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ESTIMATES OF THE ORDER OF APPROXIMATION OF FUNCTIONS
OF SEVERAL VARIABLES IN THE GENERALIZED LORENTZ SPACE

GABDOLLA AKISHEV

ABSTRACT. In this paper, we consider an anisotropic symmetric space X (§)
of 2n-periodic functions of m variables, in particular, the generalized Lorentz

space L(},_i (T™) and the Nikol’skii-Besov class S; @) 5B We prove an embedding

theorem for the Nikol’skii-Besov class into the generalized Lorentz space and
establish an upper estimate for the best approximations of functions from the
class S)’( @) g8 by trigonometric polynomials whose harmonic indices belong to

the hyperbolic cross.

1. INTRODUCTION

Let R™ be the m—dimensional Euclidean space of points ¥ = (xp,...,x,) with
real coordinates, and let I = {f e R"; 0 <x; < 1; j=1,...,m} =[0,1)" be the
m—dimensional unit cube.

Two non-negative Lebesgue measurable functions f and g are called equimeasur-
able if

wxel™: f(x) > A} =u{xel™: g(x) >A}, A>0,
where pe denotes the Lebesgue measure of a set e C ™.

For a non-negative measurable function f, its non-increasing rearrangement
is defined by f*(¢) = inf{A > 0: y{x € I"": f(X) > A} <t}. It is known that the
functions f and f* are equimeasurable ( [13, Ch. 2, Section 2]).

Let X be a Banach space of Lebesgue measurable functions on /™ with the norm
|| fllx- The space X is called symmetric if the following conditions are satisfied:

1) if |f(%)| < |g(x)| almost everywhere on I and g € X, then f € X and || f||x <
1glx,

2) if f € X and the functions |f(X)| and |g(¥)| are equimeasurable, then g € X
and ||f|lx = |lgllx (see [13, Ch. 2, Sec. 4.1]).

The norm |[|.||x of the characteristic function X, () of a measurable set e C I" is
called the fundamental function of the space X and is denoted by @(ue) = ||x]|x-
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It is known that the non-increasing rearrangement of the characteristic function
X of a measurable set e C [0,1]" coincides with the function ¥o,, where t =
pe. Therefore, the fundamental function of a symmetric space X is the function
0(t) = [[X[0,llx, defined on the interval [0, 1]. It is a concave, non-decreasing, and
continuous function on [0, 1], satisfying @(0) = 0 (see [13, Ch. 2, Sec. 4.4]). Such
functions are called ®—functions.

For a given function ¢(¢), 7 € [0, 1], we define

L 9(2) 92
O =Mooy Po=limeorgry

A symmetric space X with the fundamental function @ and norm || f||x is denoted
by X(¢) and its norm by || f|x¢)-

It is known that, for any symmetric space X (@), the inequalities 1 < 0y < By <2
hold.

An example of a symmetric space is the Lebesgue space L,(T™) with the norm

1/q
I = ( [ireaopas) " 1<g<e
fm
Here and throughout the paper, T = [0,2x)™, and all functions f are assumed to
be 2m—periodic in each variable.

Let y be a continuous, concave, and non-decreasing function on [0, 1] such that
y(0) =0 and 0 < T < . The generalized Lorentz space Ly :(T") is defined as
the set of measurable functions f(X) = f(xi,...,x,) that are 2n—periodic in each
variable and satisfy (see [21])

! 1/t
T d
= [ v 0®) <m
0

It is known that under the conditions 1 < oy, By < 2, the space Ly <(T™) is a
symmetric space with the fundamental function .

Note that for y(t) = t'/9, the space Ly +(T™) coincides with the Lorentz space
Ly<(T™), 1 < g,7 < oo, which consists of all functions f such that (see [23, Ch. 1,

Sec. 3])
T 1 t T 1/t
||f||q,t = (q/(/f*(y)dy> tr(q_l)_ldt) < oo,
0 0

We consider the anisotropic symmetric space X () of 2n—periodic functions of
m variables, equipped with the norm

1A x@ =1I--- 1" x o1 - Ix(om)»

where f*1*n (¢, ...,1,) denotes the non-increasing rearrangement of the function
| f(2mx)| with respect to each variable x; € [0,1) while the remaining variables
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are fixed (see [17]), and X (¢;) is a symmetric space in the variable x; with the
fundamental function @; (see [10]).

The associate space of the symmetric space X (@) is defined as the space of all
measurable functions g such that (see [10])

sup f(2mx)g(2nx)dx < oo,

fex(e),  JIm
I711% () <!
and is denoted by X (); its norm is denoted by HgH where
_ t
(b(t) = (¢l(t),---7¢m(f)), Q1) = —+
T e4(t)

fort € (0,1], with §;(0) =0, j = 1,...,m. It is known that

f(2nx)g(2nx)dx
[m

< llglly ) Ik f € X(@).8 € X (§).

Let X = (x1,...,x,) €™ =[0,1]", and let y;(x;), x; € [0, 1] be given P—functions
and T; € [1,4o0), j=1,...,m. We denote by L, -(T"™) the generalized Lorentz space
equipped with the anisotropic norm of Lebesgue measurable functions f(27x) that
are 2n—periodic in each variable and satisfy

Iflez = / Yo ...[/Olwf'(n)(f*“'“’*’”(tl,...,tm)) iﬂ”} tmrm

1
being finite. For y;(t) =t%, j=1,...,m, the Lorentz space Ly, z(T") is denoted by
L :(T™), and instead of || e |5 - we write [| o [|7 - (see [17]).
Let Ly, 7 (T™) denote the set of functions f € L z(T™) such that

2n
f(X)dx;=0, Vj=1,...m
0

We use the following notation. Let a7(f) be the Fourier coefficients of a function
f € Ly (T™) with respect to the multiple trigonometric system, and let

- Ll

nep(s)
m
where (7,%) = Y. y;x;, and
j:
= {k=(ki,.ok) €Z™: 257 < |kj| <29, 5; € Ly, j=1,....m}
where [ | is the integer part of @, and Z = {0,1,2,...}.

We consider the Nikol’skii—-Besov class

gme:{feX@y 11 +ﬂ{ ZWW&UWQ@}

)légl},

sezt!
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where 8 = (01,...,0,,), F= (r1, .., T), 1 <0 < 400, 0 < 1j < +oo, j=1,....m

In the case X (9) = L,(T™), 1 < p < o, the class S}f((@‘éB was introduced and
studied in [6], [15], and [16]. '

For a fixed vector ¥y = (Y1,...,Ym), Y; >0, j=1,...,m, define

o) = UisyenP (3); T(Q)) = { =X e e }

keQl

We use the following notation. Let E,(ﬁ) (f)x (@) denote the best approximation of

a function f € X (@) by trigonometric polynomials from 7(Q}), and let S} (f,%) =
Yic ol ag(f)- ¢'&%) denote the corresponding partial Fourier sum of f.

We denote by C(p,q,y,...) positive constants that depend only on the parameters
indicated in the parentheses; these constants are not necessarily the same in different
formulas. The notation A (y) < B(y) means that there exist positive constants Cy, C»
such that C; A (y) < B(y) < C2-A(y).

Exact order estimates for the best approximations of functions from various
classes in the Lebesgue space L,(T™) are well known (see the survey articles
[11], [20], [25], the monograph [24], and the references therein). Approximation
problems in the spaces L;T(T’”) were studied in [1], [2], and [7]- [9].

The main goal of the present paper is to determine the order of the quantity

EV (S, sB)ur:= sup EV(f)yz.
((p)7 fes’j B
X(9).6

The paper is organized as follows. In Section 2, we present several auxiliary
results. In Section 3, we formulate and prove the main results. Theorem 3.2
establishes a sufficient condition for a function f € X () to belong to the generalized
Lorentz space Ly - z(T™). Theorem 3.4 serves as a converse to Theorem 3.2. Theorem
3.3 provides a condltlon for the embedding of the class § X( X B into the space
Ly = z(T™). Finally, Theorem 3.5 establishes estimates for the best approximations
of functlons fe S’ (©)0
belong to a step hyperbohc Cross.

o8B by trigonometric polynomials whose harmonic indices

2. AUXILIARY RESULTS

In this section, we present some well-known results and prove a number of
auxiliary lemmas. The following generalization of the discrete Hardy inequality is
well known:

Lemma 2.1. (see [12]). Let 0 < 0 < +oo, and let a; and by, k=0,1,2, ... be positive
numbers. o
n oo oo oo
Q)If ¥ ax <C-ay, then ¥ a,( ¥ bi) <C Y anbf.
k=0 k=n n=0

n=0
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™ = n 0 oo
b)If ¥ ai < Cay, then ¥ ay( ¥ bi) <C- ¥ a,-bf.
k=n n=0 k=0 n=0

The proof of Lemma 2.1 can be found in [3].
Lemma 2.2. (see [14], [22]) If 1 < Oy, By < 2 for the ®—function y(x), x € [0,1],
then for any q > 0 the following relations hold

/"’qt(’)dt — 0¥ (x)),x — +0,
0

1
[iewt(e)) e = 0y x = +0.

X
Lemma 2.3. (see [14], [22]) If ®—functions ¢(x) and y(x), x € [0,1] satisfy the
conditions Oy > By > 1, then for
o)
g(x)=<¢ vi) z.fx < (0.1]
0, ifx=0

there exists a ®—function g (x) such that g(x) < gi(x),x € [0, 1], and oy, > 1.

Lemma 2.4. If ®—functions ¢(x) and y(x), x € [0, 1] satisfy the conditions 1 <
Oy < By < 0y < Py <2, and 0 < 8 < oo, then the following inequality holds

e )
Y (ga) =C(gam) e

s=0

N

Proof. We consider the function
o) - if v e (0,1
glx) = { ’ (0.1]

y(x)
0 ifx=0.

Y

Since 1 < oy < By < O, it follows from Lemma 2.3 that there exists a ®—function
g1 such that g(x) < gi(x) as x — +0, and a,, > 1. Therefore,

(YN oy 0y
<C 277). 2.1)
Since g; 1 on (0, 1], it follows that
1
=1n2 gfe(t)%. (2.2)

Yo <my [ et
=0 1 - =0 2—s—1 1 t 2—n—1
Combining inequalities (2.1) and (2.2) with Lemma 2.2, we obtain the the desired
O

conclusion.
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Lemma 2.5. Let a ®—function \ satisfy the conditions 1 < oy < By < 2, then the
following inequality holds

oo

Y v ) <cy’2),neN

S=n

Proof. Since @ 4 on (0, 1], we have

0/~—s 2 g, dt
y(2T) <C Y (1)~
Therefore,
> _ > 2 dt 2 dt
yvenscy [ voT-c[ vo.
s=n s=nJ 27! t 0 t
Thus, by Lemma 2.2, we obtain the assertion of the lemma. |

Remark 2.1. In Lemma 2.4 and Lemma 2.5 the coefficients C do not depend on 7.
The integral forms of these lemmas can be found in [14].

We now establish a multidimensional version of Lemma 2.1.

Lemma 2.6. Let by = by, ... i, be positive numbersfor k= (kiy....km) € 77, and
let a;, kj =0,1,2,..,and 1 <8; < 4o, j=1,.

a) If
n;
Z Ak < Can ) .] - 1 m,
kj=0
then
Aeh Om — Z an,, Z a”ml
nm:0 Nm—1= =0
oo oo 61 e? e,%l ﬁ
n1=0 ky=ny, kl =ny
) Om 1
) 1 On—1 ] Om
Z anm Z anm 1 Z anlbe]
1, =0 Ny—1=0 n1=0
b) If

Y a, <Can, j=1,....m,

kj=n;
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then

9
N N N Nm n] 01|86 Om—1 B
Y an| ¥ . Zam(Z...Zb,;)
1y, =0 Nnyp—1=0 n;=0 k=0 k1=0

Om 1

)
o) =] =] ﬂ 9m71 @
0
<C Z an,, Z Ay y oo Z anb;'| ... .
1, =0 Ny—1=0 n;=0

Proof. Let us prove a). For m = 1, the result is known (see Lemma 2.1). Let m = 2.
Since 1 < 07 < oo, it follows from the properties of the norm that

el Ee(£ 20 | B [E(E(£4)) T

Now, applying a) of Lemma 2.1 twice, we obtain
/)

oo oo oo oo 91 9 oo oo g%
Z an, Z ap, ( Z Z b,;) < Z an, [Z an,bgll .
I’lz:O n1:0 k2:n2k1:n1 n2:O n1:O

Suppose that the statement is true for m — 1. Let us prove it for m. Since 0,

j=1,...,m—1, it follows from the properties of the norm and the assumption that
Ao <Ya| Y| X
nm=0 km=nm | Mm—1=0
0
o o o el % emlfl em
AYa| ¥ Y] | .
n;=0 Kim—1="m—1 ki=m
1
0 1
oo oo o o a Om—1 Gm
01
S C Z anm Z Z a””’*' T Z anl bnh nmflakm Tt '
=0 km=np [ p-1=0 n1=0

Now, by applying a) of Lemma 2.1, from this we obtain the required inequality. b)
can be proved similarly. ([

Lemma 2.7. Let 1 < g, <Py, <2, j=1,...,m and E; C[0,27),j=1,...,m, be
measurable sets. Then for any trigonometric polynomial

ni Nm A
TiE =Y .. Y bp/™h
ky=—n; km=—np
the following inequality holds

/ / | T (%) |dx; .. dxm<CH e TTIENT T EDITalx o)

J€e j JEe jee
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where e C {1,...,m} and é is the complement set of e, |E | is the Lebesgue measure
Oij.

Proof. Let e be an arbitrary subset of {1,...,m}. Let E, =[] e, Ej, d°X = [] . dx;.
It is known that for any trigonometric polynomial 7;(X) with fixed x;, j € €, the
following formula holds

1 .
(2m)lel J; Ti(7, %) -] 1Dw; (v

jee

T (%) =

where D,(t) is the Dirichlet kernel of the trigonometric system, 7 is the vector
with coordinates y; if j € e, and ° is the vector with coordinates x; for j € & (¢ is
the set-theoretic complement of ¢), and |e| is the number of elements of e. By the
property of the Lebesgue integral, we have

/EE]Tﬁ()E)]d n) I/ /d (7, x° HD —y;)d*y|d°x

jee
‘ n —e _E |Dn y] ‘deyde
2Tt |€| / \e g Jj
(2m)lel / T (5 %) - T 11D (xj =)l - T T (x)d 5’
j€e jee

where X is the characteristic function of E. By appling Holder’s inequality to the
integrals on the right-hand side of the last relation, we obtain

[ o< i I T o) s i

Jjee jee
1
(27t \el 175 Hx H”D”/ HX HHXE Hx (2.3)
Jjee ]Ee

Since
1XE; X (p;) = @i(IESD,
inequality (2.3) implies

/|T ( )|e|HT||X H(P/ ENTT sup [1Dw( —o)llg,, @4

jee je€ex;€(0,2m]

where d°x = [] dx;.
j€Ee
In the one-dimensional case, the following estimate is known (see, for example, [18])

sup  [|Dy; (x; — ) x(s <an¢>j(n;‘),j:1,...m. (2.5)
XjE[O,ZTC)
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Inequalities (2.4) and (2.5) imply that
| 11:(01a% < €I il g [T0,E5D TT sy
jee jee

for fixed x;, j € e. By integrating with respect to the variables x;, j € e, on both
sides of this inequality, we obtain

L [} olasa’s < €Tl TT@,0E) TTmst DT IE

jee jce jce

3. MAIN RESULTS
We set
Go(n) ={5=(s1,...,5m) EN":5; <mj,j€e; s;>nj,j¢e},
where e C {1,...,m};
Uﬁ(fax) Z Z Si(fax)
ec{l,....m}5€G, ()
Let
70 = swp o [ 70ttt
|E \>z,,, |En| \E1\>tl |E1| Eq o "

|E;| is the Lebesgue measure of E; C [0,2m).
Theorem 3.1. Let @ = (91,...,Qn), and let @; satisfy the conditions 1 < O, <

Bo; <2, j=1,...,m. Then, for each function f € X(9), the following inequality
holds

oo S}

f(t_)SC{H '1 3 Y . Y 185()Ix g+

Sm=np+1  s;=nj+1

+ZH()ZH (ko)

eC{l,....,m} j¢e Pt jee (pJ

where T = (t1,...,tn) € (27M71,27M] x ... x (2—"m—‘,2—"m], nj = 1,2,..;

Proof. Let E; C [0,27) be a Lebesgue measurable subset. Then, by the properties
of the integral, we get

/E/E \f<x1,...,xm)ydx1...dxm_/ / P
+/Em'”/E] \Ua(f,%)ldx. (3.1)
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Using Holder’s integral inequality, we obtain

Let Ve C {1, ,m} Then, by applying Lemma 2.7 we obtain

/m /E ZSf,

YEG
E;
CcITIEN] a2 Y [ 75 185lkce (3.3)

Jj€Ee jée @ ‘ J|) 5€G,(n) j€e (pJ

dx <

Further, taking into account that |E;| > ¢; and the properties of the function @; from
inequalities (3.1)—(3.3), we obtain

H|Er e 1o - Ustr pa
c{ﬁ )RR M LX)

j=1 (Pj tj Sm=nm+1  s;=n1+1

tE Hcp,() Z H<p/25 Wlie }

eC{l,...m} jée i) jEe

This implies the assertion of the theorem. U

Theorem 3.2. Let 1 <oy, <Py, < 0g, <Py, <2, 1 <Tj < +oo, j=1,....m If

feX(®), and
T2 sl
& € L,
then f € Ly z(T™) and the following inequality holds

<c {n‘gg 5 >|;;<¢,)}S€Zm

J=1 m 1

£ 1152

Proof. According to Lemma 2 in [10], the following inequality holds

ot mtyoty) < ftyyoty) := sup dxp... sup | f (X1, ey Xm) | dxy

|Em|>tm En |E1 >t E,
Therefore, <C|f |52 1 <1j < +oo,j=1,...,m. Taking into account the
relation
o—n dl’ .
L Vi) = w2 (34
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and using Theorem 3.1, we have

IFlge<C H zo< a2 ) ,,;”) [
lz< zm) |@m%@>]~lm}
n1=0 sm—nm+1 S1 n1+l

2="1m 27"
> {z [ vz HZ [ i
eC{l,...,m} nm 2 m—1 nl:ozfnlfl

i)

(H(P DRIEil >||;z(@) dn]
Jjgte it

i) jEe (PJ

Tm

1
Tn—1 Tm
] dtm}

According to Lemma 2.4 and Lemma 2.5, the numbers

=C

n+ Y Je]. (3.5)

ec{l,...m}

and a;; = y(27%), j = 1,...,m satisfy the conditions a) and b) of Lemma 2.6,
respectively.

Lete ={1,...,i},i <m. Then, using relation (3.5) and successively applying the
triangle inequality and assertions a) and b) of Lemma 2.6, we have

= (w2
Je < {;()(W) [
y Wl+1( Hl) ) - Tl (H—n|
. L;l:—O((p’H(z "’“)> Lz—: [ LZ—:owl ™)
X ( Y . ) Z Z H 2 >

Sm=Nm~+1 Sip1=nip1+1s;=1 s1=1j= l(pj

1) T Tit1 Tn 1

x|rss-<f>||;z(q,)) ] ] ] ] }
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Tm Tim—1
had Wm(z_nm) had \Ijmfl (2_’7"1—1 )
<C Jme ) b RS B
{an—O < (pm(zinm) ) [nm;_o < Pm—1 (27nm71 )

] T 1

[ZK‘M) (nsf(f)\;;(@) ]] } .

Lete C {1,2,...,m}, e #0, and jo = mine, ko = maxe. If {jo,jo+1,...,ko} N
e = 0, where ¢ is the complement of e, then

Z [+ || s(F)lxe) =

i) j€e (p]

SR £ ool

sm=nm+1  sggr1=ngg1+1sgy=1 sj,=1sj,1=nj,— 1+1 sl—n1+1j€e

If {jo,jo+1,...,ko} Ne={l,...,I1 }, then

Z H(pj2s 185(S)x(q) =

S€G,(nn) j<€e
w g, ny, - njy+1 njy
Sm=nm+1 Sk 1=ngy+1+1 Sko—l sy—1=0s=n; +1  s;y=njy+1 5l0+1 L sjo=

=S}

Y - Y Mop

5 H
S.,'O,lznjof1+] si=n;+1 jee (p] 2

() x @)

Now, using these equalities and successively applying the assertions a) and b) of
Lemma 2.6, we obtain that inequality (3.6) holds for an arbitrary non-empty subset
of e. Further, applying assertion a) of Lemma 2.6, we obtain

Tm
o (wnl2)
L1 <C —_—
: {nmz—0<q)m(2_nm)
2 Tn 1

Now, the assertion of the theorem follows from inequalities (3.5)—(3.7) . O

Remark 3.1. In the case X(¢) = Lg z(T™), Theorem 3.2 was announced in [4]
without proof.
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Theorem 3.3. Let 1 <0; < 4o, 1 <1; < +oo, j = 1,...,m, and suppose functions
0, and y; satisfy the conditions 1 < Oy, < By, < 0o, <Pg, <2, j=1,...,m. If

1
&

S (27) —s~‘c~>8j !
— 27585 < o0, (38)
sz_: <(PJ(2 ")
where €; = T;f,, B;: B’ L= m, if Bj = >1andej +oo, if0; < 1,
j=1,....m, then S;(@?- Lyz (Tm) and

£l < CllAlls,, 5

Proof. If ©; < @, j =1,...,m, then applying Holder’s inequality with B; =
B + B = 1, j=1,...,m, we obtain

_ B m WJ( ) "
GE,G,(TJ(f) - ‘ {JIII (pj(z ) HS ( )HX((‘))}EGZM I
i Wj(z_sj) —s;rj
< v, . (3.9
- ‘ {/I:Il (pj(z_s'j) }seZ’” -

Is ly

{stm”s HX }
sezl!
where € = (€1,....&n), &, =T;B}, j=1,...m

If6; <7, j=1,...,m, then by Jensen’s inequality (see [16, Lemma 3.3.3]), we

have
{HZ 185N x }
/i

By (3.8) and Theorem 3.2, inequalities (3.9) and (3.10) imply the assertion of the
theorem. ]

H sup ¥ = S))z S (3.10)

9 =
l Jj= ]Sj€Z+ (‘P

Theorem 3.4. Let \y; satisfy the conditions 1 < 21/A < Oly; < [3% <2, 1 <71 < oo,
j=l..omIff €L§,7E(Tm) and

S by R
SEZ  kep(s)

then the following inequality holds

||f||;kp77g Z C{ Z 2Smﬁwzn(2—sm)
sm=1

i) Tm 1

[Z ity o) (131 )] ] }
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where b; are real numbers.

Proof. Let Syv__ov(f,%) be the rectangular partial sum of the Fourier series of a
function f € Ly ; (I™). It is known that (see [10])

I7l55= sup [ fmo)gnnds G.11)

geL:’, o

<1
sl <

where ¥ = (1},...,7},), 4 o +5=1,j=1,...,m and Y(t) = (§1(1),..., ¥u(2)),
yi(t) = () for € (0,1] and l|l,( ) =0, j=1,...,m. We introduce the nota-
tion

o Ti/n—s:
ou(f)e =1 Y 25y )
si=1

© Tj 1

riens I

We consider the trigonometric polynomial

-¥. waze“

Sm=1 s1=1 kep

where
m 7] v ::Zm 1
bsy = H 27 )18 f )H;‘ﬁ (Gv(f)i/)rjﬂfrj
j=1 =1l 7=l
m m 1
< [T, <H2> L2 ientost)
p j=1

j=1

and T; = (71,...,7T;). Then, taking into account the orthogonality of the trigonomet-
ric system, we have

F2nR)g(2mR)dE = / Sov...2v(f,27%) gy (2mR) ¥
.

Z Z / 8(f,2mx) gy (2nx)dx (3.12)
sm=1 s1=1
We prove that ||gy||% g2 < o, where Cy is a positive constant independent of v.

Taking into account the relation (see (2.5))

H Z ekx}

kep(5)

= [127w;27), (3.13)

L
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for 1 <1; < oo, 1 <oy, <Py, <2,itis easy to verify the following inequality

. T T
<!5§(8V)H5g7f/> (‘b“" N, ’>

Sj

m T [ s (m+e) B

H<2xj v;(2 ) <2M \|11(2‘Y1)> <||55(f)\|§it>

m m Sj Y 7% T/l

o (H f YT {H27‘/‘If “ONos(f )H } ) » B4
Iz

‘ Z et(kx
kep(3)

j=1 -

§=1

where V = (v,...,V). Further, by using inequality (3.14), we obtain

() (uaf(f)H;,ﬁ,)ﬂ

X
1
1
=z <
[yl
—
()
e
<
| I
._.a\‘ma\
| S
a
S
——
U

msj 7%
<C {Hﬂ’%@S’)H5s(f)H§i@}
j=1 sezm i
v—1 sm , v—1 L} , sj ,
SR MeraMERI W B SCEE NS § (LR T emd Kk
Sm= s1=1 j=2
) T I
51 . T m—1 . . Tll 1:ll 1511—1 a
< @) D) (T ) | .
j=1
(3.15)
Sincei;: l—i,’cj’c;.:’cl—k’c’l and (1) = \v,-z(z)’]_l" .,m, we have
:T{.~ s, T ;T/ L T 2_% T ;T, s T+,
(2’ (2 ])> (2’%(2 ’)) :(%(251)) (2’Wj(2 ’))
5 T
(ijll!j(z )) s J 17 ,m.
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Now, considering this equality and the definition of the numbers 6y (f)z;, inequality
(3.15) continues

{H%% wm<m$ m
sez
v—1 . B T v—1 s . T £ \Tl
<Y <2x,,,\pm(2 Am)) Y (2“ Vi (2 “)) (18515 2)
sm—1 s1=1

st

s
a
S

‘C:nfl a V=1 Sm Tm
= Z <2m\|]m(2*s‘m))

sm=1

m—1 g
(ffesnr)’
[[Z@mnsﬁ%mm%yllr”}"

s1=1
{H2”'\lf “lI8s(f )H%‘@}

1
1 N
Since 1 < 2% < Oly;, WE have B\ij <24, j=1,...,m. Therefore, according to
Theorem 3.2 and inequality (3.16), we obtain

llgvllg = < CJ(gv) < Co.

7
Tm

<C. (3.16)

sezm |k

Hence, ¢y = %Ogv € Ly o (T™), and ||@y||5 -, < 1. Further, according to the orthogo-
nality property, we have

v—1 v—1
|, s/, X)gv(X)dx = Y X bs(f)bry
In=1 L1=1
/ Y el dx— (2m) bsy stf—l. (3.17)
" Ixep(s)

From the definition of the numbers by y, it follows that

{Hﬁ% ~m<m*
1

=111,

1
ot (i)

j=

T127b5(F )by = [ ] 2"
=1 =1
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m—1

< HzSJ TR )(T1—-1)) |b§(f)’rl — H(Gv(f)‘_cj)’cjﬂf’cj

j=1

{sz ) 85(f u-}

rmm

ZSJTjW;/ (275j)

=2 Jj=1
m.sj v T, m—1
>C {Hz%w,(z-sf)naf(fnzf (04(f)z,)+
j=1 =1l J=!
<[1(25wi2™) " (I8(Nl,) - 318)

v-1 vl v—1  v—1
sup Z Z Ss(fyx)g(X)d_ > Z Z Ss(fyx)(Pv(X)dx
Ly su=1  s=171" sm=1 si=171"
Hgl\* o<

—CZ Z 8(f, %) zZ Z 85(f,X)gv(¥)dx

‘m
sm=1 s1= I sm=1 s1=

{ﬁ 25 (27 [85(f >\;é}
=1 =1

Iy

<Y Y 1w )" (160l;)"

sm=1 s1=1j=1

v
{sz, S35 } (3.19)
5=1 I
It follows from inequalities (3.12) and (3.19) that
1fllyz=C {HT/\V “)I8s(f )Hi,j}
sezm i
(I

1 1
Remark 3.2. In the case y;(t) =%, ¢;(t) =t"7, j=1,...,m, Theorem 3.2 and
Theorem 3.4 were proved in [2].

v;(27%)

Further, for brevity, we set u;(s) = Y CRR
J
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Theorem 3.5. Let 1 <0; < +oo, 1 <7T; < +oo, j=1,...,m, and let ¢;, Y; satisfy
the conditions 1 < Oty; < B\Vj <0 < B(p]. <2,j=1,....,m, and (3.8) .
If1<1;<0; <+oo, j=1,...,m, then

{HZ s,r/,u SJ }
seY™(y,n) g

s 0
where € = (€1, ...,€n), € = T;B';, B%—i_ﬁi’, =1,B;==
2)If1<6;<T; <+, j= 1,...,m, then

gz <C

9

EX(Sy 5 6B)wz < Csup{nz Viuilsy): €T, (5T =n).
j=
Proof. Let f € S; @) B- Then by Theorem 3.4, we obtain

If =S (f % (3.20)

{H:U] s7)[185(f = Sn ( ))’;{((p)}

sezm |k

Since 8;(f — S (f)) = 0, §¢ Y™ (y,n) and 85(f — S (f)) = 8:(f). 5 € Y"(Y,n), it
follows from (3.20) that

1f =S ()5 {H (s)lI8s(N ks } (3.21)
=1 seym(yn) Il
We set
(27 m
bs(n) = —— ifseY”(y,n
(n) ,Um o= (T,n)

and bz(n) =0if §¢ Y™ (¥,n).
We prove 1). Since 1 < ‘cj < 9 < +°° j =1,...,m, we obtain, by applying
Hélder’s inequality with B; = 9 , B + B’ =1,j= 1 .,m, that

c1(f.n) = H{ﬁﬂj(sj)\ss(f)|’§(¢)} {bs(”)}
i=l sezn

where € = (€1,....&n), &, =T;B}, j=1,..,m
Let us prove 2). If 6; < 1; < +o0, j = 1,...,m,, then according to Jensen’s
inequality (see [16, Ch. 3, Sec. 3]), we obtain

<C . (3.22)

seym(y,n) 1 Iz

c1(f,n) < ||f||s§((¢)? B Sup H.UJ 2750, (3.23)

seY™(y,n)

Inequalities (3.21)—(3.23) imply the statements 1) and 2) of Theorem 3.5. O



ESTIMATES OF THE ORDER OF APPROXIMATION OF FUNCTIONS 117

Remark 3.3. In the case ¢,(1) =1/, p; = ’C‘(l-l) =p,and y;(t) =14, q; = 175-2) =q,
1<6;=06<ofor j=1,...,m, Theorem 3.5 implies the previously known results of
Ya.S. Bugrov, E.M. Galeev, V.N. Temlyakov, and A.S. Romanyuk (see, for example,
the bibliography in [11], [19], [24]).

Further, from Theorem 3.5 with @;(t) = t'/7i, w;(t) = 1'%, 1 < pj,q; < o,
j=1,....m, andylj =y;=1forj=1,...,v, andy'j <yjfor j=v+1,...,m, Theorem
2 in [1] follows (see also [2]), and for 1 < Y/j <y, for j=1,...,m, Theorem 1 in [7]
follows (see also [9]).

Remark 3.4. In the case X(9) = Lg z(T™), Theorem 3.4 and Theorem 3.5 were
proved in [4]. The results of this article were previously published by the author
in [5].
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