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SHIFT DIFFERENTIAL-DIFFERENCE POLYNOMIALS OF
MEROMORPHIC FUNCTIONS AND THEIR UNIQUENESS

CONCERNING WEIGHTED SHARING

JAYANTA ROY AND DILIP CHANDRA PRAMANIK

ABSTRACT. The purpose of the paper is to study the uniqueness problems of
certain types of shift differential-difference polynomials of meromorphic func-
tions sharing a small function under the notion of relaxed weighted sharing.

1. INTRODUCTION AND MAIN RESULT

Let C denote the complex plane and let f be a non-constant meromorphic func-
tion defined on C. We assume that the reader is familiar with the standard def-
initions and notations used in the Nevanlinna value distribution theory, such as
T (r, f ),m(r, f ),N(r, f ) (see [6, 14, 15]). By S(r, f ), we denote any quantity satisfy-
ing the condition S(r, f ) = ◦(T (r, f )) as r → ∞ possibly outside an exceptional set
of finite linear measure. A meromorphic function a is called a small function with
respect to f if a ≡ ∞ or T (r,a) = S(r, f ). We denote by S( f ) the collection of all
small functions with respect to f . Clearly C∪{∞} ⊂ S( f ) and S( f ) is a field over
the set of complex numbers.

We write E(a, f ) = {z ∈C : f (z)−a = 0}, where each zero with multiplicity m
is counted m times. If we ignore the multiplicity, the set is denoted by E(a, f ). For
any two non-constant meromorphic functions f and g, and a ∈ S( f )∩S(g) we say
that f and g share a IM (CM) provided that E(a, f ) = E(a,g) (E(a, f ) = E(a,g)).

Recently, interest has been increasing in studying difference equations in the
complex plane. With this development, many authors have investigated the value
distribution of certain types of difference differential expression, and a handful of
elegant results were published in [4, 9–11, 13, 16].

Focusing on the k-th derivative of a more extended differential-difference ex-
pression Yi [16] proved the following results.

Theorem 1.1. [16] Let f be a transcendental entire function of finite order,
a(z) ̸≡ 0 be a small function with respect to f (z), c j ( j = 1,2, ...,s) be distinct
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finite complex numbers and n,m,s and µ j ( j = 1,2, ...,s) be non-negative integers.
Suppose one of the following conditions holds:
(i) n ≥ k+2, when m ≤ k+1,
(ii) n ≥ 2k−m+3, when m > k+1.
Then, the differential-difference polynomial

[ f n(z)( f (z)−1)m
s

∏
j=1

( f (z+ c j))
µ j ](k)−a(z)

has infinitely many zeros.

Theorem 1.2. [16] Let f be a transcendental entire function of finite order, a(z) ̸≡
0 be a small function with respect to f (z) and c j ( j = 1,2, ...,s) be distinct finite
complex numbers. Let n,m,s and µ j ( j = 1,2, ...,s) be non-negative integers and
σ = ∑

s
j=1 µ j. If n ≥ 2k+m+σ+5 and the differential-difference polynomials

[ f n(z)( f m(z)−1)
s

∏
j=1

( f (z+ c j))
µ j ](k)

and

[gn(z)(gm(z)−1)
s

∏
j=1

(g(z+ c j))
µ j ](k)

share a(z) CM, then f (z) = tg(z), where tm = tn+σ = 1.

Relaxing the nature of sharing Lahiri [7, 8] introduced a new notion of sharing
in the following definition.

Definition 1.1. [7, 8] Let l ∈ N∪{0}∪{∞} and a ∈ S( f ). We denote by El(a, f )
the set of all zeros of f − a, where a zero of multiplicity m is counted m times if
m ≤ l and l + 1 times if m > l. If El(a, f ) = El(a,g), we say that f , g share the
function a with weight l. Moreover, we note that f and g share the function a IM
or CM if and only if f and g share (a,0) or (a,∞) respectively.

In 2018, Waghamore [13] studied the uniqueness problems of certain types of
differential polynomials sharing a small function with finite weight as follows.

Theorem 1.3. [13] Let f and g be two transcendental entire functions of fi-
nite order and a(z)(̸≡ 0) be a small function with respect to both f and g. Sup-
pose that c j ( j = 1,2, ...,s) are non zero complex constants, µ j ( j = 1,2, ...,s) are
non-negative integers, n, m ≥ 1 and k(≥ 0) are integers satisfying n ≥ 2k+m+
σ+ 5 when m ≤ k+ 1 and n ≥ 4k−m+σ+ 9 when m > k+ 1. If [ f n(z)( f (z)−
1)m

∏
s
j=1 f (z+c j)

µ j ](k) and [gn(z)(g(z)−1)m
∏

s
j=1 g(z+c j)

µ j ](k) share (a,2), then
either f = g or f and g satisfy the algebraic equation R( f ,g) = 0, where R( f ,g) is
given by

R(w1,w2) = wn
1(w1 −1)m

s

∏
j=1

(w1(z+ c j))
µ j −wn

2(w2 −1)m
s

∏
j=1

(w2(z+ c j))
µ j .
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Theorem 1.4. [13] Let f and g be two transcendental entire functions of fi-
nite order and a(z)(̸≡ 0) be a small function to both f and g. Suppose that
c j ( j = 1,2, ...,s) are non zero complex constants, µ j ( j = 1,2, ...,s) are non-
negative integers, n,m ≥ 1 and k (≥ 0) are integers satisfying n ≥ 5k+4m+4σ+8
when m ≤ k + 1 and n ≥ 10k −m+ 4σ+ 15 when m > k + 1. If [ f n(z)( f (z)−
1)m

∏
s
j=1( f (z+c j))

µ j ](k) and [gn(z)(g(z)−1)m
∏

s
j=1(g(z+c j))

µ j ](k) share a(z) IM,
then the conclusion of Theorem 1.3 holds.

Motivated by the above results, in this paper, we prove a result for transcen-
dental meromorphic functions of finite order which improved and extended all the
Theorems ( 1.1–1.4) to a more general case.

Theorem 1.5. Let f and g be two transcendental meromorphic functions of fi-
nite order, a = a(z) (̸≡ 0,∞) ∈ S( f )∩ S(g) with finitely many zeros and poles,
and c j, j = 1,2, ...,s (s ∈ N) be non-zero complex constants such that f and g
are not periodic function of period c j. Suppose that the poles of f (z) are not
zeros of f (z+ c j) and the poles of g(z) are not zeros of g(z+ c j). Let P(w) =
amwm + am−1am−1 + ...+ a0, where am, am−1, ....,a0 (̸= 0) ∈ C be a polynomial
and m∗(≥ 0), n(≥ 1), µ j(≥ 0) ( j = 1,2, ...,s), k(≥ 1) be integers, σ = ∑

s
j=1 µ j. If[

f n(z)P( f )(z)∏
s
j=1( f (z+ c j))

µ j
](k) and

[
gn(z)P(g)(z)∏

s
j=1(g(z+ c j))

µ j
](k) share

(a, l) with one of the following conditions:

(i) l ≥ 2 and

n ≥ 2k+m∗+σ+7 when m ≤ k+1,n ≥ 4k−m∗+σ+11 when m > k+1 (1.1)

(ii) l = 1 and

n ≥ 2k+
3m∗

2
+

3σ

2
+9 when m ≤ k+1,n ≥ 4k+

m∗

2
+

3σ

2
+13 when m > k+1

(1.2)
(iii) l = 0 and

n ≥ 2k+4m∗+4σ+14 when m ≤ k+1,n ≥ 4k+2m∗+4σ+18 when m > k+1,
(1.3)

then one of the following cases holds:
(A) when P(w) is not a monomial, then f = tg for a constant t such that td = 1
where d is the GCD of the elements of J, J = {k ∈ I : ak ̸= 0} and I = {n+σ,n+σ+
1, .....,n+σ+m}, or f and g satisfy the algebraic difference equation R( f ,g) = 0,
where R( f ,g) is given by

R(w1,w2) = wn
1P(w1)

s

∏
j=1

(w1(z+ c j))
µ j −wn

2P(w2)
s

∏
j=1

(w2(z+ c j))
µ j .
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(B) When P(w) = aiwi is a non-zero monomial, then
(BI)

a2
i f n+i(z)

s

∏
j=1

( f (z+ c j))
µ j .gn+i(z)

s

∏
j=1

(g(z+ c j))
µ j = a2.

(BII) f = tg, where t satisfies tn+σ+i = 1, or else f and g satisfy the algebraic
equation R(w1,w2) = 0, where

R(w1,w2) = wn+i
1

s

∏
j=1

(w1(z+ c j))
µ j −wn+i

2

s

∏
j=1

(w2(z+ c j))
µ j .

(C) When P(w) = a0(̸= 0), then
(CI)

a2
0 f n(z)

s

∏
j=1

( f (z+ c j))
µ j .gn(z)

s

∏
j=1

(g(z+ c j))
µ j = a2.

(CII) f = tg, where t satisfies tn+σ = 1, where and in the sequel

m∗ =

{
m if P(w) ̸= a0;
0 if P(w) = a0.

We now recall some well known definitions and notation from value distribution
theory.

Definition 1.2. [1] Let p be a positive integer. Let f (z) be a meromorphic function
and a(z) ∈ S( f ).

(i) N p)(r, 1
f−a) denotes the counting function of those a-points of f whose multi-

plicities are not greater than p, where each a-point is counted only once.
(ii) N(p(r, 1

f−a) denotes the counting function of those a-points of f whose mul-
tiplicities are not less than p, where each a-point is counted only once.

(iii) Np(r, 1
f−a) denotes the counting function of those a-points of f , where an

a-point of f with multiplicity m counted m times if m ≤ p and p times if m > p.

Definition 1.3. [1] Let f and g be two non-constant meromorphic functions, which
share 1 IM. Let z0 be a 1-point of f with multiplicity p, a 1-point of g with multi-
plicity q. We denote by NL(r, 1

f−1) the reduced counting function of those 1-point

of f and g in {z : |z|< r} where p > q, denote by N1)
E (r, 1

f−1) the reduced counting
function of those 1-point of f and g in {z : |z|< r} where p = q = 1 in {z : |z|< 1},
and denote by N(2

E (r, 1
f−1) the counting function counting function of those 1-point

of f and g in {z : |z| < r} where p = q ≥ 2 in {z : |z| < r}. Similarly we define
NL(r, 1

g−1), N1)
E (r, 1

g−1) and N(2
E (r, 1

g−1).

Definition 1.4. [1] Let k be a positive integer. Let f and g be two non-constant
meromorphic functions such that f and g share the value 1 IM. Let z0 be a 1-
point of f with multiplicity p, and a 1-point of g with multiplicity q. Denote by
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N f>k(r, 1
f−1) the reduced counting function of those 1-points of f and g such that

p > q = k. Ng>k(r, 1
g−1) is defined analogously.

2. LEMMAS

This section presents some lemmas needed to prove the main theorem.
Let F and G be non-constant meromorphic functions defined in the complex plane
C. We denote by H the following function:

H =

(
F(2)

F(1) −2
F(1)

F −1

)
−

(
G(2)

G(1) −2
G(1)

G−1

)
. (2.1)

Lemma 2.1. [12] Let f (z) be a meromorphic function of finite order ρ and let
c (̸= 0) be a fixed complex constant. Then

N
(

r,
1

f (z+ c)−1

)
≤ N

(
r,

1
f −1

)
+S(r, f ),

outside a possible exceptional set of finite logarithmic measures.

Lemma 2.2. [5] Let f (z) be a meromorphic function of finite order, and let c be a
fixed non-zero complex constant. Then

T (r, f (z+ c)) = T (r, f )+S(r, f ).

Lemma 2.3. [18] Let f (z) be a meromorphic function of finite order, and let c be
a fixed non-zero complex constant. Then

m
(

r,
f (z+ c)

f (z)

)
+m

(
r,

f (z)
f (z+ c)

)
= S(r, f ).

Lemma 2.4. [15] Let f and g be two non-constant meromorphic functions. If
A f +Bg =C, where A, B, C are non-zero constants, then

T (r, f )≤ N(r, f )+N(r,
1
f
)+N(r,

1
g
)+S(r, f ).

Lemma 2.5. [17] Let f (z) be a non-constant meromorphic function and s, k be
two positive integers. Then

Ns

(
r,

1
f (k)

)
≤ T (r, f (k))−T (r, f )+Ns+k(r,

1
f
)+S(r, f ),

and

Ns

(
r,

1
f (k)

)
≤ kN(r, f )+Ns+k(r,

1
f
)+S(r, f ).
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Lemma 2.6. [2] If f and g share (1, l) and H ̸≡ 0, then

N(r,H)≤ N(r, f )+N(2(r,
1
f
)+N(2(r,

1
g
)+NL(r,

1
f −1

)

+NL(r,
1

g−1
)+N0(r,

1
f ′
)+N0(r,

1
g′
)+S(r, f ).

Lemma 2.7. [1] If f and g are non-constant meromorphic functions sharing
(1,1), then

2NL(r,
1

f −1
)+2NL(r,

1
g−1

)+N(2
E

(
r,

1
f −1

)
−N f>2(r,

1
g−1

)

≤ N(r,
1

g−1
)−N(r,

1
g−1

)+S(r, f )+S(r,g).

Lemma 2.8. [1] If f and g are non-constant meromorphic functions sharing
(1,1), then
N f>2(r, 1

g−1)≤
1
2 N(r, f )+ 1

2 N(r, 1
f )−

1
2 N0(r, 1

f (1)
)+S(r, f ).

Lemma 2.9. [3] If f and g are non-constant meromorphic functions and f , g
share (1,0), then NL(r, 1

f−1)≤ N(r, f )+N(r, 1
f )+S(r, f ).

Lemma 2.10. Let f and g be two transcendental meromorphic functions of finite
order, a = a(z) (̸≡ 0,∞) ∈ S( f )∩ S(g) with finitely many zeros and poles, and c j
( j = 1,2, ....,s) be finite complex numbers. Let m∗(≥ 0), n (≥ 1), k (> 0), µ j(≥ 0)
( j = 1,2, ....,s) be integers such that n > k and P(w) be same as in Theorem 1.5. If[

f n(z)P( f )(z)
s

∏
j=1

f (z+ c j)
µ j
](k)

.
[
gn(z)P(g)(z)

s

∏
j=1

g(z+ c j)
µ j
](k)

= a2(z),

then P(w) reduces to a non-zero monomial, namely P(w) = aiwi ̸≡ 0 for some
i ∈ {0,1, ..,m}.

Proof. Suppose P( f ) is not a non-zero monomial. Without loss of generality, we
assume that P( f ) = am f m + am−1 f m−1 + · · ·+ a1 f + a0, where am, am−1, ....a1
and a0 (̸= 0) ∈ C.
Since the number of poles and zeros of a(z) is finite, it follows that f as well as g
has finitely many zeros and poles. Therefore f (z) = h(z)eα(z), where α is a non-
zero polynomial function and h(z) is a non-zero rational function. Let

hi(z) = hn+i(z)
s

∏
j=1

(h(z+ c j))
µ j

and
αi(z) = (n+ i)α(z)+Σ

s
j(α(z+ c j))

µ j ,
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where i = 0, 1, .....,m. Then,

f n+i(z)
s

∏
j=1

( f (z+ c j))
µ j = hi(z)eαi(z),

where i = 0, 1, .....,m. An elementary calculation shows that[
f n+i(z)

s

∏
j=1

( f (z+ c j))
µ j

](k)
= ti

(
α
′
i, α

′′
i , ...., α

(k)
i , hi, h′i, ...., h(k)i

)
eαi ,

where ti
(

α′
i, α′′

i , ...., α
(k)
i , hi, h′i, ...., h(k)i

)
for (i = 0, 1, .....,m) are differential

polynomials in α′
i, α′′

i , ...., α
(k)
i , hi, h′i, ...., h(k)i . Therefore we have

ti
(

α
′
i, α

′′
i , ...., α

(k)
i , hi, h′i, ...., h(k)i

)
̸≡ 0, for i = 0, 1, .....,m

and
[

f n(z)P( f )(z)∏
s
j=1 f (z + c j)

µ j
](k) ̸≡ 0. Thus we have T (r, ti) = S(r, f ) for

i = 0, 1, .....m and

N
(

r,
1

tmemα(z)+ .....+ t0

)
= S(r, f ).

Therefore, using the second fundamental theorem for small functions, we get

mT (r, f ) = T (r, tmemα(z)+ .....+ t1eα)+S(r, f )

≤ N
(

r,
1

tmemα(z)+ .....+ t1eα

)
+N

(
r,

1
tmemα(z)+ .....+ t1eα + t0

)
+S(r, f )

≤ N
(

r,
1

tme(m−1)α(z)+ .....+ t1

)
+S(r, f )≤ (m−1)T (r, f )+S(r, f ),

which is a contradiction. Hence P(w) reduces to a non-zero monomial, namely
P(w) = aiwi for some (i = 0, 1, .....,m). This completes the proof. □

Lemma 2.11. Let f and g be two transcendental meromorphic functions of finite
order, a = a(z) (̸≡ 0,∞) ∈ S( f )∩ S(g) and c j ( j = 1,2, ....,s) be finite complex
numbers. Let m∗(≥ 0), n (≥ 1), µ j(≥ 0) ( j = 1,2, ....,s) be integers such that
n > 2k+m∗+σ+1 and P(w) be same as in Theorem 1.5. If[

f n(z)P( f )(z)
s

∏
j=1

f (z+ c j)
µ j
](k) ≡ [gn(z)P(g)(z)

s

∏
j=1

g(z+ c j)
µ j
](k)

, (2.2)

then

f n(z)P( f )(z)
s

∏
j=1

f (z+ c j)
µ j ≡ gn(z)P(g)(z)

s

∏
j=1

g(z+ c j)
µ j .
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Proof. Let

F1 = f n(z)P( f )(z)
s

∏
j=1

f (z+ c j)
µ j

and

G1 = gn(z)P(g)(z)
s

∏
j=1

g(z+ c j)
µ j .

Integrating (2.2) k times we get F1 = G1 +R(z), where R(z) is a polynomial of
degree at most k−1.
If R(z) ̸≡ 0 then by Lemma 2.4, we have

T
(

r,
F1

R(z)

)
≤ N

(
r,

F1

R(z)

)
+N

(
r,

R(z)
F1

)
+N

(
r,

R(z)
G1

)
+S(r, f )+S(r,g).

Therefore using Lemma 2.5 we get

(n+m∗+σ)T (r, f )≤ T (r,F1)+S(r, f )≤ T (r,
F1

R
)+(k−1) logr+O(1)

≤ N(r,
F1

R(z)
)+N(r,

R(z)
F1

)+N(r,
R(z)
G1

)+(k−1) logr+S(r, f )+S(r,g)

≤ (2+m∗+σ)T (r, f )+(1+m∗+σ)T (r,g)+2(k−1) logr+S(r, f )+S(r,g).
(2.3)

Similarly,

(n+m∗+σ)T (r,g)≤ (2+m∗+σ)T (r,g)+(1+m∗+σ)T (r, f )

+2(k−1) logr+S(r, f )+S(r,g). (2.4)

Since T (r, f )≥ log r+O(1) and T (r,g)≥ log r+O(1), combining (2.3) and (2.4),
we get

{(n− (2k+m∗+σ+1)}(T (r, f )+T (r,g))≤ S(r, f )+S(r,g),

which is a contradiction. Hence R(z) ≡ 0 and so, F1 = G1. This completes the
proof. □

3. PROOF OF THE MAIN THEOREM

Proof. Let F1 = f n(z)P( f )(z)∏
s
j=1( f (z+c j))

µ j and G1 = gn(z)P(g)(z)∏
s
j=1(g(z+

c j))
µ j . Then F =

F(k)
1

a(z) and G =
G(k)

1
a(z) . Then, from the given condition, we have F

and G share (1, l) except at zeros and poles of a.
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Case 1: H ̸≡ 0. Then from (2.1) and Lemma 2.6 we have m(r,H) = S(r, f ) and

NE
1)(r,

1
F −1

)≤ N(r,
1
H
)+S(r, f )

≤ T (r,H)+S(r, f ) = N(r,H)+S(r, f )

≤ N(r,F)+N(2(r,
1
F
)+N(2(r,

1
G
)+NL(r,

1
F −1

)

+NL(r,
1

G−1
)+N0(r,

1
F ′ )+N0(r,

1
G′ )+S(r, f ). (3.1)

By the second fundamental theorem of Nevanlinna, we have

T (r,F)+T (r,G)≤ N(r,F)+N(r,G)+N(r,
1
F
)+N(r,

1
F −1

)+N(r,
1
G
)

+N(r,
1

G−1
)−N0(r,

1
F ′ )−N0(r,

1
G′ )+S(r, f ), (3.2)

where N0(r, 1
F ′ ) denotes the counting function of zeros of F ′, which are not the ze-

ros of F(F −1) and N0(r, 1
G′ ) is defined similarly.

Subcase 1.1: l ≥ 1. Then by (3.1), we get

N
(
r,

1
F −1

)
+N

(
r,

1
G−1

)
= NE

1)
(

r,
1

F −1

)
+NE

(2
(

r,
1

F −1

)
+NL

(
r,

1
F −1

)
+NL

(
r,

1
G−1

)
+N

(
r,

1
G−1

)
+S(r, f )

≤ N(r,F)+N(r,G)+N(2(r,
1
F
)+N(2(r,

1
G
)+2NL

(
r,

1
F −1

)
+2NL

(
r,

1
G−1

)
+N0(r,

1
F ′ )+N0(r,

1
G′ )+NE

(2(r, 1
F −1

)
+N

(
r,

1
G−1

)
+S(r, f ). (3.3)

Subcase 1.1.1: l = 1. Then by Lemma 2.8 we have

NL
(
r,

1
F −1

)
≤ 1

2
N(r,

1
F ′ |F ̸= 0)

≤ 1
2

N(r,F)+
1
2

N(r,
1
F
)+S(r, f ), (3.4)

where N(r, 1
F ′ |F ̸= 0) denotes the zeros of F ′, which are not zeros of F .
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From (3.4) and Lemma 2.7 we have

2NL(r,
1

F −1
)+2NL(r,

1
G−1

)+NE
(2
(r,

1
F −1

)+N(r,
1

G−1
)

≤ N(r,
1

G−1
)+NL(r,

1
F −1

)+S(r, f )

≤ N(r,
1

G−1
)+

1
2

N(r,F)+
1
2

N(r,
1
F
)+S(r, f ). (3.5)

Using (3.5) we get from (3.3)

N(r,
1

F −1
)+N(r,

1
G−1

)≤ N(r,F)+N(r,G)+N(2(r,
1
F
)+N(2(r,

1
G
)

+N(r,
1

G−1
)+

1
2

N(r,F)+
1
2

N(r,
1
F
)+S(r, f )+S(r,g). (3.6)

By (3.6), we get from (3.2)

T (r,F)≤ 5
2

N(r,F)+2N(r,G)+N2(r,
1
F
)+N2(r,

1
G
)

+
1
2

N(r,
1
F
)+S(r, f )+S(r,g). (3.7)

Lemma 2.5 gives

N2(r,
1
F
)≤ N2(r,

1

F(k)
1

)+S(r, f )

≤ T (r,F(k)
1 )− (n+m∗+σ)T (r, f )+Nk+2(r,

1
F1

)+S(r, f )

≤ T (r,F)− (n+m∗+σ)T (r, f )+Nk+2(r,
1
F1

)+S(r, f ). (3.8)

and

N2(r,
1
G
)≤ N2(r,

1

G(k)
1

)+S(r,g)≤ Nk+2(r,
1

G1
)+S(r,g). (3.9)

From (3.7), (3.8) and (3.9) we get

(n+m∗+σ)T (r, f )≤ 5
2

N(r, f )+2N(r,g)+Nk+2(r,
1
F1

)+Nk+2(r,
1

G1
)

+
1
2

N(r,
1
F1

)+S(r, f )+S(r,g). (3.10)

If m ≤ k+1, then from (3.10) we have

(n+m∗+σ)T (r, f )≤ (k+m∗+σ+2){T (r, f )+T (r,g)}+ 5
2

N(r, f )+2N(r,g)

+
1
2
(m∗+σ+1)T (r, f )+S(r, f )+S(r,g). (3.11)
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Similarly,

(n+m∗+σ)T (r,g)≤ (k+m∗+σ+2){T (r, f )+T (r,g)}+ 5
2

N(r,g)+2N(r, f )

+
1
2
(m∗+σ+1)T (r,g)+S(r, f )+S(r,g). (3.12)

Combining (3.11) and (3.12) we get

(n−2k− 3m∗

2
− 3σ

2
−9){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g)

which contradicts (1.2).

If m > k+1, then from (3.10) we have

(n+m∗+σ)T (r, f )≤ (2k+σ+4){T (r, f )+T (r,g)}+ 9
2

T (r, f )

+
1
2
(m∗+σ+1)T (r, f )+S(r, f )+S(r,g). (3.13)

Similarly,

(n+m∗+σ)T (r,g)≤ (2k+σ+4){T (r, f )+T (r,g)}+ 9
2

T (r,g)

+
1
2
(m∗+σ+1)T (r,g)+S(r, f )+S(r,g). (3.14)

Combining (3.13) and (3.14) we get

(n−4k+
m∗

2
− 3σ

2
−13){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g),

which contradicts (1.2).

Subcase 1.1.2: l ≥ 2. In this case, we have

2NL(r,
1

F −1
)+2NL(r,

1
G−1

)+NE
(2
(r,

1
F −1

)+N(r,
1

G−1
)

≤ N(r,
1

G−1
)+S(r, f )+S(r,g). (3.15)

From (3.3) and using (3.15), we obtain

N(r,
1

F −1
)+N(r,

1
G−1

)≤ N(r,F)+N(2(r,
1
F
)+N(2(r,

1
G
)+N(r,

1
G−1

)

+N0(r,
1
F ′ )+N0(r,

1
G′ )+S(r, f )≤ N(r,F)+N(2(r,

1
F
)+N(2(r,

1
G
)

+T (r,G)+N0(r,
1
F ′ )+N0(r,

1
G′ )+S(r, f ). (3.16)
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Now, using (3.16) in (3.2), we get

T (r,F)≤ 2N(r,F)+N(r,G)+N(r,
1
F
)+N(2(r,

1
F
)+N(r,

1
G
)+N(2(r,

1
G
)+S(r, f )

≤ 2N(r,F)+N(r,G)+N2(r,
1
F
)+N2(r,

1
G
)+S(r, f ). (3.17)

If m ≤ k+1, then from (3.17) we have

(n+m∗+σ)T (r, f )≤ (k+m∗+σ+2){T (r, f )+T (r,g)}+2N(r, f )

+N(r,g)+S(r, f )+S(r,g). (3.18)

Similarly,

(n+m∗+σ)T (r,g)≤ (k+m∗+σ+2){T (r, f )+T (r,g)}+2N(r,g)

+N(r, f )+S(r, f )+S(r,g). (3.19)

Therefore combining (3.18) and (3.19) we get

(n−2k−m∗−σ−7){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g) (3.20)

which contradicts n ≥ 2k+m∗+σ+7.

If m > k+1, then from (3.10) we have

(n+m∗+σ)T (r, f )≤ (2k+σ+4){T (r, f )+T (r,g)}+2N(r, f )

+N(r,g)+S(r, f )+S(r,g). (3.21)

Similarly,

(n+m∗+σ)T (r,g)≤ (2k+σ+4){T (r, f )+T (r,g)}+2N(r,g)

+N(r, f )+S(r, f )+S(r,g). (3.22)

Again combining (3.21) and (3.22) we get

(n−4k+m∗−σ−11){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g)

which contradicts n ≥ 4k−m∗+σ+11.

Subcase 1.2: l = 0. Then we have

N1)
E

(
r,

1
F −1

)
= N1)

E

(
r,

1
G−1

)
+S(r, f ),

N(2
E
(
r,

1
F −1

)
= N(2

E
(
r,

1
G−1

)
+S(r, f ).
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Thus (3.1) gives

N(r,
1

F −1
)+N(r,

1
G−1

) = N1)
E (r,

1
F −1

)+N(2
E (r,

1
F −1

)

+NL(r,
1

F −1
)+NL(r,

1
G−1

)+N(r,
1

G−1
)+S(r, f )

≤ N1)
E (r,

1
F −1

)+NL(r,
1

F −1
)+N(r,

1
G−1

)+S(r, f )

≤ N(r,F)+N(r,G)+N(2(r,
1
F
)+N(2(r,

1
G
)+2NL(r,

1
F −1

)+NL(r,
1

G−1
)

+N(r,
1

G−1
)+N0(r,

1
F ′ )+N0(r,

1
G′ )+S(r, f ). (3.23)

Therefore using (3.2), (3.23) and Lemma 2.7 we get

T (r,F)≤ 2N(r,F)+2N(r,G)+N2(r,
1
F
)+N2(r,

1
G
)+2NL(r,

1
F −1

)

+NL(r,
1

G−1
)+S(r, f )+S(r,g). (3.24)

If m ≤ k+1, using (3.8) and (3.9) in (3.24) and Lemma 2.8 we obtain

(n+m∗+σ)T (r, f )≤ (k+m∗+σ+2){T (r, f )+T (r,g)}+4N(r, f )+3N(r,g)

+2(m∗+σ+1)T (r, f )+(m∗+σ+1)T (r,g)+S(r, f )+S(r,g).
(3.25)

Similarly,

(n+m∗+σ)T (r,g)≤ (k+m∗+σ+2){T (r, f )+T (r,g)}+4N(r,g)+3N(r, f )

+2(m∗+σ+1)T (r,g)+(m∗+σ+1)T (r, f )+S(r, f )+S(r,g). (3.26)

Therefore (3.25) and (3.26) gives

(n−2k−4m∗−4σ−14){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g),

which contradicts n ≥ 2k+4m∗+4σ+14.

If m > k+1, using (3.8) and (3.9) in (3.24) we have

(n+m∗+σ)T (r, f )≤ (2k+σ+4){T (r, f )+T (r,g)}+4N(r, f )+3N(r,g)

+2(m∗+σ+1)T (r, f )+(m∗+σ+1)T (r,g)+S(r, f )+S(r,g). (3.27)

Similarly,

(n+m∗+σ)T (r,g)≤ (2k+σ+4){T (r, f )+T (r,g)}+4N(r,g)+3N(r, f )

+2(m∗+σ+1)T (r,g)+(m∗+σ+1)T (r, f )+S(r, f )+S(r,g). (3.28)

Thus combining (3.27) and (3.28) we get

(n−4k−2m∗−4σ−18){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g),
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which contradicts n ≥ 4k+2m∗+4σ+18.

Case 2: H ≡ 0. Integrating (2.1) twice we get

1
F −1

=
C

G−1
+D, (3.29)

where C ̸= 0 and D are constants. From 3.29 it is clear that F , G share the value 1
CM and hence they share (1, l). Also T (r,F) = T (r,G)+O(1). Here, the following
subcases can arise.
Subcase 2.1: D ̸= 0 and C ̸= D. If D =−1, then from (3.29) we have F = −C

G−C−1 .
Therefore

N
(

r,
1

G− (C+1)

)
= N(r,F).

Because of the Second Fundamental Theorem of Nevanlinna and Lemma 2.5, we
obtain

T (r,G)≤ N(r,G)+N(r,0;G)+N
(

r,
1

G− (C+1)

)
+S(r,G)≤ N(r,G)

+T (r,G)− (n+m∗+σ)T (r,g)+Nk+1(r,0;G1)+N(r,G)+S(r,g). (3.30)

If m ≤ k+1, then from (3.30) we have

(n+m∗+σ)T (r,g)≤ (k+m∗+σ+1)T (r,g)+2N(r,g)+S(r,g). (3.31)

Similarly,

(n+m∗+σ)T (r, f )≤ (k+m∗+σ+1)T (r, f )+2N(r, f )+S(r, f ). (3.32)

Therefore using (3.31) and (3.32) we get

(n− k−3){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g)

contradicting n ≥ k+3.

If m > k+1, then from (3.30) we have

(n+m∗+σ)T (r, f )≤ (2k+σ+4)T (r,g)+2N(r,g)+S(r,g). (3.33)

Similarly,

(n+m∗+σ)T (r,g)≤ (2k+σ+4)T (r, f )+2N(r, f )+S(r, f ). (3.34)

Thus (3.33) and (3.34) gives

(n−2k+m∗−6){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g),

which contradicts n ≥ 2k−m∗+6.
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Subcase 2.2: D ̸= 0 and C = D.
Subcase 2.2.1: If D ̸=−1, then from (3.29) we have 1

F = DG
(1+D)G−1 . Therefore

N

(
r,

1
G− 1

D+1

)
= N(r,

1
F
).

In a similar way as in Subcase 2.1, we get a contradiction.

Subcase 2.2.2 Suppose D =−1. Then

FG = 1. (3.35)

Subcase 2.2.2.1 Suppose P(w) is not a monomial.
Since n > k, by Lemma 2.10, P(w) is reduced to a non-zero monomial, which is a
contradiction. Therefore we must have FG ̸≡ 1.

Subcase 2.2.2.2 Suppose P(w) is a non-zero monomial, namely, P(w) = aiwi ̸≡ 0
for some i ∈ {0,1, ....,m}. Then it follows from (3.35) that

a2
i f n+i(z)

s

∏
j=1

f (z+ c j)
µ j .gn+i(z)

s

∏
j=1

g(z+ c j)
µ j = a2.

Subcase 2.2.2.3 Suppose P(w) = a0, a non-zero constant.
Then, proceeding in a similar manner as done in Subcase 2.2.2.2, we conclude that

a2
0 f n(z)

s

∏
j=1

f (z+ c j)
µ j .gn(z)

s

∏
j=1

g(z+ c j)
µ j = a2.

Subcase 2.3. Suppose D = 0.
Then

F =
G+C−1

C
.

If C ̸= 1, then we have

N
(

r,
1

G− (1−C)

)
= N(r,

1
F
).

Because of the Second Fundamental Theorem of Nevanlinna, we obtain

T (r,G)≤ N(r,G)+N(r,0;G)+N
(

r,
1

G− (1−C)

)
+S(r,G)≤ N(r,G)

+T (r,G)− (n+m∗+σ)T (r,g)+Nk+1(r,0;G1)+Nk+1(r,0,F1)+S(r, f+)S(r,g).

If m ≤ k+1, then from (3.17) we have

(n+m∗+σ)T (r,g)≤ (k+m∗+σ+1){T (r, f+T (r,g)}+N(r,g)+S(r,g). (3.36)
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Similarly,

(n+m∗+σ)T (r, f )≤ (k+m∗+σ+1){T (r, f )+T (r,g)}+N(r, f )+S(r, f ).
(3.37)

Now, by 3.36 and (3.37), we get

(n−2k−m∗−σ−3){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g), (3.38)

contradicting n ≥ 2k+m∗+σ+3.

If m > k+1, then from (3.10) we have

(n+m∗+σ)T (r, f )≤ (2k+σ+4){T (r, f )+T (r,g)}+N(r,g)+S(r,g). (3.39)

Similarly,

(n+m∗+σ)T (r,g)≤ (2k+σ+4){T (r, f )+T (r,g)}+N(r, f )+S(r, f ). (3.40)

Adding (3.39) and (3.40) we get

(n−4k+m∗−σ−9){T (r, f )+T (r,g)} ≤ S(r, f )+S(r,g),

contradicting n ≥ 4k−m∗+σ+9.
Therefore, C = 1 and F ≡ G. In view of Lemma 2.11, we conclude that F1 ≡ G1,
i.e.,

f n(z)P( f )(z)
s

∏
j=1

f (z+ c j)
µ j ≡ gn(z)P(g)(z)

s

∏
j=1

g(z+ c j)
µ j . (3.41)

Suppose (3.41) holds. We have the following subcases.

Subcase 2.3.1. P(w) is not a monomial. Suppose h = f
g is a constant. By (3.41)

putting f = hg we get

amgm(z)(hn+m+σ −1)+am−1gm−1(z)(hn+m+σ−1 −1)+ ......+a0(hn+σ −1)≡ 0,

which implies that hd = 1, where d is the GCD of the elements of J, J = {k ∈ I :
ak ̸= 0} and I = {n+σ,n+σ+1, .....,n+σ+m}. Thus f = tg for a constant t.
If h is non-constant, then f and g satisfy the algebraic difference equation R( f ,g) =
0 where R( f ,g) is given by

R(w1,w2) = wn
1P(w1)

s

∏
j=1

w1(z+ c j)
µ j −wn

2P(w2)
s

∏
j=1

w2(z+ c j)
µ j .

Subcase 2.3.2. Suppose P(w) is a non-zero monomial, say P(w) = aiwi, for some
i ∈ {0,1, ...m}. Then, by the same argument as in Subcase 2.3.1, we conclude that
if h is constant, then f = tg where t satisfies tn+σ+i = 1, or else f and g satisfy the
algebraic equation R(w1,w2) = 0, where R(w1,w2) = wn+i

1 ∏
s
j=1(w1(z+ c j))

µ j −
wn+i

2 ∏
s
j=1(w2(z+ c j))

µ j .
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Subcase 2.3.3. P(w) = a0(̸= 0), a constant. Let h = f
g . Then from (3.41) we have

hn(z)≡ 1
∏

s
j=1(h(z+ c j))µ j

.

Therefore by Lemmas 2.1, 2.2 and 2.3 we have

nT (r,h) = T (r,hn)+S(r,h) = T

(
r,

1
∏

s
j=1(h(z+ c j))µ j

)
+S(r,h)

≤ σT (r,h)+S(r,h),

which is a contradiction since n > σ. Hence h must be constant, then f = tg where
t satisfies tn+σ = 1. □
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