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GRADED DIVISION RINGS

I. N. BALABA, A. V. MIKHALEV

Dedicated to Professor Mirjana Vukdvi the occasion of her #Dbirtday

ABSTRACT. In this paper the survey of the results concerning gradedidn
rings is given. Even though that the graded division ringsrent division rings
in the usual sense the graded modules over graded divisigs hiave properties
similar to those of the linear spaces. We consider the ptiesef the graded lin-
ear spaces and graded rings of linear transformationstidesbe isomorphisms
and anti-isomorphism of graded rings of linear transforomet.

1. INTRODUCTION

In the preface to the Russian edition of R. Baer's monographA. G. Kurosh
wrote that in this book a new branch of algebra, projectigelata, is systematically
presented. Projective algebra connected projective gepmrigh many sections of
algebra: the theory of structures and division rings, ganieory of associative
rings and modules, the theory of classical groups.

Over the last decades, much attention has been given toraigelbjects with a
group-graded structure. Special classes of rings and resavere associated with
corresponding classes of graded rings and modules. Ircplarti instead of endo-
morphism rings of graded modules, it is natural to considadgd endomorphism
rings.

A significant role in the theory of graded rings is played bg tiraded divi-
sion rings, that is, graded rings in which every nonzero hgeneous element is
invertible. Because graded modules over graded divisiogsrhave the proper-
ties similar to linear spaces, they are called graded lispaces. We consider the
properties of graded linear spaces and their endomorpligra. r
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A central problem in the study of operator rings of linearcgsaand endomor-
phism rings of modules is the characterization of their isgrghisms. Isomor-
phisms of rings of linear transformations of vector spaces division rings were
characterized in [10]. In fact, the problem of charactagzisomorphisms of en-
domorphism rings of modules started from the Baer—Kaphariskorem on the
characterization of abeliap-groups by their endomorphism rings (the importance
of the Baer—Kaplansky module approach in this problem wasesized in [15]).

It is shown that each isomorphism of graded rings of lineangformations
is induced by some semi-linear transformations of lineacep [1], each anti-
isomorphism of graded rings of linear transformations tused by some anti-
semilinear transformations. We also prove that any gradepls Artinian ring is
a graded ring of linear transformations of some graded fispace.

Further authors obtained inducibility criteria for isorpbisms and anti-isomor-
phisms of graded endomorphism rings for the class of gradmtlias close to free
ones (i.e., modules having a free cyclic direct summand),[8).

Various aspects of theory of graded division algebras haen bnvestigated
in [9, 19, 20]. In particular, in [9] a full classification, up equivalence, of finite-
dimensional graded division algebras over the field of reailmers with an abelian
grading was given.

2. PRELIMINARIES

Throughout the papeB is a multiplicative group with identity elemeet the
rings are associative-graded with identity 1.

Recall certain definitions. For a graded ribg= Py Dg we denote byh(D)
the set of the homogeneous eleméngss Dg. A nonzero elemerd € Dy is called
the homogeneous element of degreeAm ideal | of D is called graded(or ho-
mogeneoysif | = Pgycc(I NDg). Similarly we define the set of the homogeneous
elementh(M) of a graded modul#! and a graded submoduleC M.

If M = Pgyec Mg ando € G theno-suspension Nb) is the moduleM considered
with gradingM(o)g = Mg for the right module and(o)y = Mg for the left
module.

For the graded righD-modulesM,N we denote by HOM(M,N)q the set of
the homomorphisms of degreg¢ that is,D-linear maps such theft(My) C Ng, for
all h € G. In the consideration of left modules the expressioa HOMp(M,N)g
means thatMp) f C Npg.

Itis clear that HOMy(M,N) = 4. HOMp (M, N)4 is aG-graded abelian group,
and ENO»(M) =HOMp (M, M) is aG-graded ring, which will be callethe graded
endomorphism ringf the graded>-moduleM.

It is well known that if eitherG is finite or M is finitely generated, or boti
andN have finite support then HOMM,N) = Homp (M, N), where Hong (M, N)
is the set of all homomorphism frop to Np [17, Corollary 2.4.4 — 2.4.6]. In
general, the inclusion is proper.
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A gradedD-moduleF is said to be gr-free if it has a basis consisting of homoge-
neous elements, thatfs= ;D (0;), where{aj, j € J} is a family of elements
of G. Note that gr-fredD-module is necessarily a fré&-module when viewed as
D-module by forgetting the grading. At the same time free gdddtmodule is not
always gr-free.

The graded ring is callegraded division ringf its every nonzero homogeneous
element is invertible.

If D = @gyec Dy is G-graded division ring, theDe is division ring and support
G = Sup = {g € G| Dy # 0} of D is subgroup of groufs, D is strongly graded
by G. MoreoverD = D¢+ G is a crossed product of division rifige and a group
G (see [12]).

Example 2.1. A group ringA = kG, wherek is a division ring with a canonical
G-gradingAq = kgis a graded division rings.

Example 2.2. The ring of Laurent polynomial& = k[x,x 1], wherek is a division
ring, has the standaffl-gradingA, = kX" (n€ Z). ClearlyAis aZ-graded division
ring.

Further details on graded rings and modules may be foundrin [1

3. GRADED LINEAR SPACES AND THEIR ENDOMORPHISM RINGS

The graded modules over graded division ring are calledled linear spaces
because they have the properties similar to linear spaces.

The following lemma shows how homogeneous bases of gradedrlispaces
are constructed.

Lemma 3.1. Let D be G-graded division ring, and ¥ Py Vg be right strongly
graded D-module. If a family = {v; | vi € Vy }icl is the homogeneous basis of V
then a family{vid; | v € B, d; € Dgflg\{O}}i@ is a basis of right @-module {
for every \j # 0 (g € G). Conversely, ifB = {vi }c is a basis of right @-module
Vg then{vi }ic| is the homogeneous basis of graded D-module V.

Theorem 3.2. [1, 16] All homogeneous bases of graded linear spaces V over
graded division ring D have the same cardinal number.

Remark that the elements of the homogeneous basis of a gliadad space
V over graded division rindD are linearly independent ov& and every graded
subspace of a graded linear space has a complementary grangzhce.

Theorem 3.3. A graded ring D with identityl is graded division ring if and only
if every right (left) graded D-module is gr-free.

Proof. Let D be a graded division ring and be a nonzero right (left) graded
D-module. Then any subset consisting of one homogeneousstenfV is lin-
early independent ovéd. The sel® of all linearly independent subsets\éfsatis-
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fies the condition of Zorn’s Lemma so there is maximum lineartiependent ho-
mogeneous subsBtin V It is easily check thaB basis ofV, henceV is gr-free.
Conversely, let every right grad&module be gr-free, and8 a< h(D). Since
aD s gr-freeaD = D(g) for someg € G. Thereforeab= 1 for someb € h(D) and
D is graded division ring. O

A graded endomorphism ring ENJIV) of a graded lineaD-space¥ is called
thegraded ring of linear transformations

It is known (see, for example, [17, Proposition 2.10.5])ttiiaV is a graded
finitely generated right module with a basis of homogeneolsments
V1, V2, ., Vi, Vi € Vgt (i=1,...,n) then ENO)(V) is isomorphic to a graded matrix

ring Mn(D)(91,--.,0n) = ®heg Mn(D)n(91,-..,0n), Where

Dgilhgl Dgilhgz e Dgilhg"l

1 —1 D —1
g, ha g, hg g, hon

Mn(D)h(gl,---,gn) = 2. 2. 2-
Dgithg Dgitng, - Daatng,

Theorem 3.4. Every graded ring of linear transformatioiSNDp (V) of a graded
linear space Y is gr-regular, that is every its homogeneous element islaegn
the sense of von Neumann.

Proof. Let$ € (ENDp(V))g thend (V) is a graded subspace\dfso¢ (V) is direct
summand oV. From [11, Proposition 1] it follows that thé is a regular ele-
ment in Eng (V), i.e. there exist such elemetite Endy (V) such thathpyd = ¢.
Definey/ :V — V asy/(v) = Q(v)q 1, for anyv € Vi, hereg(v) 41y, is a homoge-
neous component af(v) of degreeg—h. It is clear thatyy is homomorphism of
g~ degree such that/'d = ¢. Therefore ENR(V) is a gr-regular ring. O

The partially ordered séP; <) and(Q; <) are calledsomorphic(anti-isomor-
phic) if there exists isomorphism (anti-isomorphism) of de@ndQ, i.e. a one-to-
one mapp : P — Q such thati < btakes place foa,b € Pif and only if ¢ (a) < ¢ (b)
(¢(2) > ¢(b)).

The following theorem is a graded analog of the "triangle d&altheory”
[10, chV, 82].

Theorem 3.5. [1, Theorem 2.3.]Let V be a G-graded right linear space over
graded division ring D, A= ENDp (V) be its graded ring of linear transformations.
Then following statements hold:

1) there exists an anti-isomorphism between the lattice ofthded subspaces
of V and the lattice of the left graded annihilators of thedgd ring A;

2) there exists an isomorphism between the lattice of the gradbspaces of V
and the lattice of the right graded annihilators of the grddeng A;



GRADED DIVISION RINGS 171

3) there exists an anti-isomorphism between the latticesefitiht and of the
left graded annihilators of the graded ring A.

4. ISOMORPHISMS AND ANTH SOMORPHISMS OF GRADED RINGS OF LINEAR
TRANSFORMATIONS

Amap¢ : A— B of two G-graded rings is calledn isomorphisnof graded rings
if it is a ring isomorphism and ¢(A)y € By for al g € G
A map¢ : A— B of two G-graded rings is calledn anti-isomorphisnof graded
rings if it is a ring anti-isomorphism anfi(A)g C B,1 for all g € G.

It is clear that the anti-isomorphism of graded ridgandB is the isomorphism
of graded ringA and the opposite graded riij®.

Definition 4.1. LetV and W be the right graded linear spaces over gradedidivis
rings D and E correspondingly. A semi-linearisomorphism ¢ € G) of graded
linear spaces ¥ and W is a pair (B,a), wherea : D — E is a ring isomorphism,
B:V — W is an isomorphism of Abelian groups (V)P C Wy, (Dg)* C Eo1g0
and (vd)P =\Ad® forallv eV, d € D.

Theorem 4.2. [1, Theorem 3.1].et A= ENDp(V) and B= ENDg (W) be the
graded ring of linear transformations of graded linear spad$ and W. Then
¢: A— Bis an isomorphism of graded rings if and only if there existedement
o € G and a semi-lineao-isomorphism(B,a) of graded linear spacespvand W
such that P=Bfp~1forany feA.

As a corollary, we obtain Rasin's theorem on inducibilitydemorphisms of
finite-dimensional superspaces semilinear isomorphish [1

Definition 4.3. LetpV be a left graded linear D-space and=We a right graded
linear E-space. An anti-semilinearisomorphismd € G) of graded linear spaces
pV and W is a pair (a,3), wherea : D — E is a ring anti-isomorphism,
B:V — W is an isomorphism of Abelian groups(\§)? CWy16, (Dg)® CEg14-16
and (dv)P =\fd® forallv eV, d € D.

If Vp is a right graded linearD-space, then the dual module
V* =HOM(Vp,Dp) is a left graded lineaD-space and there exists a canonical
homomorphisnwy : V — V** such that f)wy (v) = f(v) forallve V, f e V*.

The linear spac#/p is said to betorsionlessif wy is a monomorphism, and
reflexiveif wy is an isomorphism.

If Vp is a torsionless module, then there exists a unique mondrisonp
¢ : END(Vp) — END(pV*) such thatf (nv) = (fn*)vforallveV, f e V* (here
n*=¢(n)).

Since a graded linear spadg is reflexive if and only ifVp is finite-dimensional
from [2, Theorem 2] we get the following theorem.



172 1. N. BALABA, A. V. MIKHALEV

Theorem 4.4. LetpV and W be graded linear spaces over graded division rings
D and E correspondingly. Theg: ENDp (V) — ENDg (W) is an anti-isomorphism
of graded rings if and only KV and W are finite-dimensional spaces and there
exist an elemerd € G and anti-semilineao-isomorphism(a, 3) of graded linear
spaces ¥ and W such that(fn*)P = n®fP for any f € V*, n € ENDp(V).

5. GOOD GRADING ON MATRIX RINGS

A grading of the matrix ring$1,,(k) over a fieldk is calledgood(or elementary
if all matrix units Ej; are homogeneous elements (see [7, 13]). All these gradings
can be obtained as graded rings of linear transformatiorsomife graded linear
space over field.

Remark that there exist gradings of the matrix rings whidah rast graded en-
domorphism ring of the graded modules. An important plac¢hetheory of
graded rings is the problem of description all gradings.18] a description of all
Zy-gradationsMz (k) is given. In [7] has been completely described all abelian
gradings on a matrix algebra over an algebraically closdd &€ characteristic
zero, and in [8] this result was generalized to the case ofatmiian gradings.

Following [13], G-grading of the matrix ringM,(A) over arbitrary graded rings
A is calledgood if there exist a finitely generated gr-free righimoduleF such
thatM,(A) ~ ENDa(F) (as graded rings).

The following theorem gives a description of gr-simple gti®an rings and
refines the results of [17, Theorem 2.10.10] and [14, Prdiposi.3].

Theorem 5.1. Let A= Py Ag be gr-simple gr-Artinian ring. Then A is isomor-
phic the matrix ring with good grading over some graded dioriging D. Besides
if A= Mp(D)(g) = Mn(E)(h), then n=m and there exit € G and ring isomor-
phismB : D — E such thaB3(Dg) = Eg-146-

Proof. Since A is gr-Artinian ring then its graded Jacobson radigg(A) = 0.
As A is gr-simple ring then it is gr-primitive. Using [16, Profitien 2.8] we
haveA = ENDp (V) for some graded division rin® and finite generated graded
D-moduleVp. Thus,A= M,(D)(g).

Let A= Mp(E)(h) then A = ENDg (W) for some finite generated grad¥d¢
over graded division rindge. From Theorem 4.2 it follows that there exstce G
semi-linearo-isomorphism linear spac&$ andWe that induces an isomorphism
of graded ringsp : ENDp(V) — ENDg(W). Thus,n = m and there exist ring
isomorphismf3 : D — E such thaB(Dg) = E;-14g- O

Since a matrix ring over division ring is simple Artinian gint is gr-simple
gr-Artinian ring too.

Applying Theorem 6.1 we get
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Corollary 5.2. Let My(K) be a matrix ring over division ring K graded by a group
G. Then there exist natural number m, that is a divisor of adgd division ring
D andg = (91,...,9m) € G™such that M(K) = Mn(D)(Q).

6. SEMISIMPLE GRADED RINGS

A graded ringA is called right gr-semisimple if it is a direct sum of minimal
right graded ideals. This means th{ is semisimple object of the category of
right graded modules.

It is khown, A is right gr-semisimple ring if and only if it is left gr-sennisple
[17, Propositin 2.9.5] so we will called such rings gr-seme.

The following theorem is the the graded version of Wedderbthrtin theorem

Theorem 6.1. [3, Theorem 4For a graded ring A following statements are equiv-
alent:

1) Alis gr-semisimple ring;

2) A'is gr-Artinian right (left) with zero graded Jacobson radl J (A);

3) for every right (left) graded ideal L in A there exist homogeus idempotent
ec A such that L= eA (L= Ae);

4) A is gr-Artinian right (left) and gr-regular ring;

5) Ais gr-Noether rings right (left) and gr-regular ring;

6) A is gr-Artinian right (left) and gr-semiprime ring;

7) Ais direct sum of matrix rings over graded division ring withod grading.

Notice that the condition of gr-semisimplicity is weakeaiththe condition of
semisimplicity. The semisimple graded ring is gr-semidarijut a group ring&\G
is semisimple if and only if ring\ is a semisimple ring an@ is a finite group with
order invertible inA[21, Theorem 12.2].
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