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ABSTRACT. In this paper we consider flat mixed matrix problems, i.e. the prob-
lems of reducing a family of matrices by some family of admissible transforma-
tions. We present some examples of flat matrix problems of unbounded repre-
sentation type which are considered over a discrete valuations ring with a skew
field of fractions and its skew field extension of the second degree.

1. INTRODUCTION

Matrix problems, i.e. the problems of reducing a family of matrices by some
family of admissible transformations, arise in many problems of representation
theory of rings, algebras and species. The general definition of a matrix problem
was given by Roiter [12] over a field and then was generalized by Drozd [4] to
matrix problems over rings. This paper is devoted to the study of flat mixed matrix
problems over a discrete valuation ring (DVR) with a skew field of fractions and
its skew field extensions. Following to R.B.Warfield, Jr. [13] a ring is of bounded
representation type if there is an upper bound on the number of generators required
for indecomposable finitely presented right modules. Analogously we can define
flat matrix problems of bounded representation type [10]. Inthis paper we present
some examples of flat matrix problems of unbounded representation type which are
considered over a DVR with a skew field of fractions and its skew field extension
of the second degree.

Let O be a DVR (not necessary commutative) with a skew field of fractionsD.
Let D′ be a skew field which is a finite extension ofD. Assume that there exists
a fixed fieldK ⊂ D ⊂ D′ such that dimKD < ∞ and dimKD′ < ∞. Moreover, in
this paper we assume thatK ⊂C andK ⊂C′, whereC andC′ are centers ofD and
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D′ correspondingly. Then dimCD < ∞ and dimC′D′ < ∞. We denote[D′ : D]r the
dimension ofD′ as a right vector space overD and[D′ : D]l the dimension ofD′ as
a left vector space overD. Then under our assumptions[D′ : D]r = [D′ : D]l < ∞.
We denote this common dimension as[D′ : D].

SinceO ∩K is a DVR, it can be shown that there exists a maximal orderO
′ in a

skew fieldD′. From results of [1] it follows that:
1) O

′ is a hereditary ring;
2) the Jacobson radicalR′ of the ringO

′ is a maximal two-sided ideal;

3)
∞⋂

i=1
(R′)i = 0;

4) O
′ is a principal ideal ring.

It can be constructed the localization̄O = O
′
R′ by the maximal two-sided princi-

pal idealR′ in the sense of the paper [2], which is a DVR with the unique maximal
idealR̄, moreoverO ⊂ O

′ ⊂ Ō.
In this paper we will consider skew field extensions of the second degree. Let

D ⊂ D′ and[D′ : D] = 2. If charD 6= 2 thenD′ is the Galois field overD and there
is an elementα ∈ D′ \D such thatα2 ∈ D andαD = Dα [11].

Let O be a DVR with a classical skew field of fractionsD. Consider the ring
αOα−1 ⊂ D. ThenO andαOα−1 are hereditary principal ideal domains and there-
fore they are maximal orders inD [1]. Moreover, they are conjugated by inner auto-
morphism of D, that is there exists an elementd ∈ D such that
O = d(αOα−1)d−1 = (dα)O(dα)−1. Denoteα1 = dα, then α1D ⊂ Dα1 and
α2

1 ∈ D. SinceO is a DVR we can chooseα2
1 ∈ O. So in this case there is an

elementα ∈ D′ \D such thatα2 ∈ O, αO = Oα andαD = Dα.
Let charD = 2. If C is a center ofD andC′ is a center ofD′ then two cases are

possible:
1) C′ 6⊂C
2) C′ ⊂C ⊂ D ⊂ D′.
In the first case there is an elementα ∈C′ \C such thatα2 ∈C or α2+α ∈C.

Then α ∈ D′ \D and αd = dα for any d ∈ D. Moreover, we can consider that
α2 ∈ O or α2+αv∈ O, wherev∈ O ∩C.

In the second case[C : C′] = [D′ : D] = 2 and two cases are possible:
a) the fieldC is a separable extension of the fieldC′. ThenC is a Galois field

overC′ and there is an elementα ∈ D′ \D such thatαO = Oα andα2 ∈ O [3].
b) the fieldC is a pure nonseparable extension of the fieldC′. Then there is an

elementα ∈ D′ \D such thatαd+dα ∈ D for anyd ∈ D andα2+α ∈ D [3].
So we will distinguish two essentially different cases:
I. There is an elementα ∈ D′ \D such thatα2 ∈ O andαO = Oα.
II. There is an elementα ∈ D′ \D such thatα2+α ∈ D andαd+ dα ∈ D for

anyd ∈ D.



MIXED MATRIX PROBLEMS IN THE THEORY OF REPRESENTATIONS 209

We use the notions and results from [7], [8] and [9]. Throughout this paper all
rings are assumed to be associative with 16= 0 and all modules are assumed to be
unital.

2. MIXED MATRIX PROBLEMS OVER DISCRETE VALUATION RINGS AND

SKEW FIELDS

In this section we consider some flat mixed matrix problems over DVRsOi for
i = 1, . . . ,k and their common skew field of fractionsD and its skew field exten-
sion D′. These matrix problems generalize a flat matrix problem considered by
Zavadskij and Revitskaya [14]. Some examples of such flat matrix problems were
considered in [5], [6].

Let O be a DVR with a classical skew field of fractionsD and letD′ be a skew
field extension ofD.

By left O-elementary transformations of rows of a matrixT with entries inD we
mean transformations of two types:

(a) multiplying a row on the left by an invertible element ofO;
(b) adding a row multiplied on the left by an element ofO to another row.
In a similar way we can define leftD-elementary (D′-elementary) transforma-

tions of rows and, by symmetry, rightO-elementary and rightD-elementary
(D′-elementary) transformations of columns.

Elementary transformations (a) and (b) can be given by invertible elementary
matrices. Multiplications on the left (right) of a matrixT by elementary matrices
correspond to elementary row (column) transformations.

Let ∆ = {Oi}i=1,...,k be a family of discrete valuation ringsOi with a common
skew field of fractionsD and its skew field extensionD′. Consider the following
flat matrix problem over∆ andD′.

Main flat mixed matrix problem.

Let ∆ = {Oi}i=1,...,k be a family of discrete valuation ringsOi with a common
skew field of fractionsD and its skew field extensionD′.

Let T be a block rectangular matrix with entries inD′ partitioned inton hori-
zontal strips{T i}i=1,...,n andm vertical strips{T j} j=1,...,m so that each blockT j

i is
the intersection of thej-th vertical strip and thei-th horizontal strip, some of these
matrices may be empty.

One has the following admissible transformations with the matrix T:
1. Left Fis-elementary transformations of rows within the stripT i , where

Fis ∈ ∆∪D′.
2. Right Fjt -elementary transformations of rows within the stripT j , where

Fjt ∈ ∆∪D′.
The admissible transformations with the matrixT can be given in the form

T 7→ XTY , whereX = diag(X1, . . . ,Xn) andY = diag(Y1, . . . ,Ym), and allX i and
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Y j are square invertible matrices. Moreover,X i ⊂ Mmi (Fis) and Y j ⊂ Mkj (Fjt ),
whereFis,Fjt ∈ ∆∪D′.

Indecomposable matrices and equivalent matrices are defined in a natural way.
A flat matrix problem is said to be offinite type if the number of non-equivalent

indecomposable matrices is finite.

Definition 2.1. [14] The vector

d = d(T) = (d1,d2, . . . ,dn;d1
,d2

, . . .dm), (2.1)

where di is the number of rows of the i-th horizontal strip ofT for i = 1, . . . ,n and
d j is the number of columns of the j-th vertical strip ofT for j = 1, . . . ,m, is called
thedimension vectorof the partition matrixT. We set

dim(T) =
n

∑
i=1

di +
m

∑
j=1

d j
. (2.2)

Definition 2.2. [14] We say that a flat matrix problem is ofbounded represen-
tation type if there is a constant C such thatdim(X) <C for all indecomposable
matricesX. Otherwise it is ofunbounded representation type.

This paper is devoted to study flat mixed matrix problems of unbounded repre-
sentation type considered over a DVR with a skew field of fractions and its skew
field extension of the second degree. These matrix problems arise, in particular, in
considering representations of(D,O)-species and some classes of semidistributive,
hereditary and semihereditary rings [10].

3. MIXED MATRIX PROBLEMS OF UNBOUNDED REPRESENTATION TYPE

Matrix Problem I.
Let O be a DVR ring with a skew field of fractions D and the Jacobson radical

R= πO = Oπ, and D′ a skew field extension of D of degree2.
Consider a block rectangular matrixT with entries in D′ partitioned into two

vertical and two horizontal strips

T =
A I
O B

(3.1)

where A ∈ Mm×n1(D
′), B ∈ Mk×m(D′), I ∈ Mm(D′) is the identity matrix and

O ∈ Mk×n1(D
′) is the zero matrix.

Assume that on the matrixT one has the following admissible transformations:
1. Left D′-elementary transformations of rows within any horizontalstrip of the
matrix T.
2. RightO-elementary transformations of columns within the first vertical strip of
the matrixT.
3. Right D′-elementary transformations of columns within the second vertical strip
of the matrixT.
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Moreover, these transformations should not change the given matrix I .

Lemma 3.1. The matrix problem I is of unbounded representation type.

Proof. I. Consider the case I, i.e. there is an elementα ∈ D′ \D such thatα2 ∈ O

andαO = Oα. Let R= πO = Oπ. We setn1 = 2n, m= n, k= 1 and

A =











1 0 · · · 0 α 0 · · · 0
0 1 · · · 0 0 απ2 · · · 0
...

...
. ..

...
...

...
. . .

...
0 0 · · · 1 0 0 · · · απ2(n−1)











, (3.2)

B =
[

πn−1 πn−2 · · · π 1
]

. (3.3)

We show that the matrixT of the form (3.1) with the pair of matrices (3.2), (3.3)
is indecomposable for anyn > 0. For this aim it is sufficient to show that the
following matrix equalities:

S1A = AW , S2B = BS1 (3.4)
where

W2 = W ∈ Mn1(O), S2
1 = S1 ∈ Mm(D

′), S2
2 = S2 ∈ Mk(D

′), (3.5)

hold only if W, S1, S2 are either all the identity matrices or all the zero matrices.
Let W = (xi j ), S1 = (ykl), S2 = (z), wherexi j ∈ O, andykl ,z∈ D′. In this case

the matrix equalities (3.4) give the following system of linear equations forxi j , ykl

andz:

yi j = xi j +απ2(i−1)xn+i, j (i, j = 1,2, ...,n) (3.6)

yi j απ2( j−1) = xi,n+ j +απ2(i−2)xn+i,n+ j (i, j = 1,2, ...,n) (3.7)

zπn−i = πn−1y1i +πn−2y1i +πn−2y2i + · · ·+πyn−1,i +yni (i = 1, ...,n) (3.8)

SinceS2
2 = S2, we havez2 = z, and soz= 0 or z= 1.

1) If z= 0 then from (3.6) and (3.8) it follows that

(πn−1x1i +πn−2x2i + · · ·+πxn−1,i +xni)+

(πn−1αxn+1,i +πn−2απ2xn+2,i +παπ2(n−2)x2n−1,i +απ2(n−1)x2n,i) = 0.

Taking into account that elements 1,α are linear independent overD andαO =Oα,
π ∈ D, we have:

πn−1x1i +πn−2x2i + · · ·+πxn−1,i +xni = 0 (3.9)

πn−1ε1xn+1,i +πnε2xn+2,i + · · ·+π2n−3εn−1x2n−1,i +π2n−2x2n,i = 0, (3.10)

whereεi ∈ O
∗, i = 1, ...,n+1, which implies thatxn,i ∈ R, xn+1,i ∈ R (i = 1, ...,n).

Analogously from equalities (3.7) and (3.8) we obtain thatxn,n+i ∈ R, xn+1,n+i ∈ R
(i = 1, ...,n). This implies that

xn,i ∈ R, xn+1,i ∈ R for (i = 1, ...,2n). (3.11)
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Substituting (3.6) into (3.7) we get:

xi j απ(2( j−1)+απ2(i−1)xn+i, jαπ2( j−1) = xi,n+ j +απ2(i−1)xn+i,n+ j

for i, j = 1, ...,n. SinceαO = Oα andα2 ∈ O,

xi j π2( j−1) = π2(i−1)x′n+i,n+ j , (3.12)

x′i j π
2( j−1) = π2(i−1)xn+i,n+ j , (3.13)

xi,n+ j = α2π2(i−1)π2( j−1)x′n+i, j , (3.14)

andx′i j = xi j εi j , whereεi j ∈ O
∗ (i, j = 1,2, ...,2n).

Taking into account (3.11), we obtain from (3.12)–(3.14) that xi j ∈ R if i > j,
xn+i,n+ j ∈ R if i < j and xi,n+ j ∈ R, for all i, j = 1, ..,n. Moreover, substitut-
ing (3.12)–(3.13) into (3.9)–(3.10) we obtain thatxii ∈ R andxn+i,n+i ∈ R for all
i = 1, ...,n. Thus, xi j ∈ R if i ≥ j, xn+i,n+ j ∈ R if i ≤ j and xi,n+ j ∈ R, for all
i, j = 1, ..,n. Therefore the matrixW has the following form:

W =

(

W11 W12

W21 W22

)

,

where

W12 ∈











R O · · · O

R R · · · O

...
...

. . .
...

R R · · · R











, W22 ∈











R R · · · R
O R · · · R
...

...
. . .

...
O O · · · R











W12 ∈ Mn(R), andW21 ∈ Mn(O).

SinceW2 =W and
∞⋂

i=1
Ri = 0, we obtain thatW =O. Then from (3.6) it follows

that alsoS1 = O.
2) If z= 1 then we may consider the matricesW′, S′

1, S′
2 which are connected

with matricesW, S1, S2 by the following:

W′ = I −W, S′
1 = I −S1, S′

2 = I −S2. (3.15)

Substituting these relations to (3.4) – (3.5) we obtain:

S′
1A = AW ′

, S′
2B = BS′

1. (3.16)

Taking into account conditions (3.5) we obtain the analogous conditions:

W′2 = W′
, S′

1
2
= S′

1, S′
2

2
= S′

2.

Sincez= 1, S′
2 = 0 and so we have the previous case. ThereforeW′ = O, S′

1 = O
that impliesW, S1 andS2 are the identity matrices. So in this case the matrixT
is indecomposable. Sinced(T) = 4n+ 1, the matrix problem I is of unbounded
representation type.
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II. Consider now the case II, i.e. there is an elementα∈D′\D such thatα2+α∈
D anddα+αd ∈ D for anyd ∈ D. Let O

′ be a maximal order in the skew fieldD′

with the Jacobson radicalR′, andO
′
R′ the localizationO ′ over the radicalR′. Denote

Ō = O
′
R′ . ThenŌ is a local ring with the unique maximal ideal̄R, andO ⊂ O

′ ⊂ Ō.
We can consider thatα ∈ Ō. We choose an elementπ ∈ R̄∩O andπ 6= 0.

Let A, B, W, S1, S2 be matrices as in the first case. Then we obtain system
(3.6)-(3.8). Sincez2 = z, thenz= 0 or z= 1.

1) If z= 0 then from equations (3.6), (3.8), taking into account that1,α are
linear independent overD andαd = dα+d1 for anyd ∈ D, α ∈ Ō, we get that

πn−1x1i +πn−2x2i + · · ·+πxn−1,i +xni+

+πn−1r1xn+1,i +πn−2r2π2xn+2,i + · · ·+πrn−1π2(n−2)x2n−1,i = 0 (3.17)

wherer1, . . . , rn−1 ∈ O.

πn−1xn+1,i +πnxn+2,i + · · ·+π2n−3x2n−1,i +π2n−2x2n,i = 0 (3.18)

for i = 1, . . . ,n. Thereforexn,i ∈ R̄, xn+1,i ∈ R̄ for i = 1, . . . ,n.
Analogously from equations (3.7) and (3.8) we get thatxn,n+i ∈ R′, xn+1,n+i ∈ R′

for i = 1, . . . ,n. Thus,

xn,i ∈ R′
, xn+1,i ∈ R′ for i = 1, . . . ,2n (3.19)

Substituting (3.6) into (3.7) and taking into account thatαd= dα+d1, α2+α ∈
D, α ∈ O

′, we obtain:

xi j π2( j−1)+π2(i−1)xn+i, j π2( j−1)+π2(i−1)(αxn+i, j +xn+i, jα)π2( j−1) =

= π2(i−1)xn+i,n+ j , (3.20)

(αxi, j +xi, jα)π2( j−1)+ rπ2(i−1)xn+i, jπ2( j−1) = xi,n+ j (3.21)

for i, j = 1, . . . ,n, wherer ∈ O
′∩D.

Then from conditions (3.19) it follows thatxi j ∈ R′ if i > j, andxn+i,n+ j ∈ R′

if i < j, for i, j = 1, . . . ,n. Moreover, after substituting (3.20), (3.21) into (3.17),
(3.18) we getxii ∈ R′, xn+i,n+ j ∈ R′ for i = 1, . . . ,n. Thus we have the same condi-
tions as in the first case. So the matrix problem I is of unbounded representation
type.

Matrix Problem II.

LetO be a discrete valuation ring with a skew field of fractions D and the Jacob-
son radical R= πO = Oπ, and let D′ be a skew field extension of D of degree2.

Consider a block rectangular matrixT partitioned into two vertical strips

T =
A
B

(3.22)

whereA ∈ Mm×n1(D), B ∈ Mk×n1(D
′).
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Assume that on the matrixT one has the following admissible transformations:
1. Left D-elementary transformations of rows within the first horizontal strip of the
matrix T.
2. Left D′-elementary transformations of rows within the second horizontal strip of
the matrixT.
3. RightO-elementary transformations of columns of the matrixT.

Lemma 3.2. The matrix problem II is of unbounded representation type.

Proof. Analogously to the matrix problem I for given two matricesA ∈Mm×n1(D),
B ∈ Mk×n1(D

′) we have the following matrix equalities:

S1A = AW , S2B = BW, (3.23)

where

W2 = W ∈ Mn1(O), S2
1 = S1 ∈ Mm(D), S2

2 = S2 ∈ Mk(D
′). (3.24)

I. Consider the case I, i.e. there is an elementα ∈ D′ \D such thatα2 ∈ D and
αO = Oα, α2 ∈ O. Let 0 6= π ∈ R, whereR is the Jacobson radical ofO.

We setm= 1, n1 = 2n+1, k= n and

A = 1 0 · · · 0 0 · · · 0 (3.25)

B =

π−n

π−(n−1)

...
π−1

1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

α 0 · · · 0
0 απ2 · · · 0
...

...
. . .

...
0 0 · · · απ2(n−1)

(3.26)

Let W = (xi j ), S1 = (z), S2 = (ykl), wherexi j ∈ O, for i, j = 1, . . . ,2n+1, z∈ D,
ykl ∈ D′, for k, l = 1, . . . ,n. Taking into account the matrix equations (3.23) we
obtain the system of linear equations forxi j , zandykl :

x11 = z (3.27)

xi1 = 0 (i = 2, . . . ,2n+1), (3.28)

x11π−(n−i+1)+x1,i+1+x1,n+i+1απ2(i−1) =

= π−ny1i +π−(n−1)y2i + · · ·+π−1yni (i = 1, . . . ,n) (3.29)

xi+1,iπ−(n− j+1)+xi+1, j+1+xi+1,n+ j+1απ2( j−1) = yi j (3.30)

xn+i+1,1π−(n− j+1)+xn+i+1, j+1+xn+i+1,n+ j+1απ2( j−1) = απ2(i−1)yi j (3.31)

for i, j = 1, . . . ,n. SinceW2 = W, S2
i = Si (i = 1,2), we getz2 = z, which implies

thatz= 0 or z= 1.
Let z= 0, thenx11 = 0 and the equations (3.29)–(3.31) take the form:

x1, j+1+x1,n+ j+1απ2( j−1) = π−ny1 j +π−(n−1)y2 j + · · ·+π−1yn j (3.32)

xi+1, j+1+xi+1,n+ j+1απ2( j−1) = yi j (3.33)
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xn+i+1, j+1+xn+i+1,n+ j+1απ2( j−1) = απ2(i−1)yi j (3.34)

for i, j = 1, . . . ,n. Substituting (3.33) into (3.32) and taking into account that
αD = Dα and elements 1,α are linear independent overD we get:

x1, j+1 = π−nx2, j+1+π−(n−1)x3, j+1+ · · ·+π−1xn+1, j+1) (3.35)

x1,n+ j+1π2( j−1)ε = π−nx2,n+ j+1π2( j−1)ε1++ · · ·+π−1xn+1,n+ j+1π2( j−1)εn (3.36)

for j = 1, . . . ,n, where ε,εi ∈ O
∗. This implies that x2, j ∈ R for

j = 2, . . . ,2n+1. Analogously, substituting (3.34) into (3.32) we get:

α2π2( j−1)x1,n+ j+1 = π−nx′n+2, j+1+ · · ·+π2n−3x′2n+1, j+1 (3.37)

x1, j+1 = π−nx′n+2,n+ j+1+π−(n−3)x′n+3,n+ j+1+ · · ·+π2n−3x′2n+1,n+ j+1 (3.38)

for j = 1, . . . ,n, wherex′n+i, j+1 = xn+i, j+1εi j , x′n+i,n+ j+1 = xn+i,n+ j+1ε̃i j , εi j ,
ε̃i j ∈ O

∗, for i, j = 1, . . . ,n.
Then from equations (3.37), (3.38) we get thatxn+2, j ∈ R for j = 2, . . . ,2n+1.
Substituting (3.32) into (3.34) we get:

xn+i+1, j+1 = α2π2(i−1)π2( j−1)xi+1,n+ j+1εi j , (3.39)

xn+i+1,n+ j+1π2( j−1) = xi+1, j+1εi j π2(i−1)
, (3.40)

π2( j−1)xn+i+1,n+ j+1ε̃i j = π2(i−1)xi+1, j+1, (3.41)

where εi j , ε̃i j ∈ O
∗. From these equations it follows that:xn+i+1, j+1 ∈ R;

xi+1, j+1 ∈ R if i < j; xn+i+1,n+ j+1 ∈ R if i > j for i, j = 1, . . . ,n. Moreover, substi-
tuting (3.40),(3.41) into (3.35), (3.38) we get thatxi+1,i+1 ∈ R, xn+i+1,n+i+1 ∈ R for
i = 1, . . . ,n. Thus the matrixW has the same form as in the previous lemma and
therefore we analogously obtain thatW, S1 andS2 are the zero matrices.

Analogously to lemma 3.1. it can be considered the case whenz= 1. So the
matrixT is indecomposable. The case II can be considered as in lemma 3.1. Since
d(T) = 4n+2, the matrix problem II is of unbounded representation type.

Matrix Problem III.
Let O

′ be a discrete valuation ring with a skew field of fractions D′ and the
Jacobson radical R′, and let D be a skew subfield of D′ of degree2.

Consider a block rectangular matrixT with entries in D′ partitioned into two
vertical and two horizontal strips

T =
A I
O B

(3.42)

where A ∈ Mm×n(D′), B ∈ Mk×m(D), I ∈ Mm(D′) is the identity matrix and
O ∈ Mk×n(D′) is the zero matrix.

Assume that on the matrixT one has the following admissible transformations:
1. Left D-elementary transformations of rows within any horizontal strip of the
matrix T.
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2. RightO ′-elementary transformations of columns within the first vertical strip of
the matrixT.
3. Right D-elementary transformations of columns within the second vertical strip
of the matrixT.

Moreover, these transformations should not change the given matrix I .

Lemma 3.3. The matrix problem III is of unbounded representation type.

Proof. To prove this lemma it is sufficient to consider the followingsystem of
matrix equations

AW = S1A, BS1 = S2B, (3.43)

where

W2 = W ∈ Mn1(O
′), S2

1 = S1 ∈ Mm(D), S2
2 = S2 ∈ Mk(D) (3.44)

Suppose that an elementθ ∈ D′ \D is chosen in such a way that in the case
I: θD = Dθ, θ2 ∈ D, and in the case II:θd+dθ ∈ D for anyd ∈ D andθ2+θ ∈ D.

Let R′ be the Jacobson radical of the ringO
′ and 06= π ∈R′∩D. We setn1 = 2n,

m= 2n, k= 1 and

A =





























1 0 · · · 0
0 1 · · · 0
...

...
.. .

...
0 0 · · · 1

π 0 · · · 0
0 π3 · · · 0
...

...
. . .

...
0 0 · · · π2n−1

θ 0 · · · 0
0 θ · · · 0
...

...
. . .

...
0 0 · · · θ

0 0 · · · 0
0 0 · · · 0
...

...
. ..

...
0 0 · · · 0





























, (3.45)

B =
(

πn−1 · · · π 1 0 · · · 0
)

. (3.46)

We show that in this case the system of matrix equations (3.43)–(3.44) has only
two solutions: 1) all matricesW, S1, S2 are the identity matrices; 2) all matrices
W, S1, S2 are the zero matrices.

Let W = (xi j ), S1 = (ykl), S2 = (z), wherexi j ∈ O
′, ykl ,z∈ D. Then we obtain

the following system of linear equations forxi j ,ykl ,z:

yi j +yi,n+ jθ = xi j +π2i−1xn+i, j (3.47)

yi j π2 j−1 = xi,n+ j +π2i−1xn+i,n+ j (3.48)

yn+i, j +yn+i,n+ jθ = θxi j (3.49)

yn+i, j π2 j−1 = θxi,n+ j (3.50)

zπn− j =
n

∑
i=1

πn−iyi j (3.51)
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0=
n

∑
i=1

πn−iyi,n+ j (3.52)

for i, j = 1, . . . ,n.
Suppose thatθ ∈ O

′∗. Consider the case I, i.e.θd = d̃θ, θ2 ∈ D whered, d̃ ∈ D.
Then from (3.47)–(3.50) it follows thatyi j ∈ O

′∩D for i, j = 1, . . . ,n.
SinceS2

2 = S2, we havez2 = z, that implies(z= 0)∨ (z= 1). Assumez= 0,
then equation (3.51) takes the form:

n

∑
i=1

πn−iyi j = 0 ( j = 1, . . . ,n). (3.53)

Substituting (3.50) into (3.48) we get:

θyi j π2 j−1 = yn+i, jπ2 j−1+θπ2i−1xn+i,n+ j

which implies that
yi j , yn+i, j ∈ π2(i− j)

O
′ (3.54)

xn+i,n+ j ∈ π2( j−1)
O

′ (3.55)

for i, j = 1, . . . ,n. Substituting (3.49) into (3.47) we get:

θyi j +θyi,n+ jθ = yn+i, j +yn+i,n+ jθ+θπ2i−1xn+i, j .

Taking into account thatθd = d̃θ, θ2 ∈ D and conditions (3.54), we obtain:

yn+i,n+ j , yi,n+ j ∈ π2(i− j)
O

′ (i, j = 1, . . . ,n).

Therefore from (3.49) and (3.50) it follows thatxi j ∈ π2(i− j)
O

′ and
xi,n+ j ∈ πmax{2i−1,2 j−1}

O
′ for i, j = 1, . . . ,n. Multiplying the equality (3.47) on

the left side byπn−i and summing byi we have:
n

∑
i=1

πn−iyi j +
n

∑
i=1

πn−iyi,n+ jθ =
n

∑
i=1

πn−ixi j +
n

∑
i=1

πn−iπ2i−1xn+i, j .

Taking into account (3.52) and (3.53) we obtain:
n

∑
i=1

πn−ixi j +
n

∑
i=1

πn−iπ2i−1xn+i, j = 0.

Since xi j ∈ π2(i− j)
O

′, from the last equality it follows thatxii ∈ πO
′ ⊂ R′

for i = 1, . . . ,n. Multiplying the equality (3.48) on the left side byπn−i and sum-
ming by i we obtain:

(
n

∑
i=1

πn−iyi j )π2 j−1 =
n

∑
i=1

πn−ixi,n+ j +
n

∑
i=1

πn−iπ2i−1xn+i,n+ j ,

and taking into account (3.53):
n

∑
i=1

πn−ixi,n+ j +
n

∑
i=1

πn−iπ2i−1xn+i,n+ j = 0.
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Sincexi,n+ j ∈ πmax{2i−1,2 j−1}
O

′ andxn+i,n+ j ∈ π2( j−i)
O

′, from the last equality it
follows thatxn+i,n+ j ∈ πO

′ ⊂ R′ for i = 1, . . . ,n. Therefore we have the following
conditions:

xi j ∈ R′ if i ≥ j; xi,n+ j ∈ R′; xn+i,n+ j ∈ R′ if i ≤ j

for i, j = 1, . . . ,n.
So in this case the matrixW has the following form:

W =

(

W11 W12

W21 W22

)

,

where

W12 ∈











R′
O

′ · · · O
′

R′ R′ · · · O
′

...
...

. . .
...

R′ R′ · · · R′











, W22 ∈











R′ R′ · · · R′

O
′ R′ · · · R′

...
...

. . .
...

O
′

O
′ · · · R′











,

W12 ∈ Mn(R′), andW21 ∈ Mn(O
′).

SinceW2 = W and
∞⋂

i=1
R′i = 0, we obtain thatW = O.

Taking into account that the elements 1,θ are linear independent overD from
(3.47) and (3.49) it follows thatyi j = 0 for i, j = 1, . . . ,2n, i.e. S1 = O. So in this
caseW, S1 andS2 are the zero matrices.

Similar to previous lemmas we can show that in the casez= 1 all matricesW,
S1 andS2 are the identity matrices. Analogously we can consider the case II.

Sinced(T)= 6n+1, the matrix problem III is of unbounded representation type.

Matrix Problem IV.
Let O

′ be a discrete valuation ring with a skew field of fractions D′ and the
Jacobson radical R′, and D a skew subfield of D′ of degree2.

Consider a block rectangular matrixT partitioned into two vertical strips

T =
A
B

(3.56)

whereA ∈ Mm×n(D′), B ∈ Mk×n(D′).
Assume that on the matrixT one has the following admissible transformations:
1. Left D-elementary transformations of rows within each horizontal strip of the

matrix T.
2. RightO ′-elementary transformations of columns of the matrixT.

Lemma 3.4. The matrix problem IV is of unbounded representation type.

Proof. Analogously to matrix problem II for two given matricesA ∈ Mm×n1(D)
andB ∈ Mk×n1(D) we have the following matrix equalities:

AW = S1A, BW = S2B, (3.57)
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where

T2 = T ∈ Mn1(O
′), S2

1 = S1 ∈ Mn1(D), S2
2 = S2 ∈ Mk(D) (3.58)

Suppose that an elementθ ∈ D′ \D is chosen in such a way that in the case I:
θD = Dθ, θ2 ∈ D, and in the case II:θd+dθ ∈ D for anyd ∈ D andθ2+θ ∈ D.

Let R′ be the Jacobson radical of the ringO
′ and 06= π ∈R′∩D. We setn1 = 2n,

m= 2n, k= 1 and matricesA andB are of the form (3.45) and (3.46). We show that
in this case the matrixT is indecomposable. LetW = (xi j ), S1 = (ykl), S2 = (z),
wherexi j ∈ O

′, and ykl ,z∈ D. Then we obtain the following system of linear
equations forxi j ,ykl ,z

yi j +yi,n+ jθ = xi j +π2i−1xn+i, j (3.59)

yi j π2 j−1 = xi,n+ j +π2i−1xn+i,n+ j (3.60)

yn+i, j +yn+i,n+ jθ = θxi j (3.61)

yn+i, j π2 j−1 = θxi,n+ j (3.62)

zπn− j =
n

∑
i=1

πn−ixi j (3.63)

0=
n

∑
i=1

πn−ixi,n+ j (3.64)

for i, j = 1, . . . ,n.
Assumeθ ∈ O

′∗. Thenyi j ∈ O
′∗∩D (i, j = 1, . . . ,2n).

Consider the case I, i.e.θd = d̃θ, θ2 ∈ D whered, d̃ ∈ D. SinceS2
2 = S2, we

havez2 = z, that implies that(z= 0)∨ (z= 1).
Let z= 0, then

n

∑
i=1

πn−ixi j = 0. (3.65)

Then analogously to the previous lemma we obtain the following conditions:

yi j , yn+i, j ∈ π2( j−1)
O

′ for i ≥ j (3.66)

xn+i,n+ j ∈ π2( j−1)
O

′ for i ≤ j (3.67)

yn+i,n+ j , yi,n+ j ∈ π2(i− j)
O

′ for i ≥ j (3.68)

xi, j ∈ π2(i− j)
O

′ for i ≥ j (3.69)

xi,n+ j ∈ πmax{2i−1,2 j−1}
O

′ (3.70)

for i, j = 1, . . . ,n.
From equation (3.62) we obtain:

n

∑
i=1

πn−iyi j π2 j−1 =
n

∑
i=1

πn−ixi,n+ j +
n

∑
i=1

πn−iπ2i−1xn+i,n+ j
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and taking into account (3.64):
n

∑
i=1

πn−i+2 j−1yi j =
n

∑
i=1

πn+i−1xn+i,n+ j .

Comparing these equalities with (3.66), (3.67) we have thatxn+i,n+i ∈ πO
′ ⊂ R′ for

i = 1, . . . ,n. From equations (3.59) and (3.60) we get:
n

∑
i=1

πn−ixi,n+ j π1−2 j +
n

∑
i=1

πn−iθ−1yn+i,n+ jθ =
n

∑
i=1

πn−ixi, j ,

and taking into account (3.61) and (3.62) we obtain that
n
∑

i=1
πn−iθ−1yn+i,n+ jθ = 0,

which implies thatyn+i,n+i ∈ πO
′ ⊂ R′.

Sinceyn+i,i ∈ π2(i−1)
O

′ ⊂ R′, from (3.59) it follows thatxii ∈ πO
′ ⊂ R′. Thus,

we have:xi j ∈ R′ if i ≥ j; xi,n+ j ∈ R′; xn+i,n+ j ∈ R′ if i ≤ j for i, j = 1, . . . ,n. The
further reasoning is exactly the same as in the previous lemma.

So the matrix problem IV is of unbounded representation type.

REFERENCES

[1] Auslander M., Goldman O. 1960. Maximal orders. Trans. Amer. Math. Soc. 97(1): 1–24.
[2] Auslander M. 1974. Representation theory of artin algebra II. Comm. Algebra. 1: 269–310.
[3] Dieudonne J. 1952. Les extensions quadratiques des corps non commtatifs et leurs applications.

Acta Mathematica 87(2): 175–242.
[4] Drozd Yu.A. 1972. Matrix problems and categories of matrices (in Russian). Zapiski Nauch.

Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 28: 144-153; English translation: 1975. J.
Soviet Math. 3(5): 692-699.

[5] Gubareni N. 2013. Some mixed matrix problems over several discrete valuation rings. Journal
of Applied Mathematics and Computational Mechanics 4(12):47-58.

[6] Gubareni N. 2016. Tensor algebras of bimodules and theirrepresentations. Sarajevo Journal of
Mathematics, vol.12(25), No.2, Suppl. 357–372.

[7] Hazewinkel M., N. Gubareni and V.V. Kirichenko. 2004. Algebras, rings and modules. Volume
1. Kluwer Acad. Publ.

[8] Hazewinkel M., N. Gubareni and V.V. Kirichenko. 2007. Algebras, rings and modules. Volume
2. Springer.

[9] Hazewinkel M., N. Gubareni. 2016. Algebra, Rings and Modules: Non-commutative Algebras
and Rings. CRC Press, Taylor & Francis Group, Boca Raton, London, New York.

[10] Hazewinkel M., N. Gubareni. 2017. Algebra, Rings and Modules: Non-commutative Algebras
and Rings. vol.2. CRC Press, Taylor & Francis Group, Boca Raton, London, New York.

[11] Jacobson N. Structure of Rings. 1956. American Math. Soc. Providence.
[12] Roiter A.V. 1972. Matrix problems and representationsof bisystems (in Russian). Zapiski

Nauch. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 28: 130-143.
[13] Warfield R.B., Jr. 1975. Serial rings and finitely presented modules. J. Algebra 37(2): 187-222.
[14] Zavadskij A.G. and U.S.Revitskaya. 1999. A matrix problem over a discrete valuation ring.

Sbornik: Mathematics 190(6): 835-858.



MIXED MATRIX PROBLEMS IN THE THEORY OF REPRESENTATIONS 221

(Received: September 3,2018)
(Revised: October 10, 2018)

Nadiya Gubareni
Czȩstochowa University of Technology
Institute of Mathematics
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