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ABSTRACT. Inthis paper we consider flat mixed matrix problems, i.e.ptob-

lems of reducing a family of matrices by some family of adrhiestransforma-
tions. We present some examples of flat matrix problems obumtbed repre-
sentation type which are considered over a discrete vahmting with a skew
field of fractions and its skew field extension of the secorgteie.

1. INTRODUCTION

Matrix problems, i.e. the problems of reducing a family oftriteés by some
family of admissible transformations, arise in many praofdeof representation
theory of rings, algebras and species. The general definifi@ matrix problem
was given by Roiter [12] over a field and then was generalize®iozd [4] to
matrix problems over rings. This paper is devoted to theystiddlat mixed matrix
problems over a discrete valuation ring (DVR) with a skewdfief fractions and
its skew field extensions. Following to R.B.Warfield, Jr. [&3ing is of bounded
representation type if there is an upper bound on the nunilgemerators required
for indecomposable finitely presented right modules. Agailsly we can define
flat matrix problems of bounded representation type [10this paper we present
some examples of flat matrix problems of unbounded reprasentype which are
considered over a DVR with a skew field of fractions and itsaskeld extension
of the second degree.

Let O be a DVR (not necessary commutative) with a skew field of ibastD.
Let D’ be a skew field which is a finite extension Bf Assume that there exists
a fixed fieldk c D ¢ D’ such that dimD < o and dinkD’ < «. Moreover, in
this paper we assume th&tc C andK c C’, whereC andC’ are centers ob and
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D’ correspondingly. Then digD < o and dimyyD’ < . We denotgD’ : D], the
dimension oD’ as a right vector space ovBrand[D’ : D], the dimension oD’ as
a left vector space ovéd. Then under our assumptiof®’ : D], = [D’ : D]; < c.
We denote this common dimension[&%: D|.

SinceONK is a DVR, it can be shown that there exists a maximal otdlen a
skew fieldD’. From results of [1] it follows that:

1) O’ is a hereditary ring;

2) the Jacobson radic® of the ring 0’ is a maximal two-sided ideal;

3) N(R) =0;

i=1

4) O is a principal ideal ring. B

It can be constructed the localizatioh= O'r by the maximal two-sided princi-
pal idealR in the sense of the paper [2], which is a DVR with the unique imak
idealR, moreoverO Cc O’ C O.

In this paper we will consider skew field extensions of theogdcdegree. Let
D c D' and[D’: D] = 2. If chaD # 2 thenD' is the Galois field oveb and there
is an elementt € D'\ D such thati? € D andaD = Da [11].

Let O be a DVR with a classical skew field of fractiods Consider the ring
aOa~! c D. ThenO andaOa~? are hereditary principal ideal domains and there-
fore they are maximal orders i[1]. Moreover, they are conjugated by inner auto-
morphism of D, that is there exists an elemend € D such that
0 = d(a0a~1)d~1 = (da)O(da)~t. Denotea; = da, thena;D c Da; and
aZ € D. SinceO is a DVR we can choosa? € O. So in this case there is an
elemento € D'\ D such thati? € 0, a0 = Oa andaD = Da.

Let chaD = 2. If Cis a center oD andC' is a center oD’ then two cases are
possible:

nc¢gcC

2)C'cCcbhcD.

In the first case there is an element C'\ C such tha? € C or o2 + o € C.
Thena € D'\ D andad = da for anyd € D. Moreover, we can consider that
a?c Oora?+4ave 0, whereve ONC.

In the second cag€ : C'| = [D’ : D] = 2 and two cases are possible:

a) the fieldC is a separable extension of the fi€d ThenC is a Galois field
overC' and there is an elemeate D'\ D such thattO = Oa anda? € O [3].

b) the fieldC is a pure nonseparable extension of the f@&ldThen there is an
elementa € D'\ D such thatnd + da € D for anyd € D anda® +a € D [3].

So we will distinguish two essentially different cases:

. There is an element € D'\ D such that? € O anda O = Oa.

Il. There is an elemend € D'\ D such thain? 4+ a € D andad + da € D for
anyd € D.
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We use the notions and results from [7], [8] and [9]. Througtthis paper all
rings are assumed to be associative with @ and all modules are assumed to be
unital.

2. MIXED MATRIX PROBLEMS OVER DISCRETE VALUATION RINGS AND
SKEW FIELDS

In this section we consider some flat mixed matrix problener @VRs O; for
i =1,...,k and their common skew field of fractiom® and its skew field exten-
sionD’. These matrix problems generalize a flat matrix problem idensd by
Zavadskij and Revitskaya [14]. Some examples of such flatixyatoblems were
considered in [5], [6].

Let O be a DVR with a classical skew field of fractioBsand letD’ be a skew
field extension oD.

By left O-elementary transformations of rows of a maffixvith entries inD we
mean transformations of two types:

(a) multiplying a row on the left by an invertible element@f

(b) adding a row multiplied on the left by an elementfo another row.

In a similar way we can define leR-elementary D’-elementary) transforma-
tions of rows and, by symmetry, righD-elementary and righD-elementary
(D’-elementary) transformations of columns.

Elementary transformations (a) and (b) can be given by iiilerelementary
matrices. Multiplications on the left (right) of a matrix by elementary matrices
correspond to elementary row (column) transformations.

Let A = {0 }i=1. x be a family of discrete valuation rings with a common
skew field of fractionsD and its skew field extensioR’. Consider the following
flat matrix problem ovef andD’.

Main flat mixed matrix problem.

Let A = {0 }i=1. x be a family of discrete valuation rings with a common
skew field of fractiond and its skew field extensiad’.

Let T be a block rectangular matrix with entries M partitioned inton hori-
zontal strips{T; }i-1,.. n andm vertical StripS{Tj}j:]_7m7m so that each bloclriJ is
the intersection of th¢-th vertical strip and theth horizontal strip, some of these
matrices may be empty.

One has the following admissible transformations with trerm T:

1. Left R -elementary transformations of rows within the stiip, where
F.eAUD'.

2. Right Fj-elementary transformations of rows within the sthip, where
Fj, € AUD'.

The admissible transformations with the matfixcan be given in the form
T — XTY, whereX = diagXy,...,Xp) andY =diag(Y1,...,Ym), and allX; and
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Y are square invertible matrices. Moreovis, C My (F,) andYj C My, (F;,),
whereF,Fj, € AUD'.
Indecomposable matrices and equivalent matrices are defireenatural way.
A flat matrix problem is said to be dinhite type if the number of non-equivalent
indecomposable matrices is finite.

Definition 2.1. [14] The vector
d=d(T)=(dq,dy,...,dy;d%d?,...d"), (2.1)
where d is the number of rows of the i-th horizontal stripffori=1,...,n and

d! is the number of columns of the j-th vertical stripTofor j = 1,...,m, is called
thedimension vectorof the partition matrixT. We set

dim(T) = _idi + idj. (2.2)
= =

Definition 2.2. [14] We say that a flat matrix problem is bbunded represen-
tation type if there is a constant C such thdim(X) < C for all indecomposable
matricesX. Otherwise it is olinbounded representation type

This paper is devoted to study flat mixed matrix problems dfaumded repre-
sentation type considered over a DVR with a skew field of foast and its skew
field extension of the second degree. These matrix probleises & particular, in
considering representations(@, O)-species and some classes of semidistributive,
hereditary and semihereditary rings [10].

3. MIXED MATRIX PROBLEMS OF UNBOUNDED REPRESENTATION TYPE

Matrix Problem 1.

Let O be a DVR ring with a skew field of fractions D and the Jacobsaficed
R= 1O = Om, and D a skew field extension of D of degr2e

Consider a block rectangular matrix with entries in D partitioned into two
vertical and two horizontal strips

All
T= o8 (3.1)
where A € Mmxn, (D), B € Mixm(D'), | € Mn(D’) is the identity matrix and
O € Myxn, (D) is the zero matrix.

Assume that on the matrix one has the following admissible transformations
1. Left D-elementary transformations of rows within any horizorgaip of the
matrix T.
2. Right O-elementary transformations of columns within the firstigaf strip of
the matrixT.
3. Right D-elementary transformations of columns within the secartloal strip
of the matrixT.
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Moreover, these transformations should not change thengivatrix|.
Lemma 3.1. The matrix problem | is of unbounded representation type.

Proof. |. Consider the case |, i.e. there is an elenert D"\ D such thao? € O
andaO = Oa. LetR=10 = Ot We setn; =2n,m=n, k=1 and

10 --- Ola O -- 0
01 .- 0[0 a® -- 0

o0 .- 110 0 ... amnmD

B=[m"! n"2 ... m 1]. (3.3)

We show that the matriX of the form (3.1) with the pair of matrices (3.2), (3.3)
is indecomposable for any > 0. For this aim it is sufficient to show that the
following matrix equalities:

SSA=AWN, S,B=BS (3.4)
where

W2 =W € Mp,(0), S;=S1 € Mn(D'), S5=SeM(D)),  (3.5)

hold only if W, S;, S, are either all the identity matrices or all the zero matrices

LetW = (xij), S1 = (Y1), S2 = (2), wherex;; € O, andyy,z< D'. In this case
the matrix equalities (3.4) give the following system oflan equations fox;;, yki
andz

Vi =% +om@ i (i) =1,2,...,n) (3.6)
yijC(T[z(j_l) - Xi,n+j +GT[2(i_2)Xﬂ+i,n+j (|>J = 17 27 ceey n) (37)
it =y Py A Py b A T i Ve (i=1,..,n)  (3.8)

SinceS3 = S,, we havez? = z, and s =0 orz= 1.
1) If z= 0 then from (3.6) and (3.8) it follows that
(T g + 172X + -+ + T 1 + Xni )+

(T Y0 1 + T 2078%0s 25 4 TR 201 4+ A" Yxon;) = 0.
Taking into account that elementadare linear independent ovBranda O = Oq,
e D, we have:

T Ui + T2 + -+ + a1 + Xni = 0 (3.9

T te 1+ Te2Xni2) + -+ T Sen_1Xon-1j + T Xen =0, (3.10)

whereg; € 0%, i =1,...,n+ 1, which implies thak,; € R, X,+1; € R(i=1,...,n).

Analogously from equalities (3.7) and (3.8) we obtain that,i € R, Xn+1n+i €R
(i=1,...,n). This implies that

Xni € R, Xay1i € Rfor (i=1,....2n). (3.11)
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Substituting (3.6) into (3.7) we get:
X art?U=D 4 a1 ar?U Y = x4+ AP iy

fori,j=1,....,n. Sincea O = Oa anda? € O,

X TUD = - (312
X RUD = rRI-Dx o (313
Xintj = o2ret-Vr2i-Dyx o (314)

andx; = xij&j, wheregjj € O (i,] = 1,2,...,2n).

Taking into account (3.11), we obtain from (3.12)—(3.14tth; € Rif i > |,
Xntinej € RIF I < jandxnj € R, foralli,j=1,..,n. Moreover, substitut-
ing (3.12)—(3.13) into (3.9)—(3.10) we obtain thate R and Xq.in+i € R for all
i=1,...,n. Thus,xj € Rif i > |, Xayintj € Rif i < jandxnyj € R, for all
i,j =1,..,n. Therefore the matri¥V has the following form:

Wi | Wi
W= ,
( Wo1 | W2 )
where

R O -- R ---
R R R

@) R
... 0 o)
Wae | W2e ) L
R R --. R O O --- R
Wiz € Mp(R), andWay € Mp(O).
SinceWw? =W and N R =0, we obtain tha®w = O. Then from (3.6) it follows

i=1
that alsoS; = O.
2) If z= 1 then we may consider the matric, S|, S, which are connected
with matricesW, S;, S, by the following:

Y

W=I1-W, S=1-5, S;=1-5,. (3.15)
Substituting these relations to (3.4) — (3.5) we obtain:
SIA=AW’, S,B=BS,. (3.16)

Taking into account conditions (3.5) we obtain the analegmnditions:

W2=W, s°=s), =S5,
Sincez= 1, S, = 0 and so we have the previous case. Thereéféte- O, S; = O
that impliesW, S; andS, are the identity matrices. So in this case the matrix
is indecomposable. Sina@{T) = 4n+ 1, the matrix problem | is of unbounded
representation type.
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Il. Consider now the case I, i.e. there is an elenweatD’ \ D such that?+a e
D andda +ad € D for anyd € D. Let O’ be a maximal order in the skew fieldl
with the Jacobson radic&, andO, the localization0’ over the radicaR’. Denote
O = Ok- ThenO's alocal ring with the unique maximal ide) andO C O’ C O.
We can consider that € O. We choose an elemermitc RN O andmt# 0.

Let A, B, W, Si, S, be matrices as in the first case. Then we obtain system
(3.6)-(3.8). Since® =z, thenz=0o0rz=1.

1) If z= 0 then from equations (3.6), (3.8), taking into account that are
linear independent ovéd andad = da +d; for anyd € D, a € O, we get that

g + T2+ -+ T 1 + Xoi
AT X+ T 22+ - 4+ T TR Do 15 =0 (3.17)
whererq,...,rp_1 € 0.
T X1+ s i + -+ T %01 + T 20 =0 (3.18)

fori =1,...,n. Thereforex,j € R Xy, 1; € Rfori=1,...,n.
Analogously from equations (3.7) and (3.8) we get that;i € R, Xp+1n4i € R
fori=1,...,n. Thus,

Xni ER, Xnp1i €R for i=1,...,2n (3.19

Substituting (3.6) into (3.7) and taking into account thdt= da +dy, a2 +a €
D, a € O, we obtain:

% TEU~ 4 200y Y 120D (0 + X jo)TRU Y =

=1 DXasing s (3.20)
(0% 4,00 TU D 0 U = x| (3.22)
fori,j=1,...,n, wherer € O'ND.

Then from conditions (3.19) it follows thad; € R if i > j, andXyyin+j € R
if i <j,fori,j=21,...,n. Moreover, after substituting (3.20), (3.21) into (3.17),
(3.18) we geki € R, Xnyin+j € R fori=1,...,n. Thus we have the same condi-
tions as in the first case. So the matrix problem | is of unbednepresentation

type.
Matrix Problem II.

Let O be a discrete valuation ring with a skew field of fractions [@ éime Jacob-
son radical R= 110 = Om, and let B be a skew field extension of D of degiee
Consider a block rectangular matrik partitioned into two vertical strips

A
T=5 (3.22)

whereA € Mmyn, (D), B € Mgxn, (D).
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Assume that on the matrix one has the following admissible transformations
1. Left D-elementary transformations of rows within the firgtibontal strip of the
matrix T.

2. Left D'-elementary transformations of rows within the secondzwnial strip of
the matrixT.
3. Right O-elementary transformations of columns of the matrix

Lemma 3.2. The matrix problem Il is of unbounded representation type.

Proof. Analogously to the matrix problem | for given two matric®s M., (D),
B € M«n, (D’) we have the following matrix equalities:
SIA =AW, S,B=BW, (3.23)
where
W2 =W € M, (0), SZ=5; € Mn(D), S5=5, € Mi(D'). (3.24)

|. Consider the case |, i.e. there is an elenert D'\ D such that? € D and
a0 = 0a, a?e 0. Let 0# me R, whereRis the Jacobson radical of.
Wesetm=1,ny =2n+1,k=nand

A=[1][0 --- 0|0 --- O] (3.25)
m" [1 0 -~ 0]a 0 - 0
mmYlo 1 -~ 0/0 am® -- 0
B=| . R (3:26)
mw! |0 0 --- 1|0 0 ... gD

LetW = (xij), S1 = (2), S2 = (Yu), wherexj € O, fori,j=1,...,2n+1,z€ D,
ya € D/, for k,I = 1,...,n. Taking into account the matrix equations (3.23) we
obtain the system of linear equations g1, zandyj:

X11 =12 (3.27)
x1=0 (i=2,....2n+1), (3.28)

xqqre (D Xii+1+ X1,n+i+10(Tl2(i71) =
=10y + 10 Yy by (i=1,...,0) (3.29)
Xi+1,iT[7(n7j+l) +Xi+1,j+1+ Xi+1.n+j+10m2(j71) =Yij (3.30)

Xnig1aT0 I 4 Xnti+1,j+1+ Xn+i+17n+j+10m2(171) = O”'[2('71)%1‘ (331
fori,j=1,...,n. SinceW?2 =W, & =S (i = 1,2), we getz’ = z, which implies
thatz=0o0rz=1.

Letz= 0, thenx;; = 0 and the equations (3.29)—(3.31) take the form:

X1,j+1+ X1,n+j+1(XT[2(j_1) = T[‘”ylj + T[_(“_l)yzj et Tf_lynj (3.32)
Xt 1,41+ X1 j420T0 Y = ) (3.33)



MIXED MATRIX PROBLEMS IN THE THEORY OF REPRESENTATIONS 215

Xntitd,j+1+ Xn+i+1,n+jJrloﬂ'[z(j_1> = anz(i_l>Yij (3.34)
fori,j =1,...,n. Substituting (3.33) into (3.32) and taking into accouraitth
oD = Da and elements I are linear independent ovBrwe get:

. ~(n-1 1
X1j+1 =T X jr1+TT (n )X37j+1+-'-+T[ Xn+1,j+1) (3.35)

X j42TCU Ve = 00 1P Ve + -+ T 0 2120 Veg (3.36)

for j = 1,....,n, where €& € O*. This implies that x,; € R for
j =2,...,2n+ 1. Analogously, substituting (3.34) into (3.32) we get:
O(ZT[Z(j_l)XLn-IrHl - T[_nxi1+27j+1 +eeet len_3XJ2n+17j+1 (3-37)

X1,j+1 = Tr”x’n+2,n+j+l + ni(n73))(n+3,n+j+l +oeet len73X’2n+1,n+j+1 (3-38)
for j=1,....n, wherex, i ;1 = Xati j+18ij, Xyingjr1 = Xorintj+18ij, €,
g&je o fori,j=1,....n
Then from equations (3.37), (3.38) we get tkat> j € Rfor j=2,...,2n+1.
Substituting (3.32) into (3.34) we get:

Xnti+l,j+1 = C(ZT[Z(F:L)T[Z(jil)XiJrl,nJerrlsij ) (339)
Xn+i+17n+j+1T[2(jfl) = Xit1,j+18ij T[z(ifl% (3.40)
TEZ(J?l)Xn+i+1,n+j+léj = nz(lil)XiJrl,Hl? (341

where gjj,&; € O*. From these equations it follows thatx,,i;1j+1 € R;
Xit1,j+1 € Rif | < J; Xnyizintj+1 € Rif i > jfori, j =1,...,n. Moreover, substi-
tuting (3.40),(3.41) into (3.35), (3.38) we get thkatij. 1 € R, Xnir1nrir1 € Rfor
i =1,...,n. Thus the matrixV_ has the same form as in the previous lemma and
therefore we analogously obtain théft, S; andS; are the zero matrices.
Analogously to lemma 3.1. it can be considered the case whed. So the
matrix T is indecomposable. The case Il can be considered as in lenim&iBce
d(T) = 4n+ 2, the matrix problem Il is of unbounded representation type

Matrix Problem III.

Let O' be a discrete valuation ring with a skew field of fractionsdnd the
Jacobson radical Rand let D be a skew subfield of Bf degree2.

Consider a block rectangular matrix with entries in D partitioned into two
vertical and two horizontal strips

All
T= o8 (3.42)
where A € Mmn(D'), B € Myxm(D), | € My(D') is the identity matrix and
O € Mxn(D’) is the zero matrix.

Assume that on the matrik one has the following admissible transformations
1. Left D-elementary transformations of rows within any hontal strip of the
matrix T.
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2. Right O’'-elementary transformations of columns within the firsticat strip of
the matrixT.
3. Right D-elementary transformations of columns within theond vertical strip
of the matrixT.

Moreover, these transformations should not change thengivatrix|.

Lemma 3.3. The matrix problem Il is of unbounded representation type.

Proof. To prove this lemma it is sufficient to consider the followiggstem of
matrix equations
AW =S1A, BS; =SB, (3.43
where
W2 =W € M, (0), S§=5S;€Mn(D), S3=5; € My(D) (3.44)
Suppose that an elemefitc D'\ D is chosen in such a way that in the case
I: 8D = DO, 82 € D, and in the case 1Bd +d6 < D for anyd € D and8?+ 0 € D.

Let R be the Jacobson radical of the rilgand 0# e R ND. We setn; = 2n,
m=2nk=1and

10 ojm o0 - o0
01 ojom® - o0
00 . 10 0 .. !
06 0| 00 - 0
B=(m! ... m 1/0 - 0). (3.46)

We show that in this case the system of matrix equations ¥3(@314) has only
two solutions: 1) all matrice®V, S;, S, are the identity matrices; 2) all matrices
W, S, S are the zero matrices.

LetW = (xij), S1 = (Yu), S2 = (2), wherex;; € O, yu,z < D. Then we obtain
the following system of linear equations fay, y«, z

Yij +Yine 0= Xj + 10 Xnsi | (
YT =X+ T Saging (
Ynti,j + Ynting |0 = 6] (3.49
Yn-lri,jTIZJ_1 = 0% n+ j (
n
it =5 iy (3.51)
2,
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n .
0= i;ﬂn_'yi’nﬂ' (352

fori,j=1,...,n.

Suppose thad € 0'*. Consider the case |, i.6d = d, 62 € D whered,d € D.
Then from (3.47)—(3.50) it follows thatj € O'NDfori,j=1,...,n.

SinceSs = S, we havez? = z, that implies(z= 0) v (z= 1). Assumez = 0,
then equation (3.51) takes the form:

n .
ZiTlnilyij =0 (j=1,...,n). (353
i=
Substituting (3.50) into (3.48) we get:
Oy TP = Yo 70+ BT i

which implies that o
Yijs Yntij € =o' (3.54)

Xntintj € athelel
fori,j =1,...,n. Substituting (3.49) into (3.47) we get:
OYij + 8Yin+ 0= Ynrij +Ynrine 8+ O Xniij.
Taking into account thad = de, 62 € D and conditions (3.54), we obtain:
Yntintjs Yintj € LaUiol (i,j=1,...,n).
Therefore from (3.49) and (3.50) it follows thax; € @(-)0 and

Xingj € TMX@-22-1 o for i, j = 1,....n. Multiplying the equality (3.47) on
the left side by™' and summing by we have:

n n n n
T[n—iy.. + nn—iy_7 0= nn—ixi. + Tln_iTIZi_lxn .
Taking into account (3.52) and (3.53) we obtain:
Znn_lxij + ZLTF_'T[Z'_lanri.j =0.
i= i=
Since x; € ™07V 0/, from the last equality it follows thak; € M0’ c R
fori=1,...,n. Multiplying the equality (3.48) on the left side by and sum-
ming byi we obtain:
(i;nn_l)’ij )T[ZJ_l = i;ﬂn_lxi,nﬂ +i;ﬂn_'ﬂ2|_1)(n+i.n+ja
and taking into account (3.53):

n n
TlnfiXi,nJrj + T[nfiTEZiflanri.nﬂ =0.
2 2
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Sincex; nyj € M2-12-1 0" andxninyj € U0, from the last equality it
follows thatxintj € IO C R fori=1,...,n. Therefore we have the following
conditions:

%j ERIfFi>]; Xintj €ER; Xngiprj ERIFI<]
fori,j=1,...,n.
So in this case the matrW has the following form:

W:(Wll W12>7

Wo1 | Wap
where R O ... 0O R R R
R R -.- O O R ... R
leE . : 3 VVZZE : : .. : )
R R .- R o o .- R

Wiz € Mp(R), andWs; € Mp(O').
SinceW? =W and N R" = 0, we obtain thaw = O.

Taking into accourllt 1that the element®are linear independent over from
(3.47) and (3.49) it follows thag; =0 fori, j =1,...,2n,i.e. S, = O. Soin this
caseW, S; andS; are the zero matrices.

Similar to previous lemmas we can show that in the @asel all matricesw,
S andS; are the identity matrices. Analogously we can consider e dl.

Sinced(T) = 6n-+ 1, the matrix problem Il is of unbounded representatioretyp

Matrix Problem IV.

Let O' be a discrete valuation ring with a skew field of fractionsdnd the
Jacobson radical Rand D a skew subfield of Df degree2.
Consider a block rectangular matrik partitioned into two vertical strips

T= (3.56)

whereA € Mpyn(D'), B € Myxn(D').
Assume that on the matrix one has the following admissible transformations
1. Left D-elementary transformations of rows within each honital strip of the
matrix T.
2. Right O’'-elementary transformations of columns of the mafrix

Lemma 3.4. The matrix problem 1V is of unbounded representation type.

Proof. Analogously to matrix problem Il for two given matricés€ Mmyn, (D)
andB € Myxn, (D) we have the following matrix equalities:

AW =S|A, BW = S;B, (3.57)
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where
T2=TeMy(0), $=S1€My(D), $=5¢€Mc(D) (3.58)

Suppose that an elemedie D'\ D is chosen in such a way that in the case I
8D = D8, 62 € D, and in the case 1Bd + d6 € D for anyd € D and8?+8 € D.

Let R be the Jacobson radical of the rifgand 0+ e R ND. We setn; = 2n,
m=2n, k=1 and matrice# andB are of the form (3.45) and (3.46). We show that
in this case the matriX is indecomposable. L&V = (xj), S1 = (Yu), S2 = (2),
wherexj; € 0, andyyx,ze€ D. Then we obtain the following system of linear
equations fow;j , yki, z

Yij + Yint |0 =Xj + T8 Xy (3.59)
YT = X+ T8 i (3.60)
Ynti,j + Ynting |0 = 6] (3.61)
Ynii T = 6Xi . (3.62)
n
zit ) = 5 (3.63)
2
n .
0= 1" 'Xinj (3.64)
21

fori,j=1,...,n.

Assumef € 0. Theny;; € 0*ND (i,j =1,...,2n).

Consider the case |, i.dd = d6, 62 € D whered,d € D. SinceS3 = S, we
havez’ = z, that implies thatz=0) v (z= 1).

Letz= 0, then )
iy

i;Tf“ Xij = 0. (3.65)

Then analogously to the previous lemma we obtain the fofigvdonditions:
Yijs Ynrij € PUDO' fori> | (3.66)
Xnsinsj € TEUH O fori< (367)
Yntins)s Yine) €TEDO fori > j (3.69)
xjemi=Do fori> | (3.69)
Xinsj € 21271 o (3.70)

fori,j=1,...,n.

From equation (3.62) we obtain:

n . ) n . n -
i;lﬂnil)/ij = i;nnilxi,nﬂ + i;TlnilT[ZHlan,nJrj
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and taking into account (3.64):
n n
Ay = 5 T
i; i; 7

Comparing these equalities with (3.66), (3.67) we havexhati € 0’ C R for
i =1,...,n. From equations (3.59) and (3.60) we get:

n n n
T X T A4+ S0 i 8=S "%,
i; N i; n+i,n+j i; J

n .
and taking into account (3.61) and (3.62) we obtain that '8~ 1y, j0 =0,
i=1

which implies thatn,ini € MO’ CR.

Sinceyn.ii € Y0 ¢ R, from (3.59) it follows that; € MO’ ¢ R. Thus,
we have:xj € R if i > j; Xinyj € R Xntinej € Rifi < jfori,j=1,...,n. The
further reasoning is exactly the same as in the previous Eemm

So the matrix problem IV is of unbounded representation.type
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