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SHIFT DIFFERENTIAL-DIFFERENCE POLYNOMIALS OF
MEROMORPHIC FUNCTIONS AND THEIR UNIQUENESS
CONCERNING WEIGHTED SHARING

JAYANTA ROY AND DILIP CHANDRA PRAMANIK

ABSTRACT. The purpose of the paper is to study the uniqueness problems of
certain types of shift differential-difference polynomials of meromorphic func-
tions sharing a small function under the notion of relaxed weighted sharing.

1. INTRODUCTION AND MAIN RESULT

Let C denote the complex plane and let f be a non-constant meromorphic func-
tion defined on C. We assume that the reader is familiar with the standard def-
initions and notations used in the Nevanlinna value distribution theory, such as
T(r,f),m(r,f),N(r,f) (see [6,14,15]). By S(r, f), we denote any quantity satisfy-
ing the condition S(r, f) = o(T (r, f)) as r — oo possibly outside an exceptional set
of finite linear measure. A meromorphic function a is called a small function with
respect to f if a = oo or T(r,a) = S(r, f). We denote by S(f) the collection of all
small functions with respect to f. Clearly CU{eo} C S(f) and S(f) is a field over
the set of complex numbers.

We write E(a, f) = {z € C: f(z) —a = 0}, where each zero with multiplicity m
is counted m times. If we ignore the multiplicity, the set is denoted by E (a, f). For
any two non-constant meromorphic functions f and g, and a € S(f) N S(g) we say
that f and g share a IM (CM) provided that E(a, f) = E(a,g) (E(a, f) = E(a,g)).

Recently, interest has been increasing in studying difference equations in the
complex plane. With this development, many authors have investigated the value
distribution of certain types of difference differential expression, and a handful of
elegant results were published in [4,9-11,13,16].

Focusing on the k-th derivative of a more extended differential-difference ex-
pression Yi [16] proved the following results.

Theorem 1.1. [16] Let f be a transcendental entire function of finite order,
a(z) # 0 be a small function with respect to f(2), ¢; (j =1,2,...,s) be distinct
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finite complex numbers and n,m,s and p; (j = 1,2,...,s) be non-negative integers.
Suppose one of the following conditions holds:

(i)n>k+2, whenm <k+1,

(ii) n > 2k —m+ 3, when m > k—+ 1.

Then, the differential-difference polynomial

[f 71mH +Cj IJ/ (k) _ Cl(Z)

has infinitely many zeros.

Theorem 1.2. [16] Let f be a transcendental entire function of finite order, a(z) #
0 be a small function with respect to f(z) and cj (j =1,2,...,s) be distinct finite
complex numbers. Let n,m,s and uj (j =1,2,...,s) be non-negative integers and
6 =Y M Ifn>2k+m+c+5 and the dlﬁ‘erential-diﬁ’erence polynomials

" (2)(f"(z)—1) Iill(f(z+cj))#j](k)

and
S

g"(2)(g"(2) — 1) lj[l(g(erCj))u_/](k)
share a(z) CM, then f(z) = tg(z), where t™ = t"+° = 1,

Relaxing the nature of sharing Lahiri [7, 8] introduced a new notion of sharing
in the following definition.

Definition 1.1. [7,8] Let | e NU{0} U {eo} and a € S(f). We denote by Ej(a, f)
the set of all zeros of f —a, where a zero of multiplicity m is counted m times if
m <1 andl+1 times if m > 1. If E/(a,f) = Ej(a,g), we say that f, g share the
Sfunction a with weight I. Moreover, we note that f and g share the function a IM
or CM if and only if f and g share (a,0) or (a,e) respectively.

In 2018, Waghamore [13] studied the uniqueness problems of certain types of
differential polynomials sharing a small function with finite weight as follows.

Theorem 1.3. [13] Let f and g be two transcendental entire functions of fi-
nite order and a(z)(# O) be a small function with respect to both f and g. Sup-
pose that cj (j =1,2,...,s) are non zero complex constants, u;j (j =1,2,...,s) are
non-negative integers, n, m > 1 and k(> 0) are integers satisfying n > 2k —|—m +
6+5whenm<k+1andn>4k—m+06+9 when m > k+ 1. If [f*(2)(f(z) —
D™ T f(z4cj))® and [g"(z)(g(z) — 1)™ : _18(z+ ¢ share (a,2), then
either f = g or f and g satisfy the algebraic equatzon R(f,g) =0, where R(f,g) is
given by
N N
R(wi,w2) = wi(wi = )" [J(wi(z+ )" —wh(wa = 1)" [[(wa(z+cj))H
j=1 j=1
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Theorem 1.4. [I3] Let f and g be two transcendental entire functions of fi-
nite order and a(z)(# 0) be a small function to both f and g. Suppose that
cj (j=1,2,...,5) are non zero complex constants, u; (j = 1,2,...,s) are non-
negative integers, n,m > 1 and k (> 0) are integers satisfying n > Sk+4m+46+8
when m < k+1 and n > 10k —m+4c+ 15 when m > k+ 1. If [f"(z)(f(z) —
P TE o e+ )1 and [g(2)(g(2)— 1P T (g(e-+ )] share a(z) IM,

j=1
then the conclusion of Theorem 1.3 holds.

Motivated by the above results, in this paper, we prove a result for transcen-
dental meromorphic functions of finite order which improved and extended all the
Theorems ( 1.1-1.4) to a more general case.

Theorem 1.5. Let f and g be two transcendental meromorphic functions of fi-
nite order, a = a(z) (# 0,00) € S(f) NS(g) with finitely many zeros and poles,
and cj, j=1,2,....5 (s € N) be non-zero complex constants such that f and g
are not periodic function of period c;. Suppose that the poles of f(z) are not
zeros of f(z+cj) and the poles of g(z) are not zeros of g(z+c;). Let P(w) =
W™ + @y 1a" N 4 .+ ao, where ay, a1, ....,a0 (# 0) € C be a polynomial
and m*(>0), n(> 1), uj(>0) (j = 1,2,...,5), k(> 1) be integers, 6 = Y5 u;. If

[P T (F(z+ )] Y and [g"(2)P(g) (2) Ty (g(z+ ;)] ™ share
(a,1) with one of the following conditions:

(i)l > 2 and

n>2k+m*+c+7whenm<k+1,n>4k—m"+c+11 whenm > k+1 (1.1)

(ii)l =1 and
3m* 30 m* 30
n>2k+ > +7+9whenm§k+1,n24k+7+7+13whenm>k+1

(1.2)
(iii) | = 0 and

n>2k+4m* +4c+14 whenm <k-+1,n>4k+2m" +40+18 when m > k+1,
(1.3)

then one of the following cases holds:

(A) when P(w) is not a monomial, then f = tg for a constant t such that t = 1

where d is the GCD of the elements of J, J ={k €1 :a; #0} and I = {n+0c,n+c+

l,.....n+0+m}, or f and g satisfy the algebraic difference equation R(f,g) =0,

where R(f,g) is given by

N s

R(wi,w2) = wiP(wi) Hl(wl (z+ i) —wiP(w2) Hl(wz(ZJer))“"-
j= j=
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(B) When P(w) = a;w' is a non-zero monomial, then
(BI)

N N
a ) [T e+ ep)g™ (@) [Tle+ et = a.
j=1 j=1
(BII) f =tg, where t satisfies t"7°1 =1, or else f and g satisfy the algebraic
equation R(wy,w;) = 0, where
N N
R(wi,wa) =wi™ [Twi(z+¢))) —wy ™ [T (walz+e¢))).

j=1 j=1
(C) When P(w) = ag(# 0), then
(CI)

N N

@@ [T e+e)y g @1 (e+ep)y =a.

j=1 j=1
(CIl) f =tg, where t satisfies t"7° = 1, where and in the sequel

«_ | m ifP(w)#ao;
m_{() ifP(w):ag.

We now recall some well known definitions and notation from value distribution
theory.

Definition 1.2. [1] Let p be a positive integer. Let f(z) be a meromorphic function
and a(z) € S(f).

(i) N ») (r, J%a) denotes the counting function of those a-points of f whose multi-
plicities are not greater than p, where each a-point is counted only once.

(ii) N( »( ]%a) denotes the counting function of those a-points of f whose mul-
tiplicities are not less than p, where each a-point is counted only once.

(iii) Ny(r, ﬁ) denotes the counting function of those a-points of f, where an
a-point of f with multiplicity m counted m times if m < p and p times if m > p.

Definition 1.3. [1] Let f and g be two non-constant meromorphic functions, which
share 1 IM. Let zy be a 1-point of f with multiplicity p, a 1-point of g with multi-
plicity q. We denote by N (r, ]%1) the reduced counting function of those 1-point

of fand g in {z: |z| < r} where p > q, denote by Né)(r, ﬁ) the reduced counting
function of those 1-point of f and g in {z: |z| <r} wherep=q=1in{z:|z] <1},
and denote by Ng(r, ﬁ) the counting function counting function of those 1-point
of fand gin {z:|z| <r} where p=¢q>2in{z:|z| <r}. Similarly we define
= 1 —2

NL(r ), NE (rghy) and N (r, 745)

Definition 1.4. [1] Let k be a positive integer. Let f and g be two non-constant
meromorphic functions such that f and g share the value 1 IM. Let zo be a 1-
point of f with multiplicity p, and a 1-point of g with multiplicity q. Denote by
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Npoi(r, ﬁ) the reduced counting function of those 1-points of f and g such that
p>qg=k Ng(r, gfll) is defined analogously.

2. LEMMAS

This section presents some lemmas needed to prove the main theorem.
Let F and G be non-constant meromorphic functions defined in the complex plane
C. We denote by H the following function:

F@ FO G G\H
HZ(F(UZF—I “\om 61 ) 1)
Lemma 2.1. [12] Let f(z) be a meromorphic function of finite order p and let
¢ (#£0) be a fixed complex constant. Then

t) (et o

outside a possible exceptional set of finite logarithmic measures.

Lemma 2.2. [5] Let f(z) be a meromorphic function of finite order, and let ¢ be a
fixed non-zero complex constant. Then

T(r,f(z+¢))=T(r,f)+S(r,f).

Lemma 2.3. [18] Let f(z) be a meromorphic function of finite order, and let ¢ be
a fixed non-zero complex constant. Then

(I o (s i) =5

Lemma 2.4. [I5] Let f and g be two non-constant meromorphic functions. If
Af+Bg =C, where A, B, C are non-zero constants, then

T(r.f) <N f)+N(r }) NG ;> +8(r. ).

Lemma 2.5. [17] Let f(z) be a non-constant meromorphic function and s, k be
two positive integers. Then

1 1
M (5 i ) S TS =T+ Novalr )+ 5051,
and

N, <ij)) < KN f) 4 Neta 1 5) + (1)
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Lemma 2.6. [2] If f and g share (1,1) and H # 0, then

N(r,H) <N(r, f)+N(r, })+N(( ;)—G-NL(r,fi])
+NL(r,11)—|-N0(r,})-&—No(r,gl,)—l-S(r,f).

Lemma 2.7. [I] If f and g are non-constant meromorphic functions sharing
(1,1), then

)

1 1 o/ 1\ -
2NL(r,f_1)+2NL(r,g_l)+N(E <r7H> —Nf>2(r,

)+S(rf)+S(rg).

|
—_

Lemma 2.8. [I] If f and g are non-constant meromorphic functions sharing
(1,1), then

Nps2(r, 41) < sN(r f) + 3N(r, ) = 3No(r, 5117) +S(r, )

Lemma 2.9. [3] If f and g are non-constant meromorphic functions and f, g
share (1,0), then N (r, ﬁ) < N(r,f)+N(r, %) +S(r, f).

Lemma 2.10. Let f and g be two transcendental meromorphic functions of finite
order, a = a(z) (# 0,0) € S(f) NS(g) with finitely many zeros and poles, and c;
(j=1,2,....,5) be finite complex numbers. Let m*(>0), n (> 1), k (> 0), u;(>0)
(j=1,2,....,s) be integers such that n > k and P(w) be same as in Theorem 1.5. If

Q) Hf e Y. [P @ [ s +e]® =),

J=1

then P(w) reduces to a non-zero monomial, namely P(w) = aw' # 0 for some
i€{0,1,..,m}.

Proof. Suppose P(f) is not a non-zero monomial. Without loss of generality, we
assume that P(f) = anf™ + am_1f™ ' +---+aif + ao, where ap, ap_1, ....a;
and ao (#0) €C.

Since the number of poles and zeros of a(z) is finite, it follows that f as well as g
has finitely many zeros and poles. Therefore f(z) = h(z)e*?), where o, is a non-
zero polynomial function and A(z) is a non-zero rational function. Let

S

hi(z) = K" (2) [ T (h(z+ ;)

Jj=1
and
a;(z) = (n+i)oz) + Zj(ou(z+c;))",
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wherei =0, 1, ..... ,m. Then,

N

ST e = hiz)e ),
j=1

where i =0, 1, ..... ,m. An elementary calculation shows that

N

(k)
!f"“(z) (f(z+c,,-))#f'] =ty (0 o s 0 i M, )

j=1
where t; (oc;, ooy 0 By e ) for (1= 0, 1, .....,m) are differential
polynomials in o}, o, ...., (xgk), hi, R, ..., hl(.k) . Therefore we have

i (oc;, o oo o h W hf"’) £0,fori=0, 1, .c.;m

and [f"(2)P(f)(z) j':]f(Z‘i‘Cj)le](k) # 0. Thus we have T(r,t;) = S(r, f) for
i=0,1, ... m and

which is a contradiction. Hence P(w) reduces to a non-zero monomial, namely
P(w) = a;w' for some (i =0, 1, .....,m). This completes the proof. O

Lemma 2.11. Let f and g be two transcendental meromorphic functions of finite
order, a = a(z) (# 0,00) € S(f)NS(g) and c; (j =1,2,....,s) be finite complex
numbers. Let m*(>0), n (> 1), uj(>0) (j =1,2,....,s) be integers such that
n>2k+m*+oc+1and P(w) be same as in Theorem 1.5. If

P OPO ]+ e = [P @ [[sc+et] Y. @2
=1 =1

then

N S

QP[]+ =g"(2)P(g)(2) [ ] glz+c).

Jj=1 J=1
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Proof. Let

and
G =¢"(2)P(e)(2) [ e(z+c)H.
=1

Integrating (2.2) k times we get Fi = G; + R(z), where R(z) is a polynomial of
degree at most k — 1.
If R(z) # O then by Lemma 2.4, we have

) ) ) ()

Therefore using Lemma 2.5 we get
T(Fi) +8(rf) < T(r 70) 4 (k= 1)logr+ 0(1)
RIE) IE"))—HV( ((;l))-f—(k—l)logr+S(r,f)+S(r,g)

< @+m +0)T(rf)+(1+m"+0)T(r,g) +2(k—1)logr+S(r, f) +S(r,8)-
2.3)

(n+m*+0)T(r,f) <

<N(r o) +N(n,

Similarly,
(ntm" +06)T(r,g) < (2+m" +0)T(r,g) +(1+m" +0)T(r,f)
+2(k—1)logr+S(r, f) +S(r,8). 2.4
Since T'(r, f) >log r+O(1) and T (r,g) > log r+ O(1), combining (2.3) and (2.4),

we get

{(n=(2ktm" +o+ 1)} (T(rf)+T(rg)) <S(rf)+5(r8),

which is a contradiction. Hence R(z) = 0 and so, F; = G;. This completes the
proof. U

3. PROOF OF THE MAIN THEOREM

Proof. LetFy = f"(2) P(f)(2) ITj=i (f (z+¢;))* and G1 = g"(2) P(g) (2) ITj—i (g (2 +
( ) (k)
cj)). Then F = aty and G = ﬁ' Then, from the given condition, we have F

and G share (1,7) except at zeros and poles of a.
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Case 1: H # 0. Then from (2.1) and Lemma 2.6 we have m(r,H) = S(r, f) and

1 1
D~ V< —
Ng (r,F_l)_N(r,H)-i-S(r,f)
<T

_ — 1 1
SN(’?F)""N(Z(’?F ﬁ)
1

— 1 1
+NL(r;m)+NO(V,F)+NO(V,E)+S(V,JC)~ (31)

— 1
) +Np(r,

6) +NL(F7

By the second fundamental theorem of Nevanlinna, we have

T(r,F)+T(r,G) <N(r,F)+N(r,G)+N(r, %) +N(r, %) +N(r, é)
— 1 1 1
+N(rvm)_NO(r7F>_N0(rva)+S<r7f)v (32)

where Ny (r, %) denotes the counting function of zeros of F’, which are not the ze-

ros of F(F — 1) and Ny(r, é) is defined similarly.

Subcase 1.1: [ > 1. Then by (3.1), we get

+Np. r,F_1)+NL(r, c 1)—|—N(I’,m) +5(r, f)
<N F)+N(G) 4 Nl ) + N ) + 2N (1 5r) + 2 (7 )
FNo(r ) ol ) 4N ) AN ) 1S 6)
Subcase 1.1.1: / = 1. Then by Lemma 2.8 we have
N (r, 7 ! 1) < %N(r, F,yF #0)
< SN F)+ N () +5(n1), (3.4)

where N(r, #|F # 0) denotes the zeros of F’, which are not zeros of F.
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From (3.4) and Lemma 2.7 we have

_ — 1 — 1 — 1
ONL(r ) + 2N )+ Ne () + N (=)
— 1
SN(r?G_l)_FNL(raﬁ)_{-S(raf)
1— 1— 1
Using (3.5) we get from (3.3)
_ 1 — 1 — — — 1. — 1
N(rvﬁ)_'_N(ra G— 1) SN(F,F)+N<F,G)+N(2<F,F)+N(2(V,E)
1 1 1 1
EN o)+ SN ) + 5N ) + 5051+ S(rg) (3.6)
By (3.6), we get from (3.2)
5 _ 1 1
T(r,F)< EN(;»,F) +2N(r,G) + Na(r, f) +N2(r,6)
AN )+ 5(0) 4 S(rg). @)
Lemma 2.5 gives
1 1
Nz(r,f) SNz(’?E) +8(r,f)
<T(5FY) — (0w +O)T () + Nivalr 1)+ 500, )
1
< T(er) - (n—|—m* +G)T(rvf) +Nk+2(r7 Fi) +S(raf) (38)
1
and | . .
N2(r76) SNZ(”’@)—{_S(’;g) SNk+2(raa)+S(rag)' (39)
From (3.7), (3.8) and (3.9) we get
5 _ 1 1
(n+m"+0)T(r,f) < EN(F,f)+2N(l”,g)+Nk+2(r,F1) +Nk+2(raa)
+%N(r,i)—|—S(r,f)+S(r,g). (3.10)
F

If m < k—+1, then from (3.10) we have
5__ _
(n+m* +0)T(r,f) < (k+m"+c+2){T(r,f)+T(r,g)}+ EN(r,f) +2N(r,g)

+%(m*+0+1)T(r,f)+5(",f)+5(ng)- (.11



SHIFT DIFFERENTIAL-DIFFERENCE POLYNOMIALS OF MEROMORPHIC FUNCTIONS ... 77
Similarly,

(n+m" +0)T(r,g) < (k+m*"+c+2){T(r,f)+T(rg)}+ %N(r,g) +2N(r, f)

+%(m*+c+1)T(r,g)+S(r,f)+S(r,g). (3.12)
Combining (3.11) and (3.12) we get
3m* 3
(n—2k— 22— 22— O)T (1) + T(r,8)} < S(r.f) +5(18)

which contradicts (1.2).
If m > k41, then from (3.10) we have
9
(n—i—m* +G)T(r7f) < (2k+0+4){T(7‘,f) +T(V,g)}+ ET(’%f)

FL DT () +S() +S(rg). B1)

Similarly,

(n+m"+0)T(r,g) < 2k+c+4){T(r,f)+T(rg)}+ gT(r,g)

Fon o DT () +S( ) 45(ng). (B4
Combining (3.13) and (3.14) we get
(n— k"0 22 )T () 4 T(r )} < (1) +S(18).

which contradicts (1.2).

Subcase 1.1.2: [ > 2. In this case, we have

2N (r, 71 ) +2NL(V,ﬁ) +N:C(r, o )+N(r, o 1)
SN(V,G_l)—i-S(r,f)—I—S(r,g). (3.15)
From (3.3) and using (3.15), we obtain
N(r, )+ N ) SN F) R0 ) + Mol ) +N (s )
FNo(r 25) + No(r 25) + (1 ) S NG5 F) + Nalr ) + N )
+T(r,G)—l—NO(r,%)—l-No(r,é)-i-S(r,f). (3.16)
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Now, using (3.16) in (3.2), we get

T(rF) < 3N F) 4 N0, G) AN () + Noalr ) + N0 =) 4N ol )+ 5(7)
<IN F) 4 N(,G) + Nalrs ) + Mol ) +S(5 ). (3.17)

F G
If m < k+1, then from (3.17) we have
(n+m*+0)T(r,f) < (k+m"+6+2){T(r,f) +T(r,g)} +2N(r, f)
+N(r,g) +S(r,f)+S(r,g). (3.18)
Similarly,

(n+m*+0)T(r,g) < (k+m"+0+2){T(r,f)+T(r,8)} +2N(r,g)
+N(r, f)+S(r, f) +S(r,g). (3.19)

Therefore combining (3.18) and (3.19) we get
(n—2k—m"—c—N{T(r,f)+T(r,g)} <S(r,f)+S(rg) (3.20)
which contradicts n > 2k +m* +o0+7.
If m > k—+1, then from (3.10) we have

(n+m"+0)T(r,f) < 2k+0+4){T(r,f)+T(r,g)} +2N(r, f)
+N(r,g)+S(r,f)+S(r,g). (3.21)

Similarly,

(n+m*+0)T(r,g) < 2k+0+4){T(r,f)+T(r,g)} +2N(r,g)
+N(r, f)+S(rf)+S(r,g). (3.22)

Again combining (3.21) and (3.22) we get
(n—dk+m" —c—1INT(r,f)+T(rg)} <S(rf)+S(rg)

which contradicts n > 4k —m*+ o6+ 11.

Subcase 1.2: [ = 0. Then we have
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Thus (3.1) gives

1 — 1
N
r(

N(r, )

r?
F—1
)+58(r.f)

N N
+NL(r, )+N(r =

1
E ) AN ) N

— — — 1, — 1 —
F — —)+2
N(i‘, )+N(F,G>+N(2(V,F)+N(2(V, G)+ NL(raF
1 1 1
‘f’N(ﬂm)+N0(Vaﬁ)+N0(raa>+S(’?f)- (3.23)
Therefore using (3.2), (3.23) and Lemma 2.7 we get

F-1

IN
2,

)+8(r.f)

IN

_ _ 1 1 — 1
T(r,F) <2N(r,F)+2N(r,G)+ N,(r, F) + Ny (r, E) + 2Ny (r, 7 1)

Gl_l)—l-S(r,f)—l—S(r,g). (3.24)
If m <k+41, using (3.8) and (3.9) in (3.24) and Lemma 2.8 we obtain
(n+m*+0)T(rf) < (k+m"+6+2{T(r,f)+T(r,8)} +4N(r,f) +3N(r,g)
+2(m*+ o+ )T (r, f)+ (m"+ o+ 1)T(r,8)+ S(r. /) + 5(r.8)-

+ Ny (r,

(3.25)
Similarly,
(n+m*+0)T(r,g) < (k+m"+6+2){T(r,f)+T(r,g)} +4N(r,g) +3N(r, f)
+2(m* +0+1)T(r,g) +(m"+c+1)T(r,f)+S(r, f)+S(r,g). (3.26)

Therefore (3.25) and (3.26) gives
(n—2k—4m* —46— 14){T(I",f) +T(}",g>} g S(I’,f) +S(I’,g),
which contradicts n > 2k + 4m* +4c + 14.

If m > k—+1, using (3.8) and (3.9) in (3.24) we have
(n+m"+0)T(r,f) < 2k+0+4){T(r,f)+T(r,g)} +4N(r, f)+3N(r,g)

+2(m* +o+1)T(r,f)+(m* +6+1)T(r,g) +S(r, f)+S(r,8). (3.27)
Similarly,

(n+m"+0)T(r,g) < 2k+o+4){T(r,f)+T(r,g)} +4N(r,g) +3N(r,f)

+2(m*+0+1)T(r,g)+ (m"+c+1)T(r,f)+S(r,f)+S(r,g). (3.28)

Thus combining (3.27) and (3.28) we get
(n—4k—2m"—4c— 18){T(r,f)+T(r,g)} <S(r,f)+S(rg),
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which contradicts n > 4k +2m* 440 + 18.

Case 2: H = 0. Integrating (2.1) twice we get

1 C
——=——+4D 3.29
F-1 G-1 +5, (3.29)
where C # 0 and D are constants. From 3.29 it is clear that F, G share the value 1
CM and hence they share (1,1). Also T(r,F) =T (r,G)+ O(1). Here, the following
subcases can arise.

Subcase 2.1: D # 0 and C # D. If D = —1, then from (3.29) we have F = G:C

c—1°
Therefore
N(r— ) =NuF)
T, =N(r,F).
"G—(C+1) ’

Because of the Second Fundamental Theorem of Nevanlinna and Lemma 2.5, we
obtain

T(r,G) <N(r,G)+N(r,0;G)+N <r, ) +58(r,G) < N(r,G)

G-(C+1)
+T(r,G)— (n+m"+0)T(r,g) + Net1(r,0,G1) +N(r,G) +S(r,g).  (3.30)
If m <k+1, then from (3.30) we have
(n+m"+0)T(rg) < (k+m"+0+1)T(r,g) +2N(r,g) +S(r,8). (3.31)
Similarly,
(n+m*+0)T(r,f) < (k+m"+c+ DT (r,f)+2N(r, f)+S(r.f).  (3.32)
Therefore using (3.31) and (3.32) we get
(n—k=3){T(r.f) +T(r.g)} < S(r,f) +S(r.8)

contradicting n > k+ 3.

If m > k+ 1, then from (3.30) we have

(n+m*+0)T(r,f) < (2k+0+4)T(r,g) +2N(r,g) +S(r,g). (3.33)
Similarly,
(n+m*+0)T(r,g) < (2k+0+4)T(r,f)+2N(r,f)+S(r, f). (3.34)

Thus (3.33) and (3.34) gives
(n—2k—i—m* —6){T(I’,f) +T(r7g)} < S(}",f) —I—S(I",g),

which contradicts n > 2k —m* +6.
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Subcase 2.2: D # 0 and C = D.
Subcase 2.2.1: If D £ —1, then from (3.29) we have L — DG __ Therefore

= (+D)G—1"
_ 1 — 1
N<r, 1 ) =N(r,—=).
G—pi F

In a similar way as in Subcase 2.1, we get a contradiction.

Subcase 2.2.2 Suppose D = —1. Then
FG=1. (3.35)

Subcase 2.2.2.1 Suppose P(w) is not a monomial.
Since n > k, by Lemma 2.10, P(w) is reduced to a non-zero monomial, which is a
contradiction. Therefore we must have FG # 1.

Subcase 2.2.2.2 Suppose P(w) is a non-zero monomial, namely, P(w) = a;w’ # 0
for some i € {0,1,....,m}. Then it follows from (3.35) that

a; ") [T/ Gatep)g (@) [T s(e e =
=1 j=1

Subcase 2.2.2.3 Suppose P(w) = ap, a non-zero constant.
Then, proceeding in a similar manner as done in Subcase 2.2.2.2, we conclude that

Hf z+cj)i.g Hg z4cj)l = a’.

Subcase 2.3. Suppose D = 0.
Then

If C # 1, then we have

N <r, G_(i_c)) —N(r %).

Because of the Second Fundamental Theorem of Nevanlinna, we obtain

_ _ — 1
T(r,G)<N(rG)+N(r0,G)+N|r———
(56) SNG)+N(:0:6) +N (=1 =
—|—T(r,G)—(n—i—m*—l—G)T(r,g)—I—NkH(r,O;G])—+—Nk+1(r,0,F1)—i—S(r,f—i—)S(r,g).
If m < k+1, then from (3.17) we have

(n+m*+0)T(r,g) < (k+m'+o+ ){T(r,f+T(r,g)}+N(r,g)+S(r,g). (3.36)

) +S8(r,G) < N(r,G)
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Similarly,
(n+m*+0)T(r,f) < (k+m*+o+ D{T(r, )+ T(r,g)} + N(r,f)+S(r, f).
(3.37)
Now, by 3.36 and (3.37), we get
(n=2k—m*—c=3){T(r,f)+T(r,g)} <S(r,f)+S(rg), (3.38)
contradicting n > 2k + m* + o6 + 3.

If m > k+ 1, then from (3.10) we have
(n+m*+0)T(r,f) < 2k+0+4){T(r,f)+T(r,g)} +N(r,g) +S(r,g). (3.39)
Similarly,
(n+m*+0)T(r,g) < 2k+6+4{T(rf)+T(r,g)} +N(r,f)+S(r,f). (3.40)
Adding (3.39) and (3.40) we get
(n—4k+m*—c—9){T(r,f)+T(r,g)} <S(r,f)+S(rg),

contradicting n > 4k —m* +6+9.
Therefore, C = 1 and F = G. In view of Lemma 2.11, we conclude that F; = Gy,
1.e.,

FROPAE T e = @PE)E@ [ [sten). (3.41)
Jj=1 j=1

Suppose (3.41) holds. We have the following subcases.

Subcase 2.3.1. P(w) is not a monomial. Suppose h = g is a constant. By (3.41)
putting f = hg we get

g™ (2) (" = 1) + ayy_18" () (™5 — 1) 4 oo+ ag (B0 — 1) =0,

which implies that h? =1, where d is the GCD of the elements of J, J = {kel:
ar#0}and I ={n+0o,n+06+1,....,n+06+m}. Thus f =tg for a constant 7.
If 7 is non-constant, then f and g satisfy the algebraic difference equation R(f,g) =
0 where R(f,g) is given by
N N
R(wi,wp) = wiP(wy) H wi(z+c;) —whP(ws) H wa(z+cj)H.
j=1 j=1
Subcase 2.3.2. Suppose P(w) is a non-zero monomial, say P(w) = a;w", for some
i €{0,1,...m}. Then, by the same argument as in Subcase 2.3.1, we conclude that
if 1 is constant, then f = tg where ¢ satisfies "7°*' =1, or else f and g satisfy the
algebraic equation R(wi,wz) = 0, where R(wi,wa) = wi ™' [Tj_; (wi(z+ ¢j)" —
wh Ty (wa(z+ ).
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Subcase 2.3.3. P(w) = aog(# 0), a constant. Let h = g. Then from (3.41) we have

1
j=i (h(z )
Therefore by Lemmas 2.1, 2.2 and 2.3 we have

h'(z) =

1
nT(r,h) =T(r,h")+S(rh)=T|r

Tty ) T

< oT(r,h)+S(r,h),

which is a contradiction since n > 6. Hence 4 must be constant, then f = rg where
t satisfies "1° =1, O
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