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SOME RESULTS ON SASAKIAN AND N (k)-CONTACT METRIC
MANIFOLDS

TANUSHRI BARMAN, ASHOKE DAS, AND MANOJ RAY BAKSHI

ABSTRACT. The main objective of the present paper is to introduce a
new curvature tensor, called the x-generalized quasi-conformal curvature
tensor, in the setting of Sasakian and N (k)-contact metric manifolds. Sub-
sequently, we investigate various semi-symmetric structures associated
with this tensor and derive several interesting geometric characterizations
and results.

1. INTRODUCTION

The symbols S, P, R, and r denote the Ricci operator, Ricci tensor, Rie-
mann curvature tensor, and scalar curvature, respectively. The generalized
quasi-conformal curvature tensor was introduced and studied by Baishya
and Chowdhury [2] in 2016 and was defined on a (2n + 1)-dimensional
Riemannian or semi-Riemannian manifold as follows:

Gq(Xl 7Xz)Xg, = R(X1 ,XZ)X3 —|—a[p(X2,X3)X1 — p(Xl ,X3)X2]
+b[g(X2,X3)8X; — g(X1,X3)8X,)]
cr

_ W(% +a+b)[g(Xa, X3)X1 — (X1, X3)X2),

where a, b, and ¢ are constants. If we set o« = a, B = b, and
Y= —(chil) (ﬁ +a+Db), then, for particular values of (a,pB,y), the

generalized quasi-conformal curvature tensor (Gg4-tensor) reduces to the
following curvature tensors:
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Curvature Tensor (o, B,7y)
Riemann R (0,0,0)
Conharmonic H ( [15]) (—ﬁ, —ﬁ,O)
Conformal C ( [12]) <_2nl—1 : —2n1_1 : 2n(2;_1))
Concircular C ( [27]) (0,0, _WZH))
Projective P ( [27]) (—5-,0,0)
M-Projective M ( [19]) (—ﬁ,0,0)
W, -Curvature tensor ( [17]) (%,0,0)
WA -Curvature tensor ( [19]) (0, —zl—n,O)
Wj-Curvature tensor ( [18]) (0,0, —%)
where
1 A N
C(X1,X2) R(X1,X2) — Zn——l[(Xl N SX2) + (SX1 Mg X2)
r
— (X1 N\ X 1.1
m ( 17\g 2)]7 ( )
~ r
C(X1,X R(X1,.Xp)— — (X1 N\, X 1.2
(X1,X2) (X1,X2) 2n<2n+1)( 1 \g X2), (1.2)
1
P(X1,X2) R(X1,X2) — o (X1 Ao X2), (1.3)
1 A N
H (X1,X>) R(X1,X5) — P [(X1 Mg SX2) + (8X1 N X2)] (1.4)
1 A N
M (X1,X>) R(X1,X0) = - [(X1 A $Xa) + (SX1 Ag X2) ] (15)
1
W (X1,X2) R(X1,X2) — n (X1 Ap X2), (1.6)
1 4 N
Wh (X1,X2) R(X1,X2) — E[(SXI NgX2) + (X1 Ag 8X2)
(X1 Ao X2)], (1.7)
1
Wy (X1,X2) R(X1,X2) — o (X1 N\ X2), (1.8)
and
(X] /\BXz)X3 = B(XQ,X3)X1 —B(Xl ,X3)X2. (1.9)

Recently, semisymmetric classes (see [3,4]) have been studied on (LCS),-
manifolds and o-cosymplectic manifolds. The *-Ricci tensor ( [20]) has
attracted considerable attention from geometers in recent years (see [5, 13,
23,24]). Hamada ( [14]) defined the *-Ricci tensor of real hypersurfaces in
non-flat complex space forms by

N 1
P (X1,X2) = g(87X1,X5) = Efmce{q)oR(Xl,q)Xz)},
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where $* and p* denote the *-Ricci operator and the *-Ricci tensor, respec-
tively. In 2019, Kaimakamis and Panagiotidou ( [16]) introduced and studied
the x-Weyl curvature tensor in the setting of real hypersurfaces in non-flat
complex space forms, defining it as follows:

C* (X1,X2) =R(X1,X2)
1
2n—1

(;—n (X1 A X2) + (X1 Ng S°X2) + (8*X AgXZ)) ,

where r* denotes the *-scalar curvature. Subsequently, the *-Weyl curvature
tensor was studied by Venkatesha ( [24]) in the framework of Sasakian and
(x, u)-contact metric manifolds. Furthermore, Oguzhan et al. ( [1,26]) in-
troduced generalized symmetric connections, which may be regarded as a
broader generalization of quarter-symmetric and semi-symmetric connec-
tions.

Motivated by these developments, we introduce the notion of the -
generalized quasi-conformal curvature tensor (hereafter denoted by the
Gj;—tensor), defined as follows:

Gi(X1,X2)X3 = R(X1,X2)X3+ ag($*X2, X3)X1 — g(8X1,X3)X,)]
+ Ble(X2,X3)8" X1 — g(X1,X3)57X,)]
+ Vlg(X2,X3)X1 — 8(X1,X3)X>]. (1.10)

Similarly, from the Gg-tensor, by setting particular values of (o, B,7y) one
can easily get the following curvature tensors:

Curvature Tensor (o, B,7)
x-Conharmonic H* (—ﬁ, —ﬁ,o)
+-Conformal C* ([16)) | (=37, ~ 327 23 —1))
sw-Concircular C* (0,0, —WZH))
x-Projective P* (—zl—n, 0,0)
x-IN-Projective M* (—ﬁ, 0,0)
- W, -Curvature tensor (2:,0,0)
x-Wh -Curvature tensor (0,— ﬁ ,0)

where

* 1 G* Gx
) = ) T A 1 8
C* (X1,X2) =R(X1,X2) 2n_l[(Xl NgS*X2) + (87X1 A X2)

(X A X))
n 1/\gA2)],

C*(X1,X2) = R(X1,X2) —

*

(X AgXa)
2n(2n+1) e
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. 1
P*(X1,X2) = R(X1,X2) — > (X1 Ao+ X2)

1 . .
H (X1,X0) = R(X1,%0) = 5-— [(X1 Ag87X2) + (8°X1 N X2) ],

1 . A
M (X1,X0) = R (X1, Xa) = - [(X1 A 8%X) + (§°X1 g X0) ]
1
— 5, (X1 Ap Xa)

Wy (X1,X2) =R(X1,X2)

1 e .
Wy (X1,X0) =R (X1,X0) — 2—n[(S*X1 NgX2) + (X1 Ag $¥X>)
= (X1 Ape X2)].

For a (0,2)-tensor field f and a (0,m)-tensor field Y, where (m > 1), on
M1 we define RoY and Q(F ,Y) ( [25]) as follows:

(RoY)(X1,Xa,.... X: X,Y)
= —Y(R(X,Y)X1,X2,....Xpn) — Y(X1,R(X,Y)Xa,...,X,,) — ...
—Y(X1,Xs,...,R(X,Y)X,,), (1.11)
and
O(F,V)(X1,X2, ... Xm; X, Y)
= - Y((XAr V)X, Xa,....%,) = Y(X1, (X Ap V)Xo, ... X)) —
—Y(X1,X2,...., (X \f Y)Xp), (1.12)

respectively.

The remainder of the paper is organized as follows: In section 2, we
present some known results related to Sasakian and N (k)-contact metric
manifolds. Thereafter, we investigate the semi-symmetric condition R- G, =
0 on a Sasakian manifold and show that the manifold reduces to either an n-
Einstein manifold or an Einstein manifold and has constant scalar curvature
(3.3). We also obtain the form of the Ricci operator on a Sasakian manifold
satisfying the semi-symmetric conditions G o §* =0 and Q(p, W5) = 0.
Furthermore, we show that if a Sasakian manifold satisfies any one of the
semi-symmetric conditions Q(p,H*) =0, Q(p,C*) =0, Q(p,C*)=0,
or Q(p,M*) =0, then it reduces to an Einstein manifold. On the other
hand, if it satisfies either Q(p,P*) = 0 or Q(p, W}") = 0, then it reduces
to an M-Einstein manifold. Next, we study N(k)-contact metric manifolds
admitting various semi-symmetric curvature restrictions. We prove that
if a N(k)-contact metric manifold satisfies the semi-symmetry condition
So Gy, = 0, then either the manifold is locally isometric to the trivial sphere

bundle E"*! x §"(4) or it is &-star generalized quasi-conformally flat. We
also show that a N (k)-contact metric manifold satisfying the condition G o
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p = 0 reduces either to a Sasakian manifold or to an n-Einstein manifold.
Finally, we prove that a N (k)-contact metric manifold satisfying the curvature
restriction G, o h = 0 reduces to a Sasakian manifold.

2. PRELIMINARIES

The present section gives preliminaries which will be helpful to establish
our results. All manifolds are considered to be connected and smooth.
According to Blair ( [7]), an almost contact metric structure (¢,&,1,g) on a
Riemannian manifold M>"*! possesses:

e an I-form 1 and a vector field &, the Reeb field, such that n(§) = 1;

e an endomorphism ¢ : TM — TM such that ¢*> = —1 +N®E;

e a Riemannian metric g such that g(0X;,0X2) = g(X1,X2) —
N(X1)M(Xz) for any vector fields X;, X, on M?>"+1

From the above conditions, we get 0o & =0, o ¢ = 0. For an almost
contact metric structure (M*"1,¢,€ 1, g), its Kihler form o € Q?(M) is
given by (X1, X>) = g(0X1,X>). This implies that N A " is a volume form
on M?"*1. The almost contact metric structure (¢, &, M, g) is

e contact metric if dn = w;
e normal if Ny +dn®& = 0;
e Sasakian if it is contact metric and normal.

A contact metric manifold is called Sasakian ( [11], [6]) if any one of the
following equivalent conditions hold

(Vx,0)X2 = g(X1,X2)§ —n(X2)X1, (2.1)
R(X1,X)E = n(X2)X1 —n(X1)Xz, (2.2)

for any vector fields X, X, on M 2n+1 Op a Sasakian manifold the following
relations hold ( [6])

Vg = —0Xi, (2.3)
SE = 2nE. (2.4)

A contact metric manifold is called an n-Einstein manifold if for any smooth
functions A and u on M>"+!| the Ricci tensor p takes the form

p=Ag+men.

Lemma 2.1. ( [13]) The relation between the x-Ricci tensor and the Ricci
tensor on a Sasakian manifold M*"*1 is given by

pr=p—(2n—1)g—men. (2.5)
In view of (2.4), relation (2.5) gives
S*E=0. (2.6)
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By virtue of (2.6), relation (1.10) gives
G,(&,X2)X3 = R(§,X2) X3 + 0g($" X2, X3)& — B (X3)$° X,
+v[g(X2,X3)§ —M(X3)X2).

Taking the innerproduct with & and using (2.2), the above relation becomes

8(Gy(§,X2)X3,€) = alp(X2,X3) — (2n— 1)g(X2,X3) —M(X2)N(X3)]
+(1+7)[g(X2,X3) —n(X2)n(X3)]. 2.7)

In ( [8]) Blair et al. introduced and studied a new type of contact metric
manifolds known as a (k, u)-contact metric manifolds. Thereafter, Boeckx
( [10]) completely classified these manifolds. A contact metric manifold
(M1 ¢,E M, g) is said to be a (k, u)-space if the Riemann curvature tensor
admits

R(X1,X2)€ = k{n(X2)X1 —M(X1)Xa2} +u{n(X2)hX; —M(X1)hXa}, (2.8)

for all vector fields X;,X> on M>"*! and for some real numbers (k, u). This
type of space arises through a D-homothetic deformation ( [21]) to a contact
metric manifold which satisfies R(X;,X;)E = 0. The class of (k, u)-spaces
covers Sasakian manifolds (for kK = 1) and the trivial sphere bundle E ntl
S"(4) (for k =y = 0). There exist examples of non-Sasakian (k, u)-contact
metric manifolds. For instance, the unit tangent bundles of Riemannian
manifolds of constant curvature k # 1. Since a D-homothetic deformation
preserves (k, u)-contact metric structures, one can construct a lot of examples
of (k,u)-contact structures (see [8]). We denote the symmetric tensor field
operator 1 = %;qu) on M?"*! such that

hE = 0,1r(h) = 0,tr(ho) = 0, hd + Oh = 0,
Vx,§ = —0Xi — ¢hX,.

For 4= 0 in (2.8) the (k, u)-contact metric manifolds reduces to N (k)-contact
metric manifolds.

The following formulas are also valid for non-Sasakian (k,u)-contact
manifolds ( [8]):

(Vx 1) X2 = (Vx,h) X1 = (1 = k){28(X1, 0X2)& +1 (X1 )0Xa — N (X2)9X) }

+ (1 = @) {n(X1)0hXo — M (X2)0hX, }, (2.9)

SX1 = (2(n—1) —nu)X; + (2(n— 1) + u)hX;
+ (21 —n) +n(2k+u))M(X)E, (2.10)
S& = 2nkE, 2.11)

(k—1o*>=h*, k<1, (2.12)
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equality holds when k = 1 (equivalently, 4 = 0), i.e., M is Sasakian. For
the non-Sasakian case, i.e., k < 1, the (k,u)-nullity condition determines
the curvature of M completely. In view of this, Boeckx ( [10]) proved that
a non-Sasakian (k, u)-contact metric manifold is locally homogeneous and
hence analytic. Moreover, the constant scalar curvature r of such structures
is given by
r=2n{2(n—1)+k—nu}.

On a (k,u)-contact metric manifolds, we have

(VeS)X1 = u(2(n — 1) +u)hoXi, (2.13)

for any vector field X; on M. On a non-Sasakian (k,u)-contact metric
manifolds, Ghosh and Patra ( [13]) calculated the expression of the *-Ricci
tensor,

p*(X1,X2) = —(k+nu)(g(X1,X2) —M(Xi)n(X2)), (2.14)
which gives
r* = =2n(k+nu). (2.15)

Corollary 2.2. In a (k,u)-contact metric manifolds, the following are true

$*S = 88*, Sh=hS. (2.16)

3. SASAKIAN MANIFOLDS ADMITTING THE SEMISYMMETRY R - G; =0

Suppose (M>"1,6,E,m, ) is a Sasakian manifold satisfying the relation
R- G;‘I = 0. Then,

R(&,X4)G,(X1,X2)X5 — G, (R(E,X4)X1,X2) X3
—G,(X1,R(E,X4)X2) X5 — G, (X1,X2)R(§,X4)X3 = 0.
Taking the innerproduct with respect to &, we have

8(R(E,X4)Gy(X1,X2)X3,8) — g(G(R(§,X4)X1,X2)X3,€)
—8(G4(X1,R(§,X4)X>)X3,€) — 8(Gy(X1,X2)R(§, X4)X3,8) = 0.

Let {E ,}lszl be the set of orthonormal vector fields on M?"*!, then contract-
ing over X4 and X, the above equation yields

2n+1 2n+1
Z g(R G,(Ei,X2)X3,8) Z 8(G,(R(&,Ei)E;, X2)X3,€)
2n+1 2n+1

- Z g(GZ(EiaR(gaEi)XZ)X&EJ)_ Z] g(GZ(E,',Xz)R(&,Ei)Xg,,E_,) =0.
i=1 i=
3.1)
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Using (2.2), (2.7) and the properties of Sasakian metric, we bring out the
following

2n+1

Z g El7X2)X37§)
= p(XzaXs)Jr{(Zn—1)06—5}{9(X2;X3)—(2n—l)g(Xz,Xs)—n(Xz)ﬂ(Xs)}
+{(r—4n*)B +2nv} (X2, X3) — (1+7){g(X2, X3) —M(X2)N(X3)},

2n+1
Z 8(Gy(R(E,EE;, X2)X3,€) = 2n(y+ 1){g(X2,X3) —n(X2)n(X3)}

+2n0{p(X2,X3) — (2n— 1)g(X2,X3) —n(X2)n(X3)},

2n+1
; 8(G,(Ei,R(§,E)X2)X3,8) = —(v+ 1){g(X2,X3) —m(X2)n(X3)}

—a{p(X2,X3) — (2n— 1)g(X2,X3) —n(X2)n(X3)},

2n+1

Y 8(G,(Ei,X2)R(E,Ei)X3,8)

i=1
=[2n—o(2n—r)—2no(2n— 1)+ 2nyn(X2)n(X3).

Next, using the above four relations in (3.1), we obtain

{B(r—4n*)+(2n—1)B—1}

p(X2,X3) = B-1) 8(X2,X3)
n?—r
G B ), 32)

Contracting the above equation, we have

_ 4n?(o—2nB) — (2n+1)
B (o—2np—1)

(3.3)

Thus, we can state that:

Theorem 3.1. Let (M*"+! §,E. 1, g) be a Sasakian manifold admitting the
semi-symmetric condition R- G, = 0. Then, the manifold reduces to an
N-Einstein manifold and is of constant scalar curvature (3.3).

From relation (3.2), we can derive the following table by considering
various particular choices of the parameters (o, 3,7y):
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R-G;=0 1(0(,, B,y)l T.ype |

R-H*=0 (Tm71_m7q) n-Einstein
R-CN’* —0 (_Zn—l’_Zn—l , 2n(2n—1)) 1N-Einstein
R-C*=0 (0,0, —m) Einstein

R-P*=0 (—%,0,0) n-Einstein
R-M*=0 (—ﬁ,0,0) n-Einstein
R-Wy=0 (2—1,1,0,0) n-Einstein
R-Wy=0 (0, —ﬁ,O) N-Einstein

In view of the above table, we can state:

Corollary 3.2. Let (M*"*!,0,E,1m,g) be a Sasakian manifold that admits
the semi-symmetric conditions R-H* =0,R-C* =0,R-P* =0,R- M* =
0,R- W} =0and R- Wy =0. Then the manifold reduces to an M-Einstein
manifold.

Corollary 3.3. Let (M>"*1 ¢, ﬁ,nj g) be a Sasakian manifold that admits
the semi-symmetric condition R -C* = 0. Then the manifold reduces to an
Einstein manifold.

4. SASAKIAN METRIC ADMITTING THE STRUCTURE G;; o8* =0

Let (M?"1 ¢, 1, ) be a Sasakian manifold satisfying the relation Gyo
§* = 0. Then
G;(X5,X4) oS*X; =0,
ie.,
G,(Xs5,X4)S" X1 — §7(G,(X5,X4)X1) = 0.

Taking the inner product on both sides w.r.t. §, we have

N(G;(Xs5,X4)$*X1) — g(8*(G (X5,X4)X1),§) = 0. “4.1)
Again from (2.6), we get
g(8*(G}(Xs,X4)X1),&) = 0. (4.2)
Substituting (4.2) into (4.1), we get
N(Gi(Xs,X4)8X1) = 0. (4.3)

Now, recalling equation (1.10), we obtain

G (Xs5,X4)S*X1 = R(X5,X4)S" X1 + g ($" X4, $"X1) X5 — g($" X5, 8" X1) X4]
+Blg(X4,8*X1)S* X5 — g (X5, 87 X1)S* X4]
+ Y8 (Xa, ¥X1) X5 — ¢(X5,87X1)Xa)]. (4.4)
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Taking the inner product of both sides of (4.4) with respect to &, and using
(2.2) and (2.5), we obtain

(G, (X5, X4)$"X1)
={1+v—(2n—1)a}p* (X1, Xa)n(Xs5) — p* (X1, X5)N(Xs)]
+oufp*($Xa, X1)n(Xs) — p* (85, X1 )N (Xa)).
In view of (4.3), the foregoing equation becomes
{1+y—(@2n—1)a}[p* (X1, Xa)N(Xs) — p*(X1,X5)N(Xs)]
= —aufp*($Xa, X1 )M (X5) — p* (8X5,X1)n(Xa)]-
Taking X4 = £ in the above equation, and using (2.5), we obtain
{1+y—(2n—Da}p*(X1,Xs) +op*(SXs,X;) = 0.
Next, using (2.5) in the above equation, we get
{1+y—20a(2n—1)}p(Xs, X)) + 0p?(X1,Xs)
— (20— 1){1+7— (21— 1)a}g(X1. Xs) + (1 +y+0M(XsM(X)).
Making a contraction in the above equation, we have
o > = @4n’ {1 +y—(2n—1)a}
+(I+y+0)—{l+y—20(2n—1)}r
This leads us to state:

Theorem 4.1. Let ( MZ"H,q), E,M,g) be a Sasakian manifold that satisfies
the semi-symmetric condition G0 S§* = 0. Then

o §|°= (4n® — {1 +v-(2n—1)a}
+(14+y+a)—{1+y-2a(2n—1)}r
5. SASAKIAN METRIC WITH Q(p,Gy) =0

Let (M>"+1 ,€ 1, g) be a Sasakian manifold that satisfies the curvature
condition Q(p,Gy) = 0. Then,

(X1 A\pX2) 0Gy)(Xs5,X4)X6 =0,
1.e.,
(X1 Ap Xz)GZ(Xs,X4)X6 = G;((Xl No X2)X5,X4)Xs
—G;(X5, (X1 Np X2)X4) X6 — GZ(X5,X4)(X1 N X2)X6 =0, S.D
for any vector fields X, X>, X5, X4 and Xg on M+
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Next, recalling relation (1.9), equation (5.1) yields
p(Xz, G;(Xs,X4)X6)X1 — p(Xl,GZ(Xs,X4)X6)X2
—p(Xz,Xs)GZ(Xl,X4)X6 + p(Xl,XS)GZ(Xz,X4)X6
—p(X2,X4) G} (X5, X1) X6+ P(X1,X4) G5 (X5, X2) Xo
= p(Xz,X(,)GZ(X5,X4)X1 — p(X17X6)G;(X5,X4)X2. 5.2)
Putting X5 = X, = Xg = & in equation (5.2) and applying (1.10), (2.2), and
(2.5), we obtain
Bp* (X4, X1) + {1+~ (20— 1)B —2n0t}p (X4, X1)
— {2n(147) —2n0(2n — 1) }g(Xa, X1) +2n(B— aM(Xa)n(X1). (5.3)

For the case . = 3, equation (5.3) implies that the Ricci tensor assumes
either of the forms
p(X4aXl) = an(X4,X1),

N (2n— 1o~ (1+3)
2n—1)o—(1+4y
p(X47X1): o g(X47X1)-

In both cases, the Ricci tensor is proportional to the metric tensor g. Hence,

M?"+1 is an Einstein manifold.
The conclusions of the above discussion are presented in the following
table:

Restrictions (o, B,y) Type

Q(p7H*) —0 (_ﬁ’_ﬁJ)) Einstein
Q(P,C*) =0 (_znl_l ) _2n1—1 ) 2n(2r:+1)) Einstein
Q(p,C*)=0 (0,0 — —Zn(Zr:Jrl)) Einstein
0(p,P*)=0 (_%,070) n-Einstein
Q(P,M*) —0 (_ﬁ,_ﬁ,()) Einstein

o(p, Wy)=0 (ﬁ,0,0) n-Einstein

2
. _ 1 Bp~+{1—(2n—1)B}p

o(p, y)=0 (0,—57=1,0) = 2ng + 2nPN @M.

Thus we can conclude the following:

Theorem 5.1. Let (M?*"!,¢,&.1,g) be a Sasakian manifold satisfying any
one of the semi-symmetric conditions

Q(p,H")=0, Q(p,C")=0, Q(p,C")=0, Q(p,M")=0.
Then, in each case, the manifold is Einstein.
Theorem 5.2. Let (M*"*1,0,E,m,g) be a Sasakian manifold satisfying any

one of the semi-symmetric conditions Q(p,P*) =0, and Q(p, W)") = 0.
Then, in each case, the manifold is n-Einstein.
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Theorem 5.3. Let (M*"1,0,E,M,g) be a Sasakian manifold satisfying the
semi-symmetric condition Q(p, Wy') = 0. Then,

18 1%= 3n—2)r—2n(n—1)(2n+1)+2n.

6. N(k)-CONTACT METRIC MANIFOLDS WITH So G, =0

The k-nullity distribution ( [22]) of a Riemannian manifold (M, g) for a
real number £ is a distribution

N(k) Zp—>Np(k): [X3 S TpM:R(Xl,Xz)Xg :k{g(Xz,Xg,)Xl —g(Xl,X3)X2}] s

for any Xi,X, € T,M, where R is the Riemannian curvature tensor and
T,M is the tangent vector space of M?"*+! at any point p € M. Thus if the
characteristic vector field & belongs to the k-nullity distribution, then we
obtain

R(X1,X2)€ = k{n(X2) X1 —n(X1) X2} (6.1)

Therefore, a N(k)-contact metric manifold is a contact metric manifold
whose characteristic vector field § satisfies (6.1). From (2.2) and (6.1) we
see that a N(k)-contact metric manifold reduces to a Sasakian manifold for
k=1.

In this section, we consider the N(k)-contact metric manifold that satisfies
the curvature condition S o G, =0. That is,

S(G5(X1,X2)X3) — G (8X1,X2)X3 — G (X1,8%2) X3 — G, (X1,X2)$X3 =0,

for any vector fields X1, X, and X3 in M’ 2n+1
Taking X3 = § in the foregoing equation, and using (2.11) we obtain

S(G(X1,X2)8) — G5 (8X1,X2)& — G (X1,8X2)& — 2nk Gy (X1, X2)& = 0.

(6.2)
Now, in view of (2.8), equation (1.10) reduces to

G,(X1,X2)€ = R(X1,X2)E+ (Y= kB){n(X2) X1 —n(X1)X2}.  (6.3)
Next, using (6.3), (2.14), and (2.16) in (6.2), we obtain
kG;(Xl,Xz)é =0. (6.4)

This implies that either k = 0 or G} (X1,X2)€ = 0.

Now, k = 0 implies that the contact metric manifold M>"*! is locally
isometric to the Riemannian product of a flat (n+ 1)- dimensional Riemann-
ian manifold and a n-dimensional manifold of positive curvature 4, i.e.,
E™Fx §7(4) ([9)).

Therefore, we can conclude the following:
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Theorem 6.1. Suppose (M*"*!,0,E,m,g) is a N(k)-contact metric manifold
that admits the semi-symmetric condition S o G;; = 0. Then, either the

manifold is locally isometric to the trivial sphere bundle E"! x §"(4) or is
E-star generalized quasi conformally flat.

7. N(k)-CONTACT METRIC MANIFOLDS WITH Gyop =0

Let a N(k)-contact metric manifold admits the curvature condition Gyo
p = 0. Therefore,

p(G;(Xl,Xz))X5,X4) + p(X5, G;(Xl,Xz)X4> =0. (7.1)
In view of (1.10), and (2.8), we obtain

P(G,4(§,X2))X5,Xs) = (k+7)[g(X2,X5)p (&, Xa) —n(X5)p (X2, X4)]
+ap* (X2, Xs)p(8, Xa) — PN (Xs)p($° X2, Xa). (7:2)
Again, using (7.2) in relation (7.1), we obtain
(k+7)[g(X2,X5)p (8, Xa) —M(X5)p (X2, X4) + 8(X2, X4)p(&, X5)
—N(Xa)p(X2,X5)] + a[p™ (X2, X5)p (8, X4) +p" (X2, X4)p (&, X5)]
— BIN(Xs5)p($*X2,X4) +M(X4)p($*X2,X5)] = 0. (7.3)
Taking X5 = § in (7.3), and using (2.14), we get
(kB —k —v)p(X2,X4) + [(k +7)2n — 2nkat|g (X2, X4)
+2nk(o— B)n(X2)n(Xs) = 0. (7.4)
Now, replacing X4 by hX4 in (7.4), and using (2.12), we obtain
(B —k—7)p(hXs,X2) + [(k+7v)2n — 2nkot]g (hX4, X2) = 0. (7.5)
Again, replacing X4 by hXy in (7.5), and using (2.12), we have
(k—1)[(kB—k—7)p(X2,X4) + ((k+7)2n — 2nkot)g (X2, X4)
+2nk(o— P)n(X2)n(X4)] =0. (7.6)

This implies that either k = 1 or (kB —k —v)p(X2,Xa) + ((k+v)2n —
2nkou)g(X2,X4) + 2nk(a— B)M(X2)n(X4) = 0.

Now a N (k)-contact metric manifold is a Sasakian manifold if and only if
k=1.

Therefore we can conclude the following:

Theorem 7.1. Suppose (M*"*!,0,E,m,g) is a N(k)-contact metric manifold
that admits the condition G, op = 0. Then the manifold reduces either to the
Sasakian manifold or to the N-Einstein manifold.
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8. N(k)-CONTACT METRIC MANIFOLDS WITH Gjoh =0

In this section we consider that a N (k)-contact metric manifold satisfies
G, oh =0. Therefore

G, (X1,X2)hX3 — h(G,(X1,X2)X3) = 0. (8.1)

In view of (1.10) and (2.8), we have

G, (&, X2)hX3 = (k+7v)g(X2,hX3)E + ap™ (X2, hX3)E,
and

h(Gy(5,X2)X3) = {k(B—1) —y}n(X3)hXa.
Substituting the above two relations into equation (8.1), we get
{(k+7v) — ak}g(hXz,X3) = 0.

Replacing X, by /4X> in the above equation, and using (2.12), we have

(k—1{(k+7v) — ok}[g(X2, X3) —M(X3)n(X2)] = 0.

After making a contraction, we obtain
(k—1D{(k+7)—ak} =0.
This implies that kK = 1 provided that (k +Y) # ak. Now a N(k)-contact

metric manifold is a Sasakian manifold if and only if k = 1.
Therefore we can state the following:

Theorem 8.1. Let (M*"*!,0,E,m,g) be a N(k)-contact metric manifold
satisfying the curvature restriction

G,oh=0.
Then M*"*! reduces to a Sasakian manifold, provided (o.— 1)k # .
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