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Dedicated to Professor Mirjana Vuković on the occasion of her 70th birthday

ABSTRACT. We investigate regularity properties of generalized functions that
lie between any space of ultradistribution in the sense of Beurling or Roumieu
(re-introduced by Komatsu [7, 8]) and Schwartz’s distributions. Their test func-
tion spaces are described by the means of sequences of the form Mp = pτpσ

,
p∈ N, τ > 0, σ > 1. We study the properties of function associated to that se-
quence. In particular, we present sharp estimates for the asymptotic behavior of
the associated function, and use that result to characterize the related wave front
sets WFτ,σ. Furthermore, we examine the Paley-Wiener type theorems for the
test function spaces and the corresponding generalized functions with compact
supports.

1. INTRODUCTION

The authors of this paper constructed and analyzed in [9, 10,11], [14, 15, 16] a
class of new generalized function spaces following Komatsu’s classical construc-
tion of ultradistribution spaces, cf. [7]. The interest forsuch spaces can be found
in the study of a class of strictly hyperbolic systems, see [2]. Moreover, common
questions related to (ultra)distributions appear to be important in the setting of
newly introduced spaces of generalized functions. This paper is a contribution to
the analysis of new regularity properties in the realm of such generalized functions.
More precisely, we continue with the analysis of wave front sets in this setting.

In the theory of ultradistributions, asymptotic properties of the associated func-
tion to a given positive and increasing sequenceMp, p ∈ N, are essential for the
proofs ofPaley-Wiener typetheorems. For example, it is well known (cf. [5, 8, 13])
that the associated functionTτ(k), k> 0, τ > 1, to the Gevrey sequencep!τ, p∈N,
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satisfies
Ak1/τ−B< Tτ(k)< Ak1/τ, k> 0,

for suitable constantsA,B> 0. These estimates imply the Paley-Wiener theorems
for Gevrey functions (ultradistributions), which in its simplest form state the fol-
lowing: if ϕ is a compactly supported Gevrey function of Roumieu (resp. Beurling)
type with indexτ > 1 (cf. [8, 13]) then

|ϕ̂(ξ)| ≤Ce−A|ξ|1/τ
, ξ ∈ Rd,

for some constantsA,C> 0 (resp. for everyA> 0 there existsC > 0).
Another application of such estimates is in microlocal analysis. In particular,

Gevrey wave front sets WFτ(u), τ > 1, (of Roumieu type) of a distributionu can be
defined as follows (cf.[13]):(x0,ξ0) 6∈WFτ(u) if there exists conic neighborhood
Γ of ξ0, compact neighborhoodK of x0 and Gevrey functionϕ supported inK such
that

|ϕ̂u(ξ)| ≤Ce−A|ξ|1/τ
, ξ ∈ Γ,

for someA,C> 0.
In this paper we investigate the classes ofextended Gevrey functionswhose

derivatives are controlled by the two-parameter sequencesof the formMτ,σ
p = pτpσ

,
p∈ N, τ > 0, σ > 1, and the corresponding wave front sets. Such classes are in-
troduced and investigated in [9, 10, 11, 12, 14, 15, 16], and it turned out that they
can be used in the study of a class of strictly hyperbolic equations and systems. In
particular, the extended Gevrey class associated to the sequenceM1,2

p = pp2
is used

in the analysis of the regularity of the corresponding Cauchy problem in [2].
The aim of this paper is two-fold. Firstly we give a review of some results related

to a new class of spaces between distributions (strongly larger class) and ultradis-
tributions. Such classes are strictly contained in any space of ultradistributions in
the sense of Komatsu, [7] (see also Braun, Meise, Taylor, [1]).

The second aim is to present some of our most recent results related to the notion
of wave front sets in that setting. The complete analysis is given in [12].

The paper is organized as follows: Subsection 1.1 contains notation and basic
facts on the LambertW function (cf. [3]) that will be used throughout the paper.
The basic facts concerning classes of extended Gevrey functions and corrssponding
wave front sets are introduced in Subsections 1.2 and 1.3, respectively. In Section
2 we introduce the functionTτ,σ,h(k) associated to the sequencepτpσ

, p ∈ N, and
present the essential estimates in Theorem 2.1. These estimates are used in the
proof of Proposition 2.1 to characterize the wave front setsfrom Subsection 1.3. In
Section 3 we discuss different versions of the Paley-Wienertheorems for extended
Gevrey functions with compact support, and prove the Theorem 3.2 as our final
result.
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1.1. Preliminaries

We denote byN, Z+, R, C the sets of nonnegative integers, positive integers, real
numbers and complex numbers, respectively. Forx∈Rd we put〈x〉= (1+ |x|2)1/2.
The integer parts (the floor and the ceiling functions) ofx ∈ R+ are denoted by
⌊x⌋ := max{m∈ N : m≤ x} and⌈x⌉ := min{m∈ N : m≥ x}. For a multi-index
α = (α1, . . . ,αd) ∈ Nd we write∂α = ∂α1 . . .∂αd , Dα = (−i)|α|∂α, and|α|= |α1|+
. . . |αd|. We writeA(θ). B(θ), θ ∈U , if there is a constantc> 0 such thatA(θ)≤
cB(θ) for all θ∈U , andA(θ)≍B(θ) if A(θ).B(θ) andB(θ).A(θ) for all θ∈U .
HereU is an open set inRd.

The Lebesgue spaces over an open setU ⊂Rd are denoted byLp(U), 1≤ p<∞,
and the Fourier-Laplace transform is denoted by

û(η) =
∫

Rd
u(x)eix·η dx, η ∈ Cd, u∈ L1(Rd).

Let U be open set inRd andK be compact set inU (we write K ⊂⊂U ). By
C∞(U), C∞

K we denote the spaces of smooth functions onU and its subspace of
functions supported inK and their strong duals areD ′(U) andE

′
K , respectively.

ByW(x), x≥ 0, we denote the principal (real) branch of theLambert W function,
commonly denoted byW0 (see [3]). The LambertW function is defined as the
inverse function ofzez, z∈ C, wherefrom it easily follows thatW satisfies the
following property:

x=W(x)eW(x), x≥ 0.

Moreover,W is continuous, increasing and concave on[0,∞), W(0) = 0,W(e) = 1,
andW(x)> 0 for x> 0. It can be shown that the following estimate holds:

lnx− ln(lnx)≤W(x)≤ lnx− 1
2

ln(lnx), x≥ e, (1.1)

with the equality if and only ifx = e. For more details about the LambertW
function we refer to [3, 6].

1.2. Test function spaces

In this subsection we recall the definition of test function spacesEτ,σ(U) and
Dτ,σ(U). Such spaces contains the functions whose derivatives are controlled by
sequences of the formMτ,σ

p = pτpσ
, p∈ N, τ > 0 andσ > 1. They are introduced

and studied in [9, 10, 11, 14, 15, 16] asextended Gevrey classes.
Let τ,h > 0, σ > 1 andK ⊂⊂ Rd with a smooth boundary. ByEτ,σ,h(K) we

denote the Banach space of functionsφ ∈C∞(K) such that

‖φ‖Eτ,σ,h(K) = sup
α∈Nd

sup
x∈K

|∂αφ(x)|
h|α|σMτ,σ

|α|
< ∞,

andD
K
τ,σ,h is its subspace of functions supported inK.
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Then obviously,

Eτ1,σ1,h1(K) →֒ Eτ2,σ2,h2(K), 0< h1≤ h2, 0< τ1≤ τ2, 1< σ1≤ σ2,

where→֒ denotes the strict and dense inclusion.
For an open setU in Rd we define families of spaces by introducing the follow-

ing projective and inductive limit topologies,

E{τ,σ}(U) = lim←−
K⊂⊂U

lim−→
h→∞

Eτ,σ,h(K),

E(τ,σ)(U) = lim←−
K⊂⊂U

lim←−
h→0

Eτ,σ,h(K),

D{τ,σ}(U) = lim−→
K⊂⊂U

D
K
{τ,σ} = lim−→

K⊂⊂U

( lim−→
h→∞

D
K
τ,σ,h) ,

D(τ,σ)(U) = lim−→
K⊂⊂U

D
K
(τ,σ) = lim−→

K⊂⊂U

(lim←−
h→0

D
K
τ,σ,h).

We will write τ,σ for {τ,σ} or (τ,σ).
Notice that E{τ,1}(U) = E{τ}(U), τ > 1, is the Gevrey class, and

D{τ,1}(U) = D{τ}(U) is its subspace of compactly supported functions. Moreover,
E{1,1}(U) = E{1}(U) is the space of analytic functions onU .

The sequenceMp = pτpσ
, p∈N, τ > 0, σ > 1, satisfies the non-quasianalyticity

condition
∞

∑
p=1

Mτ,σ
p−1

Mτ,σ
p

< ∞

(cf. [9]), and therefore the spacesD(τ,σ)(U) andD{τ,σ}(U) are non-trivial. More-
over, there exist compactly supported functions inD{τ,σ}(U) which do not belong
to D{t}(U) for anyt > 1, see [9, Lemma 2.2] for the construction.

The spacesEτ,σ(U), D
K
τ,σ andDτ,σ(U) are nuclear, closed under pointwise mul-

tiplication and finite order differentiation. The basic embedding properties are
given in the following Proposition. We refer to [10] for its proof.

Proposition 1.1. Let σ1≥ 1. Then for everyσ2 > σ1 andτ > 0,

lim−→
τ→∞

Eτ,σ1(U) →֒ lim←−
τ→0+

Eτ,σ2(U).

Moreover, if0< τ1 < τ2, then

E{τ1,σ}(U) →֒ E(τ2,σ)(U) →֒ E{τ2,σ}(U), σ≥ 1,

and
lim−→
τ→∞

E{τ,σ}(U) = lim−→
τ→∞

E(τ,σ)(U),

lim←−
τ→0+

E{τ,σ}(U) = lim←−
τ→0+

E(τ,σ)(U), σ≥ 1.
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As an immediate consequence of Proposition 1.1 we obtain

lim−→
t→∞

E{t}(U) →֒ Eτ,σ(U) →֒C∞(U), τ > 0, σ > 1,

and in that sense the regularity described byEτ,σ(U) extends the Gevrey regularity.
We end the subsection with ultradifferentiability property of classesEτ,σ(U).

Theorem 1.1. Let τ > 0, σ > 1, U open inRd and let

P(x,∂) =
∞

∑
|α|=0

aα(x)∂α

be the infinite order differential operator of class(τ,σ) (resp. {τ,σ}) on U, i.e.,
for every K⊂⊂U there exists constant L> 0 such that for any h> 0 there exists
A > 0 (resp. for every K⊂⊂U there exists h> 0 such that for any L> 0 there
exists A> 0) such that,

sup
x∈K
|∂βaα(x)| ≤ Ah|β|

σ |β|τ|β|σ L|α|
σ

|α|τ2σ−1|α|σ , α,β ∈Nd.

Then P(x,∂) : Eτ,σ(U)−→ Eτ2σ−1,σ(U)

is a continuous linear mapping, and the same holds for

P(x,∂) : lim−→
τ→∞

Eτ,σ(U)−→ lim−→
τ→∞

Eτ,σ(U).

We refer to [10] for the proof of Theorem 1.1, and to [9, 11, 14,15, 16] for more
details onEτ,σ(U) andDτ,σ(U) and their dual spaces of generalized functions.

1.3. Wave front setsWFτ,σ

In this section we define wave front sets WF{τ,σ}(u) and WF(τ,σ)(u) of Roumieu
and Beurling type, respectively, and discuss their basic properties. We write WFτ,σ(u)
for WF{τ,σ}(u) or WF(τ,σ)(u).

Let u ∈ D
′(U), τ > 0, σ > 1 and(x0,ξ0) ∈ U ×Rd\{0}. Recall (cf. [10]),

(x0,ξ0) 6∈WF{τ,σ}(u) (resp.(x0,ξ0) 6∈WF(τ,σ)(u)) if there exists a conic neighbor-
hoodΓ of ξ0, compact neighborhoodK of x0, and bounded sequence{uN}N∈N in
E
′
K such thatuN = u on some neighborhood ofx0 and for someA,h> 0 (resp. for

everyh> 0 there existsA> 0) so that

|ûN(ξ)| ≤ A
hNN!τ/σ

|ξ|⌊N1/σ⌋ , N ∈ N, ξ ∈ Γ. (1.2)

The condition (1.2) can be replaced by an equivalent condition when instead
of N we use another positive, increasing sequenceaN such thataN → ∞, N→ ∞.
This change of variable with respect toN ∈ N we callenumeration. For example,
enumerationN→ Nσ and Stirling’s formula applied to (1.2) give an equivalent
estimate of the form

|ûN(ξ)| ≤ A1
hNσ

1 NτNσ

|ξ|N , N ∈ N, ξ ∈ Γ,
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for some constantsA1,h1 > 0 (resp. for everyh1 > 0 there existsA1 > 0). We refer
to [10] for more details on enumeration.

For the analysis of WF{τ,σ}(u) (cf. [10, 11]) we have used the sequences of
cutoff function in a similar way as it is done in [4] in the context of analytic wave
front set WFA = WF{1,1}. Notice also that WF{τ,1} = WFτ(u) is the Gevrey wave
front set investigated in [13].

The following characterization of WFτ,σ(u) states that a bounded sequence of
cut-off functions{uN}N∈N ⊂ E

′(U) can be replaced by a single function from
Dτ,σ(U). We refer to [11] for its proof.

Theorem 1.2. Let u∈D
′(U), τ > 0, σ > 1, and let(x0,ξ0) ∈U ×Rd\{0}. Then

(x0,ξ0) 6∈WF{τ,σ}(u) (resp.(x0,ξ0) 6∈WF(τ,σ)(u)) if and only if there exists a conic
neighborhoodΓ of ξ0, a compact neighborhood K of x0 and φ ∈ D

K
{τ,σ} (resp.

φ ∈D
K
(τ,σ)) such thatφ = 1 on a neighborhood of x0, and holds

|φ̂u(ξ)| ≤ A
hNσ

NτNσ

|ξ|N , N ∈ N ,ξ ∈ Γ,

for some A,h> 0 (resp. for every h> 0 there exists A> 0).

The singular support of a distribution with respect to classes Eτ,σ(U) can be
defined in the usual way as follows.

Definition 1.1. Let x0 ∈ Rd and u∈D
′(U). Then x0 6∈ singsuppτ,σ(u) if and only

if there exists an open neighborhoodΩ of x0 such that u∈ Eτ,σ(Ω).

We note that the local regularity described by the classesEτ,σ coincides with
the wave front sets WFτ,σ. In particular, the following Theorem holds (see [10] for
Roumieu, and [15] for Beurling case).

Theorem 1.3. Let τ > 0 andσ > 1, u∈D
′(U). Let π1 : U ×Rd\{0} →U be the

standard projection given withπ1(x,ξ) = x. Then

singsuppτ,σ(u) = π1(WFτ,σ(u)) .

Hence, foru∈D
′(U), τ > 0 andσ > 1 we have

WF(u)⊆WFτ,σ(u)⊆
⋂
τ>1

WFτ(u)⊆WFA(u), u∈D
′(U),

where WF(u) is the standard wave front setsu∈D
′(U), cf. [4].

One on the main properties of wave front sets is microlocal hypoelipticity. For
the Roumieu wave front WF{τ,σ}(u) it can be stated as follows.

Theorem 1.4. [11] Let u∈D
′(U), τ> 0 andσ> 1 and let P(x,D) = ∑

|α|≤m

aα(x)D
α

be partial differential operator of order m such that aα(x) ∈ E{τ,σ}(U), |α| ≤ m.
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Then if P(x,D)u= f in D
′(U), it holds

WF{2σ−1τ,σ}( f )⊆WF{2σ−1τ,σ}(u) ⊆WF{τ,σ}( f )∪Char(P(x,D)).

In particular,

WF0,∞( f )⊆WF0,∞(u)⊆WF0,∞( f )∪Char(P(x,D)),

whereWF0,∞(u) =
⋃

σ>1
⋂

τ>0WF{τ,σ}(u) and Char(P(x,D)) is characteristic set
of operator P(x,D).

Recall, if P(x,D) = ∑|α|≤maα(x)Dα is a differential operator of orderm on U
andaα ∈C∞(U), |α| ≤m, then the characteristic set ofP= P(x,D) onU is given
by

Char(P) =
⋃
x∈U

Charx(P),

where
Charx(P) = {(x,ξ) ∈U ×Rd\{0}|Pm(x,ξ) = 0}

is its characteristic variety atx ∈ U . Here Pm(x,ξ) = ∑
|α|=m

aα(x)ξα ∈ C∞(U ×

Rd\{0}) denotes the principal symbol ofP(x,D).
By the homogeneity of the principal symbol, it follows that Char(P) is a closed

conical subset ofU ×Rd\{0}.

2. THE ASSOCIATED FUNCTION

Let there be givenh> 0, τ > 0 andσ > 1. Then the function

Tτ,σ,h(k) = sup
p∈N

ln+
hpσ

kp

Mτ,σ
p

, k> 0,

is called the (extended) associated function to the sequence Mτ,σ
p = pτpσ

, p ∈ N,
where ln+A= max{0, lnA}, for A> 0.

For any givenσ > 1 andτ > 0 we put

R(h,k) := h−
σ−1

τ e
σ−1

σ
σ−1

τσ
lnk, h> 0, k> e. (2.1)

The precise asymptotic behavior ofTτ,σ,h(k) when 1< σ < 2 is given in terms
of the Lambert functionW as follows

Theorem 2.1. Let there be given h> 0, τ > 0 and 1 < σ < 2, and let Tτ,σ,h be
the associated function to the sequence Mτ,σ

p = pτpσ
, p∈ N. Then the following

estimates hold:

Ãτ,σ,h exp
{(σ−1

τσ

) 1
σ−1

W−
1

σ−1(R(h,k)) ln
σ

σ−1 k
}
≤ eTτ,σ,h(k)

≤ Aτ,σ,h exp
{(σ−1

τσ

) 1
σ−1

W−
1

σ−1(R(h,k)) ln
σ

σ−1 k
}
, k> e, (2.2)

for some constants Aτ,σ,h, Ãτ,σ,h > 0, andR(h,k) given by(2.1).
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Sketch of the proof.Let h,τ > 0 and 1< σ < 2 be fixed. The idea of the proof is to
show that there exists constantsHτ,σ,h,Cτ,σ,h > 0 such that

(σ−1
τσ

) 1
σ−1

W−
1

σ−1 (R(h,k)) ln
σ

σ−1 k−Hτ,σ,h

≤ sup
p∈N

ln
hpσ

kp

pτpσ ≤
(σ−1

τσ

) 1
σ−1

W−
1

σ−1 (R(h,k)) ln
σ

σ−1 k, (2.3)

whenk≥Cτ,σ,h > e. We consider separately the right hand side and the left hand
side of (2.3). The complete proof is given in [12]. �

Remark2.1. We note that when the conditions of Theorem 2.1 are satisfied with
σ≥ 2 instead, then the following estimates hold:

Ãτ,σ,h exp
{
(2σ−1τ)−

1
σ−1

(σ−1
σ

) σ
σ−1

W−
1

σ−1 (R(h,k)) ln
σ

σ−1 k
}
≤ eTτ,σ,h(k)

≤ Aτ,σ,h exp
{(σ−1

τσ

) 1
σ−1

W−
1

σ−1(R(h,k)) ln
σ

σ−1 k
}
, k> e, (2.4)

see [12] for the proof.

Remark2.2. Let τ,h> 0, 1< σ < 2 andH := h−
σ−1

τ e
σ−1

σ
σ−1

τσ
. Then (1.1) implies

W−
1

σ−1 (R(h,k)) ln
σ

σ−1 k=W−
1

σ−1 (H lnk) ln
σ

σ−1 k≍ ln
σ

σ−1 k

ln
1

σ−1 (H lnk)
, (2.5)

whenk→ ∞. It follows that for everyM > 0 there existsB> 0 such that

W−
1

σ−1 (R(h,k)) ln
σ

σ−1 k> M lnk, k> B.

This estimate is useful when comparing the new regularity properties with the usual
Gevrey regularity, cf. [12].

Theorem 2.1 can be used for characterization of wave front sets from Section
1.3. Recall, by Theorem 1.2, for a givenu∈ D

′(U), (x0,ξ0) 6∈WF{τ,σ}(u) (resp.
(x0,ξ0) 6∈WF(τ,σ)(u)) if and only if there exists a conic neighborhoodΓ of ξ0, a
compact neighborhoodK of x0 andφ ∈D

K
{τ,σ} (resp.φ ∈D

K
(τ,σ)) such thatφ = 1 on

a neighborhood ofx0, and

|φ̂u(ξ)| ≤ A
hNσ

NτNσ

|ξ|N , N ∈ N ,ξ ∈ Γ, (2.6)

for someA,h> 0 (resp. for everyh> 0 there existsA> 0).

Proposition 2.1. Let u∈ D
′(U), τ > 0, 1 < σ < 2. Then(x0,ξ0) 6∈WF{τ,σ}(u)

(resp. (x0,ξ0) 6∈WF(τ,σ)(u)) if and only if there exists a conic neighborhoodΓ of
ξ0, a compact neighborhood K of x0 and φ ∈ D

K
{τ,σ} (resp. φ ∈ D

K
(τ,σ)) such that
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φ = 1 on a neighborhood of x0, and for some A,H > 0 (resp. for every H> 0 there
exists A> 0) such that

|φ̂u(ξ)| ≤ Aexp
{
−
(σ−1

τσ

) 1
σ−1

W−
1

σ−1 (H ln(e+ |ξ|)) ln
σ

σ−1 (e+ |ξ|)
}
, (2.7)

for N ∈N ,ξ ∈ Γ.

Proof. Since the proofs Roumieu and Beurling case are similar, we give the proof
only for WF{τ,σ}(u).

Let (x0,ξ0) 6∈WF{τ,σ}(u). This means that there is a conic neighborhoodΓ of
ξ0, a compact neighborhoodK of x0 and a functionφ ∈D

K
{τ,σ} such thatφ = 1 on a

neighborhood ofx0 and such that (2.6) holds for someA,h> 0.
Then, by the following simple inequality

|ξ|N ≤ (e+ |ξ|)N ≤ (2e)N|ξ|N, N ∈ N, ξ ∈Rd. (2.8)

it follows that there existA1,h1 > 0 such that

|φ̂u(ξ)| ≤ inf
N∈N

A1
hNσ

1 NτNσ

(e+ |ξ|)N

= A1

(
sup
N∈N

(1/h1)
Nσ
(e+ |ξ|)N

NτNσ

)−1
= e−Tτ,σ,1/h1

(e+|ξ|)

≤ A2exp
{
−
(σ−1

τσ

) 1
σ−1

W−
1

σ−1 (R(1/h1,k)) ln
σ

σ−1(e+ |ξ|)
}
, ξ ∈ Γ

and the last inequality follows from the left hand side of (2.2). Now (2.7) follows

for H = h
σ−1

τ
1 e

σ−1
σ

σ−1
τσ

.

Conversely, letΓ be the conic neighborhood ofξ0, let K be the compact neigh-
borhood ofx0 and letφ ∈D

K
{τ,σ} such thatφ = 1 on a neighborhood ofx0, and such

that (2.7) holds for someA,H > 0. Then the right hand side of (2.2) implies that

for h= H−
τ

σ−1 e
τ
σ

(σ−1
τσ

) τ
σ−1

we have

exp
{
−
(σ−1

τσ

) 1
σ−1

W−
1

σ−1(H ln(e+ |ξ|)) ln
σ

σ−1 (e+ |ξ|)
}

≤ e−Tτ,σ,h(e+ |ξ|)≤ (1/h)NNτNσ

(e+ |ξ|)N N ∈ N,ξ ∈ Γ, (2.9)

and (2.6) easily follows after applying inequality (2.8). �

3. PALEY-WIENER THEOREMS

In this section we discuss some Paley-Wiener theorems for extended Gevrey
functions with compact support of Roumieu and Beurling type. In particular, by
the use of Theorem 2.1 we can prove the following.
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Theorem 3.1.Letτ> 0, 1< σ < 2, U be open set inRd and K⊂⊂U. If ϕ∈D
K
τ,σ,h

then its Fourier-Laplace transform̂ϕ is an entire function which satisfies

|ϕ̂(η)| ≤ Aτ,σ,h exp
{
−
(σ−1

τσ

) 1
σ−1

W−
1

σ−1

(
R

( 1

2eh
√

d
,e+ |η|

))
·

· ln σ
σ−1 (e+ |η|)+HK(η)

}
, h> 0, η ∈ Cd, (3.1)

for some Aτ,σ,h > 0, where HK(η) = sup
y∈K

Im(y·η).

Conversely, if an entire function̂ϕ satisfies

|ϕ̂(η)| ≤ Aτ,σ,h exp
{
−
(σ−1

τσ

) 1
σ−1

W−
1

σ−1

(
R

(2τ

h
,e+ |η|

))
·

· ln σ
σ−1 (e+ |η|)+HK(η)

}
, h> 0, η ∈ Cd,

for some Aτ,σ,h > 0 then ϕ̂(η) is the Fourier-Laplace transform of some function
ϕ ∈D

K
2σ−1τ,σ,h.

Here we omit the proof, and the complete version of Theorem 3.1 is given in
[12].

As an immediate consequence of Theorem 3.1 we obtain a Paley-Wiener theo-
rem forD

K
{τ,σ} andD

K
(τ,σ) as follows:

Corollary 3.1. Letτ> 0, 1<σ< 2, U be open set inRd and K⊂⊂U. If ϕ∈D
K
{τ,σ}

(resp. ϕ ∈ D
K
(τ,σ)) then its Fourier-Laplace transform is an entire function,and

there exists constants A,B> 0 (resp. for every B> 0 there exists A> 0) such that

|ϕ̂(η)| ≤ Aexp
{
−
(σ−1

τσ

) 1
σ−1

W−
1

σ−1

(
Bln(e+ |η|)

)
·

· ln σ
σ−1 (e+ |η|)+HK(η)

}
, h> 0, η ∈ Cd, (3.2)

where HK(η) = sup
y∈K

Im(y·η).

Conversely, if there exists A,B> 0 (resp. for every B> 0 there exists A> 0) such
that an entire function̂ϕ satisfies(3.2) then it is the Fourier-Laplace transform of
a functionϕ ∈D

K
{2σ−1τ,σ} (resp.DK

(2σ−1τ,σ)).

To conclude the paper we prove the following version of Paley-Wiener theorem.

Theorem 3.2. Let 1< σ < 2, U be open set inRd and K⊂⊂U. Then the entire
functionϕ̂(η), η ∈ Cd, is the Fourier-Laplace transform of

ϕ ∈ lim−→
τ→∞

D
K
τ,σ

if and only if there exist constant A,C> 0 such that



REGULARITIES FOR A NEW CLASS OF SPACES ... 261

|ϕ̂(η)| ≤ Aexp{−C
ln

σ
σ−1 (e+ |η|)

ln
1

σ−1 (ln(e+ |η|))
+HK(η)}, (3.3)

where HK(η) = sup
y∈K

Im(y·η).

Proof. Arguing in the similar way as in the proof of Proposition 1.1 (cf. [9]) we
can conclude that for 0< τ1 < τ2 andσ > 1 it holds

D
K
{τ1,σ} →֒D

K
(τ2,σ) →֒D

K
{τ2,σ}

and therefore
lim−→
τ→∞

D
K
(τ,σ) = lim−→

τ→∞
D

K
{τ,σ}.

Hence it is sufficient to consider only the Roumieu caseD
K
{τ,σ}.

Let 1< σ < 2 andϕ ∈ lim−→τ→∞ D
K
τ,σ. Then there existsτ0 > 0 such thatϕ ∈

D
K
{τ0,σ} and Corollary 3.1 implies that there exists constantsA,B,C> 0 such that

|ϕ̂(η)| ≤ Aexp
{
−CW−

1
σ−1

(
Bln(e+ |η|)

)
ln

σ
σ−1 (e+ |η|)+HK(η)

}
,

for everyη ∈ Cd. Using (2.5) we have

W−
1

σ−1

(
Bln(e+ |η|)

)
ln

σ
σ−1 (e+ |η|)≍ ln

σ
σ−1 (e+ |η|)

ln
1

σ−1(Bln(e+ |η|))
≍

≍ ln
σ

σ−1 (e+ |η|)
ln

1
σ−1(ln(e+ |η|))

,

as|η| → ∞, where the second behavior follows from

ln(Bln(e+ |η|))≍ ln(ln(e+ |η|)), |η| → ∞,

and (3.3) follows.
Conversely, if̂ϕ satisfies (3.3) for 1< σ < 2 and for someA,C> 0, then Corol-

lary 3.1 implies thatϕ ∈ D
K
2σ−1τ0,σ

for τ0 =C1−σ σ−1
σ

. Thereforeϕ ∈ lim−→
τ→∞

D
K
{τ,σ}

and the proof is finished. �
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[9] S. Pilipović, N. Teofanov, and F. Tomić, On a class of ultradifferentiable functions, Novi Sad

Journal of Mathematics, 45 (2015), 125–142.
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