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SOME RESULTS ON SASAKIAN AND N(k)-CONTACT METRIC
MANIFOLDS

TANUSHRI BARMAN, ASHOKE DAS, AND MANOJ RAY BAKSHI

ABSTRACT. The main objective of the present paper is to introduce a
new curvature tensor, called the ∗-generalized quasi-conformal curvature
tensor, in the setting of Sasakian and N(k)-contact metric manifolds. Sub-
sequently, we investigate various semi-symmetric structures associated
with this tensor and derive several interesting geometric characterizations
and results.

1. INTRODUCTION

The symbols Ŝ, ρ, R, and r denote the Ricci operator, Ricci tensor, Rie-
mann curvature tensor, and scalar curvature, respectively. The generalized
quasi-conformal curvature tensor was introduced and studied by Baishya
and Chowdhury [2] in 2016 and was defined on a (2n+ 1)-dimensional
Riemannian or semi-Riemannian manifold as follows:

Gq(X1,X2)X3 = R(X1,X2)X3 +a[ρ(X2,X3)X1 −ρ(X1,X3)X2]

+b[g(X2,X3)ŜX1 −g(X1,X3)ŜX2]

− cr
(2n+1)

(
1

2n
+a+b)[g(X2,X3)X1 −g(X1,X3)X2],

where a, b, and c are constants. If we set α = a, β = b, and
γ = − cr

(2n+1)

( 1
2n +a+b

)
, then, for particular values of (α,β,γ), the

generalized quasi-conformal curvature tensor (Gq-tensor) reduces to the
following curvature tensors:
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Curvature Tensor (α,β,γ)
Riemann R (0,0,0)

Conharmonic H ( [15]) (− 1
2n−1 ,−

1
2n−1 ,0)

Conformal C ( [12]) (− 1
2n−1 ,−

1
2n−1 ,

r
2n(2n−1))

Concircular C̃ ( [27]) (0,0,− r
2n(2n+1))

Projective P ( [27]) (− 1
2n ,0,0)

m-Projective M ( [19]) (− 1
4n ,0,0)

W1 -Curvature tensor ( [17]) ( 1
2n ,0,0)

W2 -Curvature tensor ( [19]) (0,− 1
2n ,0)

W4-Curvature tensor ( [18]) (0,0,− 1
2n)

where

C (X1,X2) = R(X1,X2)−
1

2n−1
[
(
X1 ∧g ŜX2

)
+
(
ŜX1 ∧g X2

)
+

r
2n

(X1 ∧g X2)], (1.1)

C̃ (X1,X2) = R(X1,X2)−
r

2n(2n+1)
(X1 ∧g X2) , (1.2)

P(X1,X2) = R(X1,X2)−
1

2n

(
X1 ∧ρ X2

)
, (1.3)

H (X1,X2) = R(X1,X2)−
1

2n−1
[(

X1 ∧g ŜX2
)
+
(
ŜX1 ∧g X2

)]
,(1.4)

M (X1,X2) = R(X1,X2)−
1

4n

[(
X1 ∧g ŜX2

)
+
(
ŜX1 ∧g X2

)]
, (1.5)

W1 (X1,X2) = R(X1,X2)−
1

2n

(
X1 ∧ρ X2

)
, (1.6)

W2 (X1,X2) = R(X1,X2)−
1

2n
[
(
ŜX1 ∧g X2

)
+
(
X1 ∧g ŜX2

)
−

(
X1 ∧ρ X2

)
], (1.7)

W4 (X1,X2) = R(X1,X2)−
1

2n
(X1 ∧g X2) , (1.8)

and
(X1 ∧B X2)X3 = B(X2,X3)X1 −B(X1,X3)X2. (1.9)

Recently, semisymmetric classes (see [3, 4]) have been studied on (LCS)n-
manifolds and α-cosymplectic manifolds. The ∗-Ricci tensor ( [20]) has
attracted considerable attention from geometers in recent years (see [5, 13,
23, 24]). Hamada ( [14]) defined the ∗-Ricci tensor of real hypersurfaces in
non-flat complex space forms by

ρ
∗(X1,X2) = g(Ŝ∗X1,X2) =

1
2

trace{φ◦R(X1,φX2)},
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where Ŝ∗ and ρ∗ denote the ∗-Ricci operator and the ∗-Ricci tensor, respec-
tively. In 2019, Kaimakamis and Panagiotidou ( [16]) introduced and studied
the ∗-Weyl curvature tensor in the setting of real hypersurfaces in non-flat
complex space forms, defining it as follows:

C∗ (X1,X2) = R(X1,X2)

− 1
2n−1

(
r∗

2n
(X1 ∧g X2)+

(
X1 ∧g Ŝ∗X2

)
+
(
Ŝ∗X1 ∧g X2

))
,

where r∗ denotes the ∗-scalar curvature. Subsequently, the ∗-Weyl curvature
tensor was studied by Venkatesha ( [24]) in the framework of Sasakian and
(κ,µ)-contact metric manifolds. Furthermore, Oğuzhan et al. ( [1, 26]) in-
troduced generalized symmetric connections, which may be regarded as a
broader generalization of quarter-symmetric and semi-symmetric connec-
tions.

Motivated by these developments, we introduce the notion of the ∗-
generalized quasi-conformal curvature tensor (hereafter denoted by the
G∗

q-tensor), defined as follows:

G∗
q(X1,X2)X3 = R(X1,X2)X3 +α[g(Ŝ∗X2,X3)X1 −g(Ŝ∗X1,X3)X2]

+ β[g(X2,X3)Ŝ∗X1 −g(X1,X3)Ŝ∗X2]

+ γ[g(X2,X3)X1 −g(X1,X3)X2]. (1.10)

Similarly, from the G∗
q-tensor, by setting particular values of (α,β,γ) one

can easily get the following curvature tensors:
Curvature Tensor (α,β,γ)

∗-Conharmonic H∗ (− 1
2n−1 ,−

1
2n−1 ,0)

∗-Conformal C∗ ( [16]) (− 1
2n−1 ,−

1
2n−1 ,

r∗
2n(2n−1))

∗-Concircular C̃∗ (0,0,− r∗
2n(2n+1))

∗-Projective P∗ (− 1
2n ,0,0)

∗-m-Projective M ∗ (− 1
4n ,0,0)

∗-W1 -Curvature tensor ( 1
2n ,0,0)

∗-W2 -Curvature tensor (0,− 1
2n ,0)

where

C∗ (X1,X2) = R(X1,X2)−
1

2n−1
[
(
X1 ∧g Ŝ∗X2

)
+
(
Ŝ∗X1 ∧g X2

)
+

r∗

2n
(X1 ∧g X2)],

C̃∗ (X1,X2) = R(X1,X2)−
r∗

2n(2n+1)
(X1 ∧g X2) ,
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P∗ (X1,X2) = R(X1,X2)−
1
2n

(
X1 ∧ρ∗ X2

)
,

H∗ (X1,X2) = R(X1,X2)−
1

2n−1
[(

X1 ∧g Ŝ∗X2
)
+
(
Ŝ∗X1 ∧g X2

)]
,

M ∗ (X1,X2) = R(X1,X2)−
1
4n

[(
X1 ∧g Ŝ∗X2

)
+
(
Ŝ∗X1 ∧g X2

)]
,

W ∗
1 (X1,X2) = R(X1,X2)−

1
2n

(
X1 ∧ρ∗ X2

)
,

W ∗
2 (X1,X2) = R(X1,X2)−

1
2n

[
(
Ŝ∗X1 ∧g X2

)
+
(
X1 ∧g Ŝ∗X2

)
−
(
X1 ∧ρ∗ X2

)
].

For a (0,2)-tensor field 𭟋 and a (0,m)-tensor field ϒ, where (m ≥ 1), on
M2n+1, we define R◦ϒ and Q(𭟋,ϒ) ( [25]) as follows:

(R◦ϒ)(X1,X2, ...,Xm;X ,Y )

=−ϒ(R(X ,Y )X1,X2, ...,Xm)−ϒ(X1,R(X ,Y )X2, ...,Xm)− ...

−ϒ(X1,X2, ...,R(X ,Y )Xm), (1.11)

and

Q(𭟋,ϒ)(X1,X2, ...,Xm;X ,Y )

=−ϒ((X ∧𭟋Y )X1,X2, ...,Xm)−ϒ(X1,(X ∧𭟋Y )X2, ...,Xm)− ...

−ϒ(X1,X2, ...,(X ∧𭟋Y )Xm), (1.12)

respectively.
The remainder of the paper is organized as follows: In section 2, we

present some known results related to Sasakian and N(k)-contact metric
manifolds. Thereafter, we investigate the semi-symmetric condition R ·G∗

q =
0 on a Sasakian manifold and show that the manifold reduces to either an η-
Einstein manifold or an Einstein manifold and has constant scalar curvature
(3.3). We also obtain the form of the Ricci operator on a Sasakian manifold
satisfying the semi-symmetric conditions G∗

q ◦ Ŝ∗ = 0 and Q(ρ,W ∗
2 ) = 0.

Furthermore, we show that if a Sasakian manifold satisfies any one of the
semi-symmetric conditions Q(ρ,H∗) = 0, Q(ρ,C∗) = 0, Q(ρ,C̃∗) = 0,
or Q(ρ,M ∗) = 0, then it reduces to an Einstein manifold. On the other
hand, if it satisfies either Q(ρ,P∗) = 0 or Q(ρ,W ∗

1 ) = 0, then it reduces
to an η-Einstein manifold. Next, we study N(k)-contact metric manifolds
admitting various semi-symmetric curvature restrictions. We prove that
if a N(k)-contact metric manifold satisfies the semi-symmetry condition
Ŝ◦G∗

q = 0, then either the manifold is locally isometric to the trivial sphere
bundle En+1 ×Sn(4) or it is ξ-star generalized quasi-conformally flat. We
also show that a N(k)-contact metric manifold satisfying the condition G∗

q ◦
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ρ = 0 reduces either to a Sasakian manifold or to an η-Einstein manifold.
Finally, we prove that a N(k)-contact metric manifold satisfying the curvature
restriction G∗

q ◦h = 0 reduces to a Sasakian manifold.

2. PRELIMINARIES

The present section gives preliminaries which will be helpful to establish
our results. All manifolds are considered to be connected and smooth.
According to Blair ( [7]), an almost contact metric structure (φ,ξ,η,g) on a
Riemannian manifold M2n+1 possesses:

• an 1-form η and a vector field ξ, the Reeb field, such that η(ξ) = 1;
• an endomorphism φ : T M → T M such that φ2 =−I +η⊗ξ;
• a Riemannian metric g such that g(φX1,φX2) = g(X1,X2) −

η(X1)η(X2) for any vector fields X1, X2 on M2n+1.
From the above conditions, we get φ ◦ ξ = 0, η ◦ φ = 0. For an almost

contact metric structure (M2n+1,φ,ξ,η,g), its Kähler form ω ∈ Ω2(M) is
given by ω(X1,X2) = g(φX1,X2). This implies that η∧ωn is a volume form
on M2n+1. The almost contact metric structure (φ, ξ, η, g) is

• contact metric if dη = ω;
• normal if Nφ +dη⊗ξ = 0;
• Sasakian if it is contact metric and normal.

A contact metric manifold is called Sasakian ( [11], [6]) if any one of the
following equivalent conditions hold

(∇X1φ)X2 = g(X1,X2)ξ−η(X2)X1, (2.1)
R(X1,X2)ξ = η(X2)X1 −η(X1)X2, (2.2)

for any vector fields X1, X2 on M2n+1. On a Sasakian manifold the following
relations hold ( [6])

∇X1ξ = −φX1, (2.3)

Ŝξ = 2nξ. (2.4)

A contact metric manifold is called an η-Einstein manifold if for any smooth
functions λ and µ on M2n+1, the Ricci tensor ρ takes the form

ρ = λg+µη⊗η.

Lemma 2.1. ( [13]) The relation between the ∗-Ricci tensor and the Ricci
tensor on a Sasakian manifold M2n+1 is given by

ρ
∗ = ρ− (2n−1)g−η⊗η. (2.5)

In view of (2.4), relation (2.5) gives

Ŝ∗ξ = 0. (2.6)
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By virtue of (2.6), relation (1.10) gives

G∗
q(ξ,X2)X3 = R(ξ,X2)X3 +αg(Ŝ∗X2,X3)ξ−βη(X3)Ŝ∗X2

+ γ[g(X2,X3)ξ−η(X3)X2].

Taking the innerproduct with ξ and using (2.2), the above relation becomes

g(G∗
q(ξ,X2)X3,ξ) = α[ρ(X2,X3)− (2n−1)g(X2,X3)−η(X2)η(X3)]

+(1+ γ)[g(X2,X3)−η(X2)η(X3)]. (2.7)

In ( [8]) Blair et al. introduced and studied a new type of contact metric
manifolds known as a (k,µ)-contact metric manifolds. Thereafter, Boeckx
( [10]) completely classified these manifolds. A contact metric manifold
(M2n+1,φ,ξ,η,g) is said to be a (k,µ)-space if the Riemann curvature tensor
admits

R(X1,X2)ξ = k{η(X2)X1 −η(X1)X2}+µ{η(X2)hX1 −η(X1)hX2}, (2.8)

for all vector fields X1,X2 on M2n+1 and for some real numbers (k,µ). This
type of space arises through a D-homothetic deformation ( [21]) to a contact
metric manifold which satisfies R(X1,X2)ξ = 0. The class of (k,µ)-spaces
covers Sasakian manifolds (for k = 1) and the trivial sphere bundle En+1 ×
Sn(4) (for k = µ = 0). There exist examples of non-Sasakian (k,µ)-contact
metric manifolds. For instance, the unit tangent bundles of Riemannian
manifolds of constant curvature k ̸= 1. Since a D-homothetic deformation
preserves (k,µ)-contact metric structures, one can construct a lot of examples
of (k,µ)-contact structures (see [8]). We denote the symmetric tensor field
operator h = 1

2£ξφ on M2n+1 such that

hξ = 0, tr(h) = 0, tr(hφ) = 0,hφ+φh = 0,

∇X1ξ =−φX1 −φhX1.

For µ = 0 in (2.8) the (k,µ)-contact metric manifolds reduces to N(k)-contact
metric manifolds.

The following formulas are also valid for non-Sasakian (k,µ)-contact
manifolds ( [8]):

(∇X1h)X2 − (∇X2h)X1 = (1− k){2g(X1,φX2)ξ+η(X1)φX2 −η(X2)φX1}
+(1−µ){η(X1)φhX2 −η(X2)φhX1}, (2.9)

ŜX1 = (2(n−1)−nµ)X1 +(2(n−1)+µ)hX1

+(2(1−n)+n(2k+µ))η(X1)ξ, (2.10)

Ŝξ = 2nkξ, (2.11)

(k−1)φ2 = h2, k < 1, (2.12)
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equality holds when k = 1 (equivalently, h = 0), i.e., M is Sasakian. For
the non-Sasakian case, i.e., k < 1, the (k,µ)-nullity condition determines
the curvature of M completely. In view of this, Boeckx ( [10]) proved that
a non-Sasakian (k,µ)-contact metric manifold is locally homogeneous and
hence analytic. Moreover, the constant scalar curvature r of such structures
is given by

r = 2n{2(n−1)+ k−nµ}.
On a (k,µ)-contact metric manifolds, we have

(∇ξŜ)X1 = µ(2(n−1)+µ)hφX1, (2.13)

for any vector field X1 on M. On a non-Sasakian (k,µ)-contact metric
manifolds, Ghosh and Patra ( [13]) calculated the expression of the ∗-Ricci
tensor,

ρ
∗(X1,X2) =−(k+nµ)(g(X1,X2)−η(X1)η(X2)), (2.14)

which gives
r∗ =−2n(k+nµ). (2.15)

Corollary 2.2. In a (k,µ)-contact metric manifolds, the following are true

Ŝ∗Ŝ = ŜŜ∗, Ŝh = hŜ. (2.16)

3. SASAKIAN MANIFOLDS ADMITTING THE SEMISYMMETRY R ·G∗
q = 0

Suppose (M2n+1,φ,ξ,η,g) is a Sasakian manifold satisfying the relation
R ·G∗

q = 0. Then,

R(ξ,X4)G∗
q(X1,X2)X3 −G∗

q(R(ξ,X4)X1,X2)X3

−G∗
q(X1,R(ξ,X4)X2)X3 −G∗

q(X1,X2)R(ξ,X4)X3 = 0.

Taking the innerproduct with respect to ξ, we have

g(R(ξ,X4)G∗
q(X1,X2)X3,ξ)−g(G∗

q(R(ξ,X4)X1,X2)X3,ξ)

−g(G∗
q(X1,R(ξ,X4)X2)X3,ξ)−g(G∗

q(X1,X2)R(ξ,X4)X3,ξ) = 0.

Let {Ei}2n+1
i=1 be the set of orthonormal vector fields on M2n+1, then contract-

ing over X4 and X1, the above equation yields
2n+1

∑
i=1

g(R(ξ,Ei)G∗
q(Ei,X2)X3,ξ)−

2n+1

∑
i=1

g(G∗
q(R(ξ,Ei)Ei,X2)X3,ξ)

−
2n+1

∑
i=1

g(G∗
q(Ei,R(ξ,Ei)X2)X3,ξ)−

2n+1

∑
i=1

g(G∗
q(Ei,X2)R(ξ,Ei)X3,ξ) = 0.

(3.1)
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Using (2.2), (2.7) and the properties of Sasakian metric, we bring out the
following

2n+1

∑
i=1

g(R(ξ,Ei)G∗
q(Ei,X2)X3,ξ)

= ρ(X2,X3)+{(2n−1)α−β}{ρ(X2,X3)−(2n−1)g(X2,X3)−η(X2)η(X3)}
+{(r−4n2)β+2nγ}g(X2,X3)− (1+ γ){g(X2,X3)−η(X2)η(X3)},

2n+1

∑
i=1

g(G∗
q(R(ξ,Ei)Ei,X2)X3,ξ) = 2n(γ+1){g(X2,X3)−η(X2)η(X3)}

+2nα{ρ(X2,X3)− (2n−1)g(X2,X3)−η(X2)η(X3)},

2n+1

∑
i=1

g(G∗
q(Ei,R(ξ,Ei)X2)X3,ξ) =−(γ+1){g(X2,X3)−η(X2)η(X3)}

−α{ρ(X2,X3)− (2n−1)g(X2,X3)−η(X2)η(X3)},

2n+1

∑
i=1

g(G∗
q(Ei,X2)R(ξ,Ei)X3,ξ)

= [2n−α(2n− r)−2nα(2n−1)+2nγ]η(X2)η(X3).

Next, using the above four relations in (3.1), we obtain

ρ(X2,X3) =
{β(r−4n2)+(2n−1)β−1}

(β−1)
g(X2,X3)

+
{(4n2 − r)α+β}

(β−1)
η(X2)η(X3). (3.2)

Contracting the above equation, we have

r =
4n2(α−2nβ)− (2n+1)

(α−2nβ−1)
. (3.3)

Thus, we can state that:

Theorem 3.1. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold admitting the
semi-symmetric condition R ·G∗

q = 0. Then, the manifold reduces to an
η-Einstein manifold and is of constant scalar curvature (3.3).

From relation (3.2), we can derive the following table by considering
various particular choices of the parameters (α,β,γ):
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R ·G∗
q = 0 (α,β,γ) Type

R ·H∗ = 0 (− 1
2n−1 ,−

1
2n−1 ,0) η-Einstein

R ·C∗ = 0 (− 1
2n−1 ,−

1
2n−1 ,

r∗
2n(2n−1)) η-Einstein

R ·C̃∗ = 0 (0,0,− r∗
2n(2n+1)) Einstein

R ·P∗ = 0 (− 1
2n ,0,0) η-Einstein

R ·M ∗ = 0 (− 1
4n ,0,0) η-Einstein

R ·W ∗
1 = 0 ( 1

2n ,0,0) η-Einstein
R ·W ∗

2 = 0 (0,− 1
2n ,0) η-Einstein

In view of the above table, we can state:

Corollary 3.2. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold that admits
the semi-symmetric conditions R ·H∗ = 0,R ·C∗ = 0,R ·P∗ = 0,R ·M ∗ =
0,R ·W ∗

1 = 0 and R ·W ∗
2 = 0. Then the manifold reduces to an η-Einstein

manifold.

Corollary 3.3. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold that admits
the semi-symmetric condition R ·C̃∗ = 0. Then the manifold reduces to an
Einstein manifold.

4. SASAKIAN METRIC ADMITTING THE STRUCTURE G∗
q ◦ Ŝ∗ = 0

Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold satisfying the relation G∗
q ◦

Ŝ∗ = 0. Then
G∗

q(X5,X4)◦ Ŝ∗X1 = 0,
i.e.,

G∗
q(X5,X4)Ŝ∗X1 − Ŝ∗(G∗

q(X5,X4)X1) = 0.

Taking the inner product on both sides w.r.t. ξ, we have

η(G∗
q(X5,X4)Ŝ∗X1)−g(Ŝ∗(G∗

q(X5,X4)X1),ξ) = 0. (4.1)
Again from (2.6), we get

g(Ŝ∗(G∗
q(X5,X4)X1),ξ) = 0. (4.2)

Substituting (4.2) into (4.1), we get

η(G∗
q(X5,X4)Ŝ∗X1) = 0. (4.3)

Now, recalling equation (1.10), we obtain

G∗
q(X5,X4)Ŝ∗X1 = R(X5,X4)Ŝ∗X1 +α[g(Ŝ∗X4, Ŝ∗X1)X5 −g(Ŝ∗X5, Ŝ∗X1)X4]

+β[g(X4, Ŝ∗X1)Ŝ∗X5 −g(X5, Ŝ∗X1)Ŝ∗X4]

+ γ[g(X4, Ŝ∗X1)X5 −g(X5, Ŝ∗X1)X4]. (4.4)
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Taking the inner product of both sides of (4.4) with respect to ξ, and using
(2.2) and (2.5), we obtain

η(G∗
q(X5,X4)Ŝ∗X1)

= {1+ γ− (2n−1)α}[ρ∗(X1,X4)η(X5)−ρ
∗(X1,X5)η(X4)]

+α[ρ∗(ŜX4,X1)η(X5)−ρ
∗(ŜX5,X1)η(X4)].

In view of (4.3), the foregoing equation becomes

{1+ γ− (2n−1)α}[ρ∗(X1,X4)η(X5)−ρ∗(X1,X5)η(X4)]

=−α[ρ∗(ŜX4,X1)η(X5)−ρ∗(ŜX5,X1)η(X4)].

Taking X4 = ξ in the above equation, and using (2.5), we obtain

{1+ γ− (2n−1)α}ρ
∗(X1,X5)+αρ

∗(ŜX5,X1) = 0.

Next, using (2.5) in the above equation, we get

{1+ γ−2α(2n−1)}ρ(X5,X1)+αρ
2(X1,X5)

= (2n−1){1+ γ− (2n−1)α}g(X1,X5)+(1+ γ+α)η(X5)η(X1).

Making a contraction in the above equation, we have

α ∥ Ŝ ∥2 = (4n2 −1){1+ γ− (2n−1)α}
+(1+ γ+α)−{1+ γ−2α(2n−1)}r.

This leads us to state:

Theorem 4.1. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold that satisfies
the semi-symmetric condition G∗

q ◦ Ŝ∗ = 0. Then

α ∥ Ŝ ∥2= (4n2 −1){1+ γ− (2n−1)α}
+(1+ γ+α)−{1+ γ−2α(2n−1)}r.

5. SASAKIAN METRIC WITH Q(ρ,G∗
q) = 0

Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold that satisfies the curvature
condition Q(ρ,G∗

q) = 0. Then,

((X1 ∧ρ X2)◦G∗
q)(X5,X4)X6 = 0,

i.e.,

(X1 ∧ρ X2)G∗
q(X5,X4)X6 −G∗

q((X1 ∧ρ X2)X5,X4)X6

−G∗
q(X5,(X1 ∧ρ X2)X4)X6 −G∗

q(X5,X4)(X1 ∧ρ X2)X6 = 0, (5.1)

for any vector fields X1,X2,X5,X4 and X6 on M2n+1.
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Next, recalling relation (1.9), equation (5.1) yields

ρ(X2,G∗
q(X5,X4)X6)X1 −ρ(X1,G∗

q(X5,X4)X6)X2

−ρ(X2,X5)G∗
q(X1,X4)X6 +ρ(X1,X5)G∗

q(X2,X4)X6

−ρ(X2,X4)G∗
q(X5,X1)X6 +ρ(X1,X4)G∗

q(X5,X2)X6

= ρ(X2,X6)G∗
q(X5,X4)X1 −ρ(X1,X6)G∗

q(X5,X4)X2. (5.2)

Putting X5 = X2 = X6 = ξ in equation (5.2) and applying (1.10), (2.2), and
(2.5), we obtain

βρ
2(X4,X1)+{1+ γ− (2n−1)β−2nα}ρ(X4,X1)

= {2n(1+ γ)−2nα(2n−1)}g(X4,X1)+2n(β−α)η(X4)η(X1). (5.3)

For the case α = β, equation (5.3) implies that the Ricci tensor assumes
either of the forms

ρ(X4,X1) = 2ng(X4,X1),

or

ρ(X4,X1) =
(2n−1)α− (1+ γ)

α
g(X4,X1).

In both cases, the Ricci tensor is proportional to the metric tensor g. Hence,
M2n+1 is an Einstein manifold.

The conclusions of the above discussion are presented in the following
table:

Restrictions (α,β,γ) Type
Q(ρ,H∗) = 0 (− 1

2n−1 ,−
1

2n−1 ,0) Einstein
Q(ρ,C∗) = 0 (− 1

2n−1 ,−
1

2n−1 ,
r∗

2n(2n+1)) Einstein
Q(ρ,C̃∗) = 0 (0,0− r∗

2n(2n+1)) Einstein
Q(ρ,P∗) = 0 (− 1

2n ,0,0) η-Einstein
Q(ρ,M ∗) = 0 (− 1

4n ,−
1

4n ,0) Einstein
Q(ρ,W ∗

1 ) = 0 ( 1
n−1 ,0,0) η-Einstein

Q(ρ,W ∗
2 ) = 0 (0,− 1

n−1 ,0)
βρ2 +{1− (2n−1)β}ρ

= 2ng+2nβη⊗η.

Thus we can conclude the following:

Theorem 5.1. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold satisfying any
one of the semi-symmetric conditions

Q(ρ,H∗) = 0, Q(ρ,C∗) = 0, Q(ρ,C̃∗) = 0, Q(ρ,M ∗) = 0.

Then, in each case, the manifold is Einstein.

Theorem 5.2. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold satisfying any
one of the semi-symmetric conditions Q(ρ,P∗) = 0, and Q(ρ,W ∗

1 ) = 0.
Then, in each case, the manifold is η-Einstein.
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Theorem 5.3. Let (M2n+1,φ,ξ,η,g) be a Sasakian manifold satisfying the
semi-symmetric condition Q(ρ,W ∗

2 ) = 0. Then,

∥ Ŝ ∥2= (3n−2)r−2n(n−1)(2n+1)+2n.

6. N(k)-CONTACT METRIC MANIFOLDS WITH Ŝ◦G∗
q = 0

The k-nullity distribution ( [22]) of a Riemannian manifold (M,g) for a
real number k is a distribution

N(k): p→Np(k)=[X3∈TpM :R(X1,X2)X3=k{g(X2,X3)X1−g(X1,X3)X2}] ,

for any X1,X2 ∈ TpM, where R is the Riemannian curvature tensor and
TpM is the tangent vector space of M2n+1 at any point p ∈ M. Thus if the
characteristic vector field ξ belongs to the k-nullity distribution, then we
obtain

R(X1,X2)ξ = k{η(X2)X1 −η(X1)X2}. (6.1)

Therefore, a N(k)-contact metric manifold is a contact metric manifold
whose characteristic vector field ξ satisfies (6.1). From (2.2) and (6.1) we
see that a N(k)-contact metric manifold reduces to a Sasakian manifold for
k = 1.

In this section, we consider the N(k)-contact metric manifold that satisfies
the curvature condition Ŝ◦G∗

q = 0. That is,

Ŝ(G∗
q(X1,X2)X3)−G∗

q(ŜX1,X2)X3 −G∗
q(X1, ŜX2)X3 −G∗

q(X1,X2)ŜX3 = 0,

for any vector fields X1,X2 and X3 in M2n+1.
Taking X3 = ξ in the foregoing equation, and using (2.11) we obtain

Ŝ(G∗
q(X1,X2)ξ)−G∗

q(ŜX1,X2)ξ−G∗
q(X1, ŜX2)ξ−2nkG∗

q(X1,X2)ξ = 0.
(6.2)

Now, in view of (2.8), equation (1.10) reduces to

G∗
q(X1,X2)ξ = R(X1,X2)ξ+(γ− kβ){η(X2)X1 −η(X1)X2}. (6.3)

Next, using (6.3), (2.14), and (2.16) in (6.2), we obtain

kG∗
q(X1,X2)ξ = 0. (6.4)

This implies that either k = 0 or G∗
q(X1,X2)ξ = 0.

Now, k = 0 implies that the contact metric manifold M2n+1 is locally
isometric to the Riemannian product of a flat (n+1)- dimensional Riemann-
ian manifold and a n-dimensional manifold of positive curvature 4, i.e.,
En+1 ×Sn(4) ( [9]).

Therefore, we can conclude the following:
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Theorem 6.1. Suppose (M2n+1,φ,ξ,η,g) is a N(k)-contact metric manifold
that admits the semi-symmetric condition Ŝ ◦ G∗

q = 0. Then, either the
manifold is locally isometric to the trivial sphere bundle En+1 ×Sn(4) or is
ξ-star generalized quasi conformally flat.

7. N(k)-CONTACT METRIC MANIFOLDS WITH G∗
q ◦ρ = 0

Let a N(k)-contact metric manifold admits the curvature condition G∗
q ◦

ρ = 0. Therefore,

ρ(G∗
q(X1,X2))X5,X4)+ρ(X5,G∗

q(X1,X2)X4) = 0. (7.1)

In view of (1.10), and (2.8), we obtain

ρ(G∗
q(ξ,X2))X5,X4) = (k+ γ)[g(X2,X5)ρ(ξ,X4)−η(X5)ρ(X2,X4)]

+αρ
∗(X2,X5)ρ(ξ,X4)−βη(X5)ρ(Ŝ∗X2,X4). (7.2)

Again, using (7.2) in relation (7.1), we obtain

(k+ γ)[g(X2,X5)ρ(ξ,X4)−η(X5)ρ(X2,X4)+g(X2,X4)ρ(ξ,X5)

−η(X4)ρ(X2,X5)]+α[ρ∗(X2,X5)ρ(ξ,X4)+ρ
∗(X2,X4)ρ(ξ,X5)]

−β[η(X5)ρ(Ŝ∗X2,X4)+η(X4)ρ(Ŝ∗X2,X5)] = 0. (7.3)

Taking X5 = ξ in (7.3), and using (2.14), we get

(kβ− k− γ)ρ(X2,X4)+ [(k+ γ)2n−2nkα]g(X2,X4)

+2nk(α−β)η(X2)η(X4) = 0. (7.4)

Now, replacing X4 by hX4 in (7.4), and using (2.12), we obtain

(kβ− k− γ)ρ(hX4,X2)+ [(k+ γ)2n−2nkα]g(hX4,X2) = 0. (7.5)

Again, replacing X4 by hX4 in (7.5), and using (2.12), we have

(k−1)[(kβ− k− γ)ρ(X2,X4)+((k+ γ)2n−2nkα)g(X2,X4)

+2nk(α−β)η(X2)η(X4)] = 0. (7.6)

This implies that either k = 1 or (kβ − k − γ)ρ(X2,X4) + ((k + γ)2n −
2nkα)g(X2,X4)+2nk(α−β)η(X2)η(X4) = 0.

Now a N(k)-contact metric manifold is a Sasakian manifold if and only if
k = 1.

Therefore we can conclude the following:

Theorem 7.1. Suppose (M2n+1,φ,ξ,η,g) is a N(k)-contact metric manifold
that admits the condition G∗

q ◦ρ = 0. Then the manifold reduces either to the
Sasakian manifold or to the η-Einstein manifold.
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8. N(k)-CONTACT METRIC MANIFOLDS WITH G∗
q ◦h = 0

In this section we consider that a N(k)-contact metric manifold satisfies
G∗

q ◦h = 0. Therefore

G∗
q(X1,X2)hX3 −h(G∗

q(X1,X2)X3) = 0. (8.1)

In view of (1.10) and (2.8), we have

G∗
q(ξ,X2)hX3 = (k+ γ)g(X2,hX3)ξ+αρ

∗(X2,hX3)ξ,

and
h(G∗

q(ξ,X2)X3) = {k(β−1)− γ}η(X3)hX2.

Substituting the above two relations into equation (8.1), we get

{(k+ γ)−αk}g(hX2,X3) = 0.

Replacing X2 by hX2 in the above equation, and using (2.12), we have

(k−1){(k+ γ)−αk}[g(X2,X3)−η(X3)η(X2)] = 0.

After making a contraction, we obtain

(k−1){(k+ γ)−αk}= 0.

This implies that k = 1 provided that (k+ γ) ̸= αk. Now a N(k)-contact
metric manifold is a Sasakian manifold if and only if k = 1.
Therefore we can state the following:

Theorem 8.1. Let (M2n+1,φ,ξ,η,g) be a N(k)-contact metric manifold
satisfying the curvature restriction

G∗
q ◦h = 0.

Then M2n+1 reduces to a Sasakian manifold, provided (α−1)k ̸= γ.
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