculate the area under
each of these curves.

1. INTRODUCTION

In recent years, various papers have been published related to different types of
generalizations of the Fibonacci sequence. (See: [1–5]).

In this article, we analyze three unusual types of Generalized Fibonacci sequences
by extending its Binet-type formula to arbitrary real variables in the complex plane
and trace curves for the sequences mentioned below. We also obtain the area under
all these curves which falls in the first quadrant. One can refer to [6, 10] for further
details.
We consider the following three unusual types of Generalized Fibonacci sequences.

(i) Half-Companion Pell sequence :
The sequence of Half-Companion Pell numbers is defined recursively by
the relation

Hn =

{
1, n = 0,

Hn−1 +2Pn−1, n ≥ 1,
and Pn =

{
1, n = 0,

Hn−1 +Pn−1, n ≥ 1.

The first few terms of this sequence are 1, 3, 7, 17, 41, 99,. . . . The Binet-
type formula for this sequence {Hn}n≥1 is Hn = γn+δn

2 , where γ = 1+
√

2
and δ = 1−

√
2. One can refer to [7] for further details about this sequence.

(ii) We introduce a new sequence {Sn}n≥1 defined by the relation Sn = Fn +Ln,
where Fn,Ln are the usual nth Fibonacci and Lucas numbers respectively.
One can refer to [8] for further details about this sequence.
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The first few terms of the sequence {Sn}n≥1 are 2, 2, 4, 6, 10, 16, 26. The
Binet-type formula for the sequence {Sn}n≥1 can easily be obtained from
the known Binet formulae of the Fibonacci numbers and Lucas numbers.
Since Fn =

αn−βn
√

5
and Ln = αn +βn,where α = 1+

√
5

2 , β = 1−
√

5
2 ,we get

Sn =
αn −βn
√

5
+(αn +β

n) =
1√
5

[
(
√

5+1)αn +(
√

5−1)βn
]
.

(iii) We further introduce a new sequence {Kn}n≥1 defined by the relation Kn =
Pn +Hn, where Pn,Hn are the nth Pell number and Half-Companion Pell
number respectively. One can refer to [7, 9] for further details about this
sequence. The first few terms of the sequence {Kn}n≥1 are 1, 2, 5, 12, 29,
70,. . . The Binet-type formula for the sequence {Kn}n≥1 can be easily ob-
tained from the known Binet formulae of Pell numbers and Half-Companion
Pell numbers. Since Pn = γn−δn

2
√

2
and Hn = γn+δn

2 ,where γ = 1+
√

2, δ =

1−
√

2, we get

Kn =
γn −δn

2
√

2
+

γn +δn

2
=

(√
2+1

2
√

2

)
γ

n +

(√
2−1

2
√

2

)
δ

n.

Thus,

Kn =
1

2
√

2

[
(
√

2+1)γn +(
√

2−1)δn
]
.

In this paper, we trace Binet-Curves for each of these sequences by extending
their Binet-type formulae to arbitrary real variables in the complex plane.We further
obtain the area under these curves.

2. BINET-CURVE FOR {Hn}n≥1

In the above Binet-type formula for Hn, instead of considering the index n as
an integer, if we choose n to be any arbitrary real number then it is interesting to
study the nature of the transformed Half-Companion Pell number Hn. We replace
the integer value n by the real variable t. Then it can be easily observed that the
corresponding Half-Companion Pell number Ht will be a complex number. We thus
consider the Binet-type formula for these numbers as Ht =

γt+δt

2 , where t is any
arbitrary real number.

Since (−1)t = et log(−1) = e(iπ(2n+1))t , where n = 0,±1,±2, . . ., in the following
we choose n = 0. Then we get

δ
t =

(
−1
γ

)t

=
(−1)t

γt =
eiπt

γt .
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Now,

Ht =
γt +

(
−1
γ

)t

2
=

et ln(γ)+ eiπte−t ln(γ)

2
=

et ln(γ)+(cos(πt)+ isin(πt))e−t ln(γ)

2
.

Thus,

Ht =
1
2

(
et ln(γ)+ cos(πt)e−t ln(γ)

)
+ i

(
sin(πt)e−t ln(γ)

2

)
.

This function describes a curve in the complex plane parameterized by a real vari-
able t. We thus define the Binet-Curve for −∞ < t < ∞ in a parametric form as

Ht = (x(t),y(t)),

where
Re(Ht) = x(t) =

1
2

(
et ln(γ)+ cos(πt)e−t ln(γ)

)
,

Im(Ht) = y(t) =
1
2

(
sin(πt)e−t ln(γ)

)
.

We first obtain the area under the Binet-Curve for Ht for any arbitrary real number
t within the fixed interval.

Theorem 2.1. The area of the segment under the Binet-Curve for Ht within the
interval [n,n+1] is given by

An,n+1 =
1
8

{
4ln(γ)(−1)n

π
+

π

ln(γ)

(
1

γ2n+1

)}
.

Proof. We use Green’s theorem to calculate the area value of the segment

An,n+1 =
1
2

∫ n+1

n
(xdy− ydx).

By rewriting dy =
(

dy
dt

)
dt,dx =

(dx
dt

)
dt,the formula becomes

An,n+1 =
1
2

∫ n+1

n
(xẏ− yẋ)dt. (2.1)

We use components x(t) and y(t) of the Binet-type formula for the real argument
and calculate this value. Now,

ẋ =
dx
dt

=
1
2

{
lnγet ln(γ)− lnγcos(πt)e−t ln(γ)−πsin(πt)e−t ln(γ)

}
,

ẏ =
dy
dt

=
1
2

{
− lnγ sin(πt)e−t ln(γ)+πcos(πt)e−t ln(γ)

}
.

Thus,

xẏ− yẋ =
1
4

{
−2lnγ sin(πt)+πcos(πt)+πe−2t ln(γ)

}
.
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Substituting this value in (2.1) we get

An,n+1 =
1
8

{
−2lnγ

∫ n+1

n
sin(πt)dt +π

∫ n+1

n
cos(πt)dt +π

∫ n+1

n
e−2t ln(γ) dt

}

=
1
8

{
−2lnγ

[
−cos(πt)

π

]n+1

n
+π

[
sin(πt)

π

]n+1

n
+π

[
e−2t ln(γ)

−2ln(γ)

]n+1

n

}

=
1
8

{
2lnγ

π

(
(−1)n+1 − (−1)n)+0− π

2ln(γ)
(
γ
−2(n+1)− γ

−2n)}

=
1
8

{
4ln(γ)(−1)n

π
+

π

2ln(γ)

(
γ2 −1
γ2n+2

)}
.

Since γ2 −1 = 2γ, we obtain

An,n+1 =
1
8

{
4ln(γ)(−1)n

π
+

π

ln(γ)

(
1

γ2n+1

)}
.

□

Remark 2.1. If we take the limit value of the area segment at infinity, we have

A∞ = lim
n→∞

|An,n+1|=
∣∣∣∣−1

8
× 4ln(γ)(−1)n

π

∣∣∣∣= 1
2π

ln(γ).

Thus, we find that the sequence of the segment’s area has a finite limit.

We next consider the ratio of the area of two consecutive segments and show that
it tends to 1 as n → ∞.

Theorem 2.2. The ratio of the area of two consecutive segments for {Hn}n≥1 tends
to 1 as n tends to ∞.

Proof. From the above theorem, the area formula for the Binet-Curve for Ht is

An,n+1 =
1
8

{
4ln(γ)(−1)n

π
+

π

ln(γ)

(
1

γ2n+1

)}
.

Now, we replace n by n−1 and further n+1 by n to get

An−1,n =
1
8

{
4ln(γ)(−1)n−1

π
+

π

ln(γ)

(
1

γ2n−1

)}
.

We then express λn as the ratio of these two areas. This gives

λn =

∣∣∣∣An,n+1

An−1,n

∣∣∣∣=
∣∣∣∣∣∣

4ln(γ)(−1)n

π
+ π

ln(γ)

(
1

γ2n+1

)
4ln(γ)(−1)n−1

π
+ π

ln(γ)

(
1

γ2n−1

)
∣∣∣∣∣∣= 1

γ2

∣∣∣∣∣
4(lnγ)2γ2n+1

π2 (−1)n + γ2

4(lnγ)2γ2n+1

π2 (−1)n − γ2

∣∣∣∣∣ . (2.2)
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If we consider the value of n = 2m, an even number, then we get

λ2m =

∣∣∣∣A2m,2m+1

A2m−1,2m

∣∣∣∣=
∣∣∣∣∣

4(lnγ)2γ4m+1

π2 + γ2

4(lnγ)2γ4m+1

π2 − γ2

∣∣∣∣∣> 1.

Also, if we take n = 2m+1 then we get

λ2m+1 =

∣∣∣∣A2m+1,2m+2

A2m,2m+1

∣∣∣∣=
∣∣∣∣∣−

4(lnγ)2γ4m+3

π2 + γ2

−4(lnγ)2γ4m+3

π2 − γ2

∣∣∣∣∣< 1.

From (2.2), we get

lim
n→∞

λn =
1
γ2

∣∣∣∣γ2

1

∣∣∣∣= 1
γ2 γ

2 = 1.

Thus, we can interpret that the area values of consecutive segments are equal at
infinity. □

In the following theorem, we find the value of curvature κ(t) of the Binet-Curve
for Ht at any arbitrary point (x(t),y(t)).

Theorem 2.3. The curvature of the Binet-Curve Ht at any arbitrary point is

κ(t) =
2
(

sin(πt)
(
2(lnγ)3 −π2 lnγ

)
−3π(lnγ)2 cos(πt)

)
(
(lnγ)2e2t lnγ +

(
π2 +(lnγ)2

)
e−2t lnγ −2π lnγsin(πt)−2(lnγ)2 cos(πt)

)3/2

Proof. As discussed earlier, we consider

r⃗(t) = Ht = (x(t),y(t)) =
(

1
2

(
et ln(γ)+ cos(πt)e−t ln(γ)

)
,
1
2

(
sin(πt)e−t ln(γ)

))
.

We use the curvature formula

κ(t) =
|x′y′′− x′′y′|
(x′2 + y′2)3/2 .

Now, it can be shown that

ẋ =
1
2

{
lnγet ln(γ)− lnγcos(πt)e−t ln(γ)−πsin(πt)e−t ln(γ)

}
,

ẍ =
1
2

{
(lnγ)2et ln(γ)+(lnγ)2 cos(πt)e−t ln(γ)+2π lnγ sin(πt)e−t ln(γ)

−π
2 cos(πt)e−t ln(γ)

}
,

ẏ =
1
2

{
− lnγsin(πt)e−t ln(γ)+πcos(πt)e−t ln(γ)

}
,
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ÿ =−1
2

{
(lnγ)2 sin(πt)e−t ln(γ)−2π lnγcos(πt)e−t ln(γ)−π

2 sin(πt)e−t ln(γ)
}
.

Using these values, we obtain the value of κ(t) as follows:

κ(t) =
2
(

sin(πt)
(
2(lnγ)3 −π2 lnγ

)
−3π(lnγ)2 cos(πt)

)
(
(lnγ)2e2t lnγ +

(
π2 +(lnγ)2

)
e−2t lnγ −2π lnγsin(πt)−2(lnγ)2 cos(πt)

)3/2 .

□

Note 2.1. By taking the limit as t →±∞, we finally get

limt→∞κ(t) = 0 and lim
t→−∞

κ(t) = 0.

Thus, the curvature is zero at any point of the curve Ht when t is very large. This
means the curve behaves like a straight line at distant points of Ht .This means that
the curve behaves like a straight line at distant points of St .

When we analyze the parametric curve (x(t),y(t)) of St , we conclude the follow-
ing:

(i) The curve is not symmetric about the x-axis since x is not an even function
of t and also not symmetric about the y-axis since y is not an even function
of t.

(ii) The curve does not pass through the origin since there does not exist any
real value of t at which x = 0 and y = 0.

(iii) The curve intersects the x-axis at the points (2,0), (4,0), . . .
(iv) We consider

dy
dx

=
1
2

{
− lnγ sin(πt)e−t lnγ +πcos(πt)e−t lnγ

}
1
2 {lnγγt − lnγcos(πt)e−t lnγ −πsin(πt)e−t lnγ}

.

Let dy
dx = 0, we get

− lnγ sin(πt)e−t lnγ +πcos(πt)e−t lnγ = 0.

Thus,

t =
1
π

tan−1
(

π

lnγ

)
= 0.41293+m,m ∈ Z,

where γ = 2.4142. Hence, we conclude that the x-axis is the tangent to the
curve at

t = 0.45162+m,m ∈ Z.
(v) We further find the maximum and minimum value of this curve. As shown

above, dy
dx = 0 when t = 0.45162+m m ∈ Z.

If we let m = 0, then for t = 0.45162, it can be observed that
d2y
dx2 = −12.365 < 0. Also, for m = 1, we get t = 1.45162 and in this case

we observe that d2y
dx2 = 1.4230 > 0. Thus, one of the maximum values of the
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curve is at the point (1.8657, 0.4395)t=0.45162, and one of the minimum
values is at the point (2.6828, −0.2716)t=1.45162.

(vi) It can be observed that limt→∞ x(t)→ ∞, limt→∞ y(t) = 0. Thus, y = 0 is an
asymptote of the curve.

On the basis of these data, the St curve can be traced using the software MATLAB
as shown in Figure 1, when t > 0 as well as in Figure 2, when t < 0.

FIGURE 1. Half-Companion Pell-Binet-Curve for t > 0

FIGURE 2. Half-Companion Pell-Binet-Curve for t < 0
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3. BINET-CURVE FOR {Sn}n≥1

In the Binet-type formula for Sn, instead of considering index n as an integer, if
we choose n to be any arbitrary real number then it is interesting to study the nature
of this transformed sequence {Sn}n≥1. We replace the integer value n by the real
variable t. Then it can be easily observed that the corresponding number St will be
a complex number. We thus consider the Binet-type formula for these numbers as

St =
1√
5

{
(
√

5+1)αt +(
√

5−1)βt
}
,

where t is any arbitrary real number.
Now, since (−1)t = et log(−1) = eiπt(2n+1), where n = 0,±1,±2, . . ., we choose only
the principal value with n = 0. Then we get

β
t =

(
−1
α

)t

=
(−1)t

αt =
eiπt

αt .

Now,

St =
1√
5

{
(
√

5+1)αt +(
√

5−1)βt
}
,

St =
1√
5

{
(
√

5+1)et ln(α)+(
√

5−1)cos(πt)e−t ln(α) +i(
√

5−1)sin(πt)e−t ln(α)
}
.

This function describes a curve in the complex plane parameterized by the real
variable t. We thus define the Binet-Curve for −∞ < t < ∞ in a parametric form as

St = (x(t),y(t)),

where

Re(St) = x(t) =
1√
5

{
(
√

5+1)et ln(α)+(
√

5−1)cos(πt)e−t ln(α)
}
,

Im(St) = y(t) =
1√
5

{
(
√

5−1)sin(πt)e−t ln(α)
}
.

We obtain the area under the Binet-Curve for St for any arbitrary real number t
within the fixed interval.

Theorem 3.1. Area of the segment under the Binet-Curve for St within the interval
[n,n+1] is given by

An,n+1 =
1
10

{
−16ln(α)(−1)n

π
+

π(6−2
√

5)
2ln(α)

(
1

α2n+1

)}
.

Proof. We use Green’s theorem to calculate the area value of segments

An,n+1 =
1
2

∫ n+1

n
(xẏ− yẋ)dt. (3.1)
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We use components x(t) and y(t) of the Binet-type formula for the real argument
and calculate this value. Now,

ẋ=
1√
5

{
(
√

5+1) lnαet lnα−(
√

5−1) lnαcos(πt)e−t lnα−(
√

5−1)πsin(πt)e−t lnα

}
,

ẏ =
1√
5

{
−(

√
5−1) lnα sin(πt)e−t lnα +(

√
5−1)πcos(πt)e−t lnα

}
.

Substituting these values in (3.1) we get

An,n+1 =
1
10

{
−16ln(α)(−1)n

π
+

π(6−2
√

5)
2ln(α)

(
1

α2n+1

)}
.

□

Remark 3.1. If we take the limit value of the area segment at infinity, then we have

A∞ = lim
n→∞

|An,n+1|=
8

5π
ln(α).

Thus, we find that the sequence of the segment’s areas has a finite limit.

We next consider the ratio of the area of two consecutive segments and show that
it tends to 1 as n → ∞.

Theorem 3.2. The ratio of the area of two consecutive segments for {Sn}n≥1 tends
to 1 as n tends to ∞.

Proof. From the above theorem, the area formula for the Binet-Curve for St is

An,n+1 =
1
10

{
−16ln(α)(−1)n

π
+

π(6−2
√

5)
2ln(α)

(
1

α2n+1

)}
.

Now, we replace n by n−1 and also n+1 by n to get

An−1,n =
1
10

{
−16ln(α)(−1)n−1

π
+

π(6−2
√

5)
2ln(α)

(
1

α2n−1

)}
.

We then express λn as the ratio of these two areas. This gives

λn=

∣∣∣∣An,n+1

An−1,n

∣∣∣∣=
∣∣∣∣∣∣

−16ln(α)(−1)n

π
+ π(6−2

√
5)

2ln(α)

( 1
α2n+1

)
−16ln(α)(−1)n−1

π
+ π(6−2

√
5)

2ln(α)

( 1
α2n−1

)
∣∣∣∣∣∣= 1

α2

∣∣∣∣∣∣
16(lnα)2α2nα

π2(6−2
√

5)
(−1)n +1

16(lnα)2α2nα

π2(6−2
√

5)
(−1)n −α2

∣∣∣∣∣∣ .
(3.2)

If we consider the value of n as n = 2m, then we have

λ2m =

∣∣∣∣A2m,2m+1

A2m−1,2m

∣∣∣∣=
∣∣∣∣∣∣

16(lnα)2α4m−1

π2(6−2
√

5)
+ 1

α2

16(lnα)2α4m−1

π2(6−2
√

5)
−1

∣∣∣∣∣∣> 1.
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Also, if we take n = 2m+1, we get

λ2m+1 =

∣∣∣∣A2m+1,2m+2

A2m,2m+1

∣∣∣∣=
∣∣∣∣∣∣

16(lnα)2α4m−1

π2(6−2
√

5)
− 1

α2

16(lnα)2α4m−1

π2(6−2
√

5)
+1

∣∣∣∣∣∣< 1.

From (3.2), we obtain

lim
n→∞

λn =
1

α2

∣∣∣∣∣ 1
1

α2

∣∣∣∣∣= 1
α2 α

2 = 1.

Thus, we can interpret that the area values of consecutive segments are equal at
infinity. □

Next, we find the value of the curvature κ(t) of the Binet-Curve for St at any
arbitrary point (x(t),y(t)).

Theorem 3.3. The curvature of the Binet-Curve St at any arbitrary point is

κ(t) =

√
5

(
4(lnα)3α−π2 lnα sin(πt)−12π(lnα)2 cos(πt)

)
(
(6+2

√
5)(lnα)2e2t ln(α)+

(
π2+ln2

α

)
(6−2

√
5)e−2t ln(α)−8π ln(α)sin(πt)−8ln2

αcos(πt)

)3/2 .

Proof. As discussed earlier, we consider

r⃗(t) = St = (x(t),y(t))

=

(
1√
5

{
(
√

5+1)et lnα +(
√

5−1)cos(πt)e−t lnα

}
,

1√
5

{
(
√

5−1)sin(πt)e−t lnα

})
.

We use the curvature formula

κ(t) =
|x′y′′− x′′y′|

|r′|3
=

|x′y′′− x′′y′|
(x′2 + y′2)3/2 .

It is not difficult to show that

ẋ =
1√
5

{
(
√

5+1) lnαet lnα − (
√

5−1) lnα cosπt e−t lnα − (
√

5−1)πsinπt e−t lnα

}
,

ẍ =
1√
5

{
(
√

5+1)(lnα)2et ln(α)+

(
(lnα)2 +π

2
)
(
√

5−1)cos(πt)e−t ln(α)

+2π(
√

5−1) lnαsin(πt)e−t ln(α)

}
,

ẏ =
1√
5

{
−(

√
5−1) lnαsin(πt)e−t ln(α)+(

√
5−1)πcos(πt)e−t ln(α)

}
,

ÿ =
1√
5

(
(lnα)2 −π

2
)
(
√

5−1)sin(πt)e−t ln(α)−2π(
√

5−1) lnαcos(πt)e−t ln(α).
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Using these values, we obtain the value of κ(t) as follows:

κ(t)=

√
5

(
4(lnα)3α−π2 lnα sin(πt)−12π(lnα)2 cos(πt)

)
(
(6+2

√
5)(lnα)2e2t ln(α)+

(
π2+ln2

α

)
(6−2

√
5)e−2t ln(α)−8π ln(α)sin(πt)−8ln2

αcos(πt)

)3/2 . □

Note 3.1. Taking the limit as t →±∞, we finally get

limt→∞κ(t) = 0and lim
t→∞

κ(t) = 0.

Thus, the curvature is zero at any point of the curve St , when t is very large. This
means that the curve behaves like a straight line at distant points of St .

When we analyze the parametric curve (x(t),y(t)) of St , we conclude the follow-
ing:

(i) The curve is not symmetric about the x-axis since x is not an even function
of t and also not symmetric about the y-axis since y is not an even function
of t.

(ii) The curve does not pass through the origin since there does not exist any
real value of t at which x = 0 and y = 0.

(iii) The curve intersects the x-axis at the points (2,0), (4,0), . . .
(iv) Now, dy

dx has the form

=

1√
5

{
−(

√
5−1) lnα sin(πt)e−t lnα +(

√
5−1)πcos(πt)e−t lnα

}
1√
5

{
(
√

5+1) lnααt − (
√

5−1) lnαcos(πt)e−t lnα − (
√

5−1)πsin(πt)e−t lnα

} .
If dy

dx = 0, we get

−(
√

5−1) lnα sin(πt)e−t lnα +(
√

5−1)πcos(πt)e−t lnα = 0.

Thus,

t =
1
π

tan−1
(

π

lnα

)
= 0.45162+m,m ∈ Z,

where α = 1.618. Hence, we conclude that the x-axis is the tangent to the
curve at

t = 0.45162+m,m ∈ Z.
(v) We further find the maximum and minimum value of this curve. As shown

above, dy
dx = 0 when t = 0.45162+m m ∈ Z.

If we let m = 0, then for t = 0.45162, it can be observed that
d2y
dx2 = −12.365 < 0. Also, for m = 1, we get t = 1.45162 and in this case

we observe that d2y
dx2 = 1.4230 > 0. Thus, one of the maximum values of

the curve is at the point (1.8657, 0.4395)t=0.45162, and one of the minimum
values is at the point (2.6828, −0.2716)t=1.45162.
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(vi) It can be observed that limt→∞ x(t)→ ∞, limt→∞ y(t) = 0. Thus, y = 0 is an
asymptote of the curve.

On the basis of these data, the St curve can be traced using the software MATLAB
as shown in Figure 3, when t > 0 as well as in Figure 4, when t < 0.

FIGURE 3. St-Binet-Curve for t > 0

FIGURE 4. St-Binet spiral for t < 0

4. BINET-CURVE FOR {Kn}n≥1

In the above Binet-type formula for Kn, instead of considering index n as an
integer, if we choose n to be any arbitrary real number then it is interesting to study
the nature of this transformed sequence {Kn}n≥1. We replace integer value n by real
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variable t. Then it can be easily observed that the corresponding number Kn will be
a complex number. We thus consider the Binet-type formula for these numbers as

Kt =
1

2
√

2

{(√
2+1

)t
+
(√

2−1
)

δ
t
}
,

where t is any arbitrary real number.
Now, since(−1)t = elog(−1) = eiπ(2n+1), where n = 0,±1,±2, . . .,in the following
calculations we choose only principal value with n = 0. Then we get

δ
t =

(
−1

γ

)t

=
(−1)t

γt =
eiπt

γt .

Now,

Kt =
1

2
√

2

{
(
√

2+1)t
γ

t +(
√

2−1)δt
}

=
1

2
√

2

{
(
√

2+1)tet ln(γ)+(
√

2−1)cos(πt)e−t ln(γ)+ i(
√

2−1)sin(πt)e−t ln(γ)
}
.

This function describes a curve in the complex plane parameterized by the real
variable t. We define the “Binet-Curve” for −∞ < t < ∞ in a parametric form as

Kt = (x(t),y(t)),

where

Re(Kt) = x(t) =
1

2
√

2

{
(
√

2+1)tet ln(γ)+(
√

2−1)cos(πt)e−t ln(γ)
}
,

Im(Kt) = y(t) =
1

2
√

2

{
(
√

2−1)sin(πt)e−t ln(γ)
}
.

We obtain the area under the Binet-Curve for Kt for any arbitrary real number t
within the fixed interval.

Theorem 4.1. The area of the segment under the Binet-Curve for Kt within the
interval [n,n+1] is given by

An,n+1 =
1
16

{
−4ln(γ)(−1)n

π
+

π(3−2
√

2)
ln(γ)

· 1
γ2n+1

}
.

Proof. We use Green’s theorem to calculate the area value of segments

An,n+1 =
1
2

∫ n+1

n
(xdy− ydx).

By rewriting dy =
(

dy
dt

)
dt and dx =

(dx
dt

)
dt, the formula becomes

An,n+1 =
1
2

∫ n+1

n
(xẏ− yẋ)dt. (4.1)
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We use components x(t) and y(t) of the Binet-type formula for the real argument
and calculate this value. Now,

ẋ =
1

2
√

2

{
(
√

2+1) lnγet ln(γ)− (
√

2−1) lnγ cos(πt)e−t ln(γ)

−(
√

2−1)πsin(πt)e−t ln(γ)

}
,

ẏ =
1

2
√

2

{
−(

√
2−1) lnγsin(πt)e−t ln(γ)+π(

√
2−1)cos(πt)e−t ln(γ)

}
.

Substituting these values in (4.1) we get

An,n+1 =
1
16

{
−4ln(γ)(−1)n

π
+

π(3−2
√

2)
ln(γ)

(
1

γ2n+1

)}
.

□

Remark 4.1. If we take the limit value of the area segment at infinity, we have

A∞ = lim
n→∞

|An,n+1|=
1

4π
ln(γ).

Thus, we find that the sequence of the segment’s areas has a finite limit.

We next consider the ratio of the area of two consecutive segments and show that
it tends to 1 as n → ∞.

Theorem 4.2. The ratio of the area of two consecutive segments for {Kn}n≥1 tends
to 1 as n tends to ∞.

Proof. From the above theorem, the area formula for the Binet-Curve for St is

An,n+1 =
1
16

{
−4ln(γ)(−1)n

π
+

π(3−2
√

2)
ln(γ)

(
1

γ2n+1

)}
.

Now we replace n by n−1 and n+1 by n to get

An−1,n =
1
16

{
−4ln(γ)(−1)n−1

π
+

π(3−2
√

2)
ln(γ)

(
1

γ2n−1

)}
.

We then express λn as the ratio of these two areas. This gives

λn =

∣∣∣∣An,n+1

An−1,n

∣∣∣∣=
∣∣∣∣∣∣

−4ln(γ)(−1)n

π
+ π(3−2

√
2)

ln(γ)

(
1

γ2n+1

)
−4ln(γ)(−1)n−1

π
+ π(3−2

√
2)

ln(γ)

(
1

γ2n−1

)
∣∣∣∣∣∣= 1

γ2

∣∣∣∣∣∣∣∣∣
4(lnγ)2γ2nγ

π2(3−2
√

2)
(−1)n +1

4(lnγ)2γ2n

π2(3−2
√

2)
(−1)n −1

∣∣∣∣∣∣∣∣∣ .
(4.2)
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If we consider the value of n as n = 2m and n = 2m+1, then we get

λ2m =

∣∣∣∣A2m,2m+1

A2m−1,2m

∣∣∣∣=
∣∣∣∣∣∣∣∣∣

4(lnγ)2γ4m+1

π2(3−2
√

2)
+1

4(lnγ)2γ4m−1

π2(3−2
√

2)
−1

∣∣∣∣∣∣∣∣∣> 1.

λ2m+1 =

∣∣∣∣A2m+1,2m+2

A2m,2m+1

∣∣∣∣=
∣∣∣∣∣∣∣∣∣
−4(lnγ)2γ4m+1

π2(3−2
√

2)
+ γ2

4(lnγ)2γ4m−1

π2(3−2
√

2)
−1

∣∣∣∣∣∣∣∣∣< 1.

From (4.2), we get

lim
n→∞

λn =
1
γ2

∣∣∣ γ
1

∣∣∣= 1
γ2 γ

2 = 1.

Thus, we can interpret that the area values of consecutive segments are equal at
infinity. □

We find the value of the curvature κ(t) of the Binet-Curve for Kt at any arbitrary
point (x(t),y(t)).

Theorem 4.3. The curvature of the Binet-Curve Kt at any given point is

κ(t) =
2
√

2{[2(lnγ)3−π2 ln(γ)]sin(πt)−3π(lnγ)2 cos(πt)}+{π(lnγ)2+π3}(3−2
√

2)e−2t ln(γ)

((3+2
√

2)(lnγ)2e2t ln(γ)+(3−2
√

2)(π2+(lnγ)2)e−2t ln(γ)−2π ln(γ)sin(πt)−2(lnγ)2 cos(πt))
3/2 .

Proof. As discussed earlier, we consider

r⃗(t) = Kt = (x(t),y(t))

=

(
1

2
√

2

{
(
√

2+1)et lnγ +(
√

2−1)cosπt e−t lnγ

}
, 1

2
√

2

{
(
√

2−1)sinπt e−t lnγ

})
.

We use the curvature formula

κ(t) =
|ẋÿ− ẏẍ|

|ṙ|3
=

|ẋÿ− ẏẍ|
(x2 + y2)3/2 .

Now, it can be shown that

ẋ =
1

2
√

2

{
(
√

2+1) lnγet lnγ−(
√

2−1) lnγ cosπt e−t lnγ−π(
√

2−1)sinπt e−t lnγ

}
,

ẍ =
1

2
√

2

{
(
√

2+1)(lnγ)2et ln(γ)+(
√

2−1)
(
(lnγ)2 +π

2)cos(πt)e−t ln(γ)
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+2π(
√

2−1)(lnγ)sin(πt)e−t ln(γ)

}
,

ẏ =
1

2
√

2

{
−(

√
2−1) lnγsin(πt)e−t ln(γ)+π(

√
2−1)cos(πt)e−t ln(γ)

}
,

ÿ=
1

2
√

2

{(
(lnγ)2 −π

2)(√2−1)sin(πt)e−t ln(γ)−2π(
√

2−1) lnγcos(πt)e−t ln(γ)
}
.

Using these we obtain the value of κ(t) as follows:

κ(t)=
2
√

2{[2(lnγ)3−π2 ln(γ)]sin(πt)−3π(lnγ)2 cos(πt)}+{π(lnγ)2+π3}(3−2
√

2)e−2t ln(γ)

((3+2
√

2)(lnγ)2e2t ln(γ)+(3−2
√

2)(π2+(lnγ)2)e−2t ln(γ)−2π ln(γ)sin(πt)−2(lnγ)2 cos(πt))
3/2 . □

Note 4.1. By taking the limit as t →±∞, we finally get

lim
t→∞

κ(t) = 0and lim
t→−∞

κ(t) = 0.

Thus, the curvature is zero at any point of the curve Kt , when t is very large. This
means the curve behaves like a straight line at distant points of Kt .

Now, we analyze the parametric curve (x(t),y(t)) of Kt numbers and we conclude
the following:

(i) The curve is not symmetric about the x-axis since x is not an even function
of t and not symmetric about the y-axis since y is not an even function of t.

(ii) The curve does not pass through the origin since there does not exist any
real value of t at which x = 0 and y = 0.

(iii) The curve intersects the x-axis at the points (1,0),(2,0),(5,0), . . ..
(iv) When we consider

dy
dx

=
1

2
√

2{−(
√

2−1) lny sinπte−t lnγ+π(
√

2−1)cosπte−t lnγ}
1

2
√

2{(
√

2+1) lnγet lnγ−(
√

2−1) lny cosπte−t lnγ−π(
√

2−1)sinπte−t lnγ} ,

then dy
dx = 0 implies that

t =
1
π

tan−1
(

π

lny

)
= 0.412936+m,m ∈ Z,

where y = 2.4142. Hence, we conclude that the x-axis is the tangent to the
curve at t = 0.412936+m,m ∈ Z.

(v) We further find the maximum and minimum value of this curve. As shown
above, dy

dx = 0 when t = 0.412936+m, m ∈ Z.
If we let m = 0, then for t = 0.41293 it can be observed that
d2y
dx2 = −11.892 < 0. Also, for m = 1, we get t = 1.412936 and in this case

we observe that d2y
dx2 = 0.06276> 0. Thus, one of the maximum values of the

curve is at the point (1.25574, 0.09798)t=0.412936 and one of the minimum
values is at the point (2.95384,−0.04058)t=1.412936.
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(vi) It can be observed that limt→∞ x(t) → ∞ when y(t) = 0. Thus, y = 0 is an
asymptote of the curve.

On the basis of these data, the Kt curve can be traced using the software MATLAB
as shown in Figure 5, when t > 0 as well as in Figure 6, when t < 0.

FIGURE 5. Kt-Binet-Curve for t > 0

FIGURE 6. Kt-Binet spiral for t < 0
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