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ABSTRACT. We investigate regularity properties of generalized fioms that

lie between any space of ultradistribution in the sense afrflBgy or Roumieu
(re-introduced by Komatsu [7, 8]) and Schwartz’s distribos. Their test func-
tion spaces are described by the means of sequences of theMipr= p'?’,
peN,1>0,0>1 We study the properties of function associated to that se-
quence. In particular, we present sharp estimates for rag@stic behavior of

the associated function, and use that result to charaetdérézrelated wave front
sets Wk s. Furthermore, we examine the Paley-Wiener type theoremthéo
test function spaces and the corresponding generalizexdidas with compact
supports.

1. INTRODUCTION

The authors of this paper constructed and analyzed in [9.1]0[14, 15, 16] a
class of new generalized function spaces following Komatslassical construc-
tion of ultradistribution spaces, cf. [7]. The interest arch spaces can be found
in the study of a class of strictly hyperbolic systems, séeNBreover, common
guestions related to (ultra)distributions appear to beoitgmt in the setting of
newly introduced spaces of generalized functions. Thigpapa contribution to
the analysis of new regularity properties in the realm ohsgeneralized functions.
More precisely, we continue with the analysis of wave fratssn this setting.

In the theory of ultradistributions, asymptotic propesta the associated func-
tion to a given positive and increasing sequeMg p € N, are essential for the
proofs ofPaley-Wiener typtheorems. For example, it is well known (cf. [5, 8, 13])
that the associated functidn(k), k > 0,1 > 1, to the Gevrey sequeng?', p€ N,
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satisfies

AT —B < Ty(k) < AKYT, k>0,
for suitable constantd, B > 0. These estimates imply the Paley-Wiener theorems
for Gevrey functions (ultradistributions), which in itsrgdlest form state the fol-
lowing: if ¢ is a compactly supported Gevrey function of Roumieu (resguring)
type with indext > 1 (cf. [8, 13]) then

B(8)| <Ce M geRY,

for some constant&,C > 0 (resp. for evenA > 0 there exist€ > 0).

Another application of such estimates is in microlocal gsial In particular,
Gevrey wave front sets WEu), T > 1, (of Roumieu type) of a distributioncan be
defined as follows (cf.[13]){x0,&0) & WF(u) if there exists conic neighborhood
I" of &p, compact neighborhoodd of xo and Gevrey functiop supported irk such
that

fu(E)| <ce ™ ger,
for someA,C > 0.

In this paper we investigate the classesesfended Gevrey functionghose
derivatives are controlled by the two-parameter sequeritibe formM};U =p,
pe N, t>0,0>1, and the corresponding wave front sets. Such classes-are in
troduced and investigated in [9, 10, 11, 12, 14, 15, 16], ahdmned out that they
can be used in the study of a class of strictly hyperbolic egus and systems. In
particular, the extended Gevrey class associated to thesegV %.2 = pID2 is used
in the analysis of the regularity of the corresponding Caumioblem in [2].

The aim of this paper is two-fold. Firstly we give a review ofige results related
to a new class of spaces between distributions (strongletasiass) and ultradis-
tributions. Such classes are strictly contained in anyepdaltradistributions in
the sense of Komatsu, [7] (see also Braun, Meise, Taylor, [1]

The second aim is to present some of our most recent reslaltsd¢o the notion
of wave front sets in that setting. The complete analysisvisgin [12].

The paper is organized as follows: Subsection 1.1 contatetion and basic
facts on the LambeitV function (cf. [3]) that will be used throughout the paper.
The basic facts concerning classes of extended Gevreyidasand corrssponding
wave front sets are introduced in Subsections 1.2 and kfectively. In Section
2 we introduce the functiofi; 5 n(k) associated to the sequeng®’, pe N, and
present the essential estimates in Theorem 2.1. Theseagstirare used in the
proof of Proposition 2.1 to characterize the wave front Bets Subsection 1.3. In
Section 3 we discuss different versions of the Paley-Widmesrems for extended
Gevrey functions with compact support, and prove the Thede as our final
result.
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1.1. Preliminaries

We denote b\, Z ,, R, C the sets of nonnegative integers, positive integers, real
numbers and complex numbers, respectively. ¥ oR% we put(x) = (1+ |x|?)¥/2.
The integer parts (the floor and the ceiling functionskaf R, are denoted by
|X] :==max{me N : m< x} and[x]| := min{me N : m > x}. For a multi-index
o = (ay,...,0aq) € N9 we writed® = 9% ... 9%, D% = (—i)/%9%, and|a| = |oy| +
... |ag]. We writeA(6) < B(8), 8 € U, if there is a constart > 0 such that\() <
cB(B) for all® € U, andA(B) < B(8) if A(B) < B(8) andB(8) < A(B) forall6cU.
HereU is an open set ifR¢.

The Lebesgue spaces over an opetusetR? are denoted byP(U), 1< p < oo,
and the Fourier-Laplace transform is denoted by

an) = /d ux)e*"dx, necd uelLl}RY).
R

Let U be open set ilRY andK be compact set i) (we write K cc U). By
C*(U), C¢ we denote the spaces of smooth functionddoand its subspace of
functions supported iK and their strong duals a8’ (U) and E;, respectively.

By W(x), x> 0, we denote the principal (real) branch of trmbert W function
commonly denoted b\, (see [3]). The LambeiV function is defined as the
inverse function ofz&, z € C, wherefrom it easily follows tha¥V satisfies the
following property:

x=W(x)e'™  x>o0.
MoreoverW is continuous, increasing and concave@mo), W(0) =0,W(e) =1,
andW(x) > 0 for x > 0. It can be shown that the following estimate holds:

InX—In(Inx) <W(x) <Inx— % In(Inx), x>e (1.2)

with the equality if and only ifx = e. For more details about the Lambakt
function we refer to [3, 6].

1.2. Test function spaces

In this subsection we recall the definition of test functigasesZ; ;(U) and
Dr(U). Such spaces contains the functions whose derivativesoateotted by
sequences of the 1‘0rr|\ol|};o =p™, peN, 1> 0ando > 1. They are introduced
and studied in [9, 10, 11, 14, 15, 16]@stended Gevrey classes

Let,h >0, 0 > 1 andK cc RY with a smooth boundary. B¥ron(K) we
denote the Banach space of functians C*(K) such that

o
19l (k) = supsupl? P o,

T.0
aeNd xeK hlef® M\d\

and fDT'fqh is its subspace of functions supportedin
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Then obviously,
Zfl,ol,hl(K) — Z:Tz,o-z.hz(K)7 0< h]_ < hz, 0< 71 < T2, 1< 01 < Op,

where— denotes the strict and dense inclusion.
For an open sdfl in RY we define families of spaces by introducing the follow-
ing projective and inductive limit topologies,

Eroy(U) = lim “L} Tron(K),

KccU h—o
'E(r.cr) (U) = IM IL” Zr.cr.h(K)>
KccU h—0
Diroy(U) = IIL”) Q)Kr.cr} = |ILI’]> (th} Q)rK.cr.h)7
Kccu KccU h—o
@(r,o) V)= I'ﬂ") @(lio) = |ILT1> (I@ @Lc h)
Kccu KccU h—0

We will write t, 0 for {t,0} or (1,0).

Notice that Ei3(U) = E(U), 1T > 1, is the Gevrey class, and
D13 (U) = Dy (U) is its subspace of compactly supported functions. Morgover
E1,13(U) = E(1;(U) is the space of analytic functions th

The sequencM, = p®. peN,1>0,0 > 1, satisfies the non-quasianalyticity
condition

00

(cf. [9]), and therefore the spac€; )(U) and Dy ) (U) are non-trivial. More-
over, there exist compactly supported functiongif 4, (U) which do not belong
to Dy, (U) for anyt > 1, see [9, Lemma 2.2] for the construction.

The spaceg;¢(U), Df, andD; 5(U) are nuclear, closed under pointwise mul-
tiplication and finite order differentiation. The basic exdding properties are
given in the following Proposition. We refer to [10] for itsqof.

Proposition 1.1. Leto; > 1. Then for every, > ¢; andt > 0,

i Feo, (U) < im o, (U).

T— —0F

Moreover, if0 < 11 < Ty, then
'Z:{TLO'} (U) — E(rzp) (U) — E{1270} (U )7 o>1,

and
”LT; Eir o) V)= th) Zr0) ),
T—00 1=

M 'E{LO} (U) = M E(LO) (U), o>1
—0*

—0*
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As an immediate consequence of Proposition 1.1 we obtain
lim £y (U) = oU) = C*(U), 1>0,0>1,

{—oo
and in that sen;e the regularity describedfhy (U ) extends the Gevrey regularity.
We end the subsection with ultradifferentiability progeot classest; (U ).

Theorem 1.1. Lett >0, 0 > 1, U open inRY and let

P(x,0) = aq (x)0°
|a]=0
be the infinite order differential operator of clags, o) (resp. {1,0}) on U, i.e.,
for every KCC U there exists constant t 0 such that for any h> O there exists
A > 0 (resp. for every KCC U there exists h> 0 such that for any > 0 there
exists A> 0) such that,

(o2

o o Lol
B < ApBC gL d
fequya aq(x)| < AhPT|B| P a,BeN
Then P(x,0): Fio(U) — Epo1g(U)

is a continuous linear mapping, and the same holds for
P(x,0) : Ian> EoU) — I@> Fro(U).

T—00 T—00
We refer to [10] for the proof of Theorem 1.1, and to [9, 11,14, 16] for more
details onZ; (U ) and 2 ¢(U) and their dual spaces of generalized functions.

1.3. Wave front setsWF; 5

In this section we define wave front sets WE, (u) and Wk, 5 (u) of Roumieu
and Beurling type, respectively, and discuss their basipgties. We write WF;(u)
for WF; oy (u) or WF o) (u).

Letuec 2'(U), 1> 0, 0> 1 and(x,&) € U x RI\{0}. Recall (cf. [10]),
(%0,€0) & WF(1 6} (U) (resp.(xo,&0) & WF( o) () if there exists a conic neighbor-
hoodI" of &y, compact neighborhoold of xg, and bounded sequenéay }nen in
Ex such thauy = u on some neighborhood & and for someA, h > 0 (resp. for
everyh > 0 there existé\ > 0) so that

hNN1t/0

‘GN(E)ISAma NeN,gEeT. 1.2)

The condition (1.2) can be replaced by an equivalent camdivhen instead
of N we use another positive, increasing sequemgsuch thatay — o, N — oo,
This change of variable with respectitbe N we callenumeration For example,
enumeratiorN — N° and Stirling’s formula applied to (1.2) give an equivalent
estimate of the form

N9 nJTNC
on(®)] <A

TN NeN, e,
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for some constant8;, h; > 0 (resp. for everyn; > 0 there exist#\; > 0). We refer
to [10] for more details on enumeration.

For the analysis of Wk g, (u) (cf. [10, 11]) we have used the sequences of
cutoff function in a similar way as it is done in [4] in the cert of analytic wave
front set Wi = WFy; 1,. Notice also that Wk ;, = WF;(u) is the Gevrey wave
front set investigated in [13].

The following characterization of W (u) states that a bounded sequence of
cut-off functions{un}nen € E'(U) can be replaced by a single function from
Dr (U). We refer to [11] for its proof.

Theorem 1.2. Letuc 2'(U), 1> 0, 0 > 1, and let(x,&0) € U x R\ {0}. Then
(%0,&0) & WFr ) (U) (resp. (Xo,&0) € WF ;) (1)) if and only if there exists a conic
neighborhoodl” of &y, a compact neighborhood K ofand ¢ @{Kw} (resp.
]S @(}i,o)) such thatp= 1 on a neighborhood ofgxand holds

/\ hN"NTN0
lpu(€)| < AWa

for some Ah > 0 (resp. for every h> 0 there exists A- 0).

NeN,EeT,

The singular support of a distribution with respect to @ass; ;(U) can be
defined in the usual way as follows.

Definition 1.1. Let % € RY and ue 2'(U). Then % ¢ singsupp(u) if and only
if there exists an open neighborho@dof Xy such that us % 5(Q).

We note that the local regularity described by the clagses coincides with
the wave front sets Wk In particular, the following Theorem holds (see [10] for
Roumieu, and [15] for Beurling case).

Theorem 1.3.Lett >0ando > 1, uc D'(U). Letry : U x RI\{0} — U be the
standard projection given witit (x,§) = x. Then

singsuch(u) =Ty (WFg(U)).
Hence, forue 2'(U), 1 > 0 ando > 1 we have
WF(u) € WFg(u) C [JWF(u) C WFa(u), ue D'(U),
™1

where WHu) is the standard wave front sets 2'(U), cf. [4].
One on the main properties of wave front sets is microlocabklipticity. For
the Roumieu wave front Wik ) (u) it can be stated as follows.

Theorem 1.4.[11] Letue 2'(U), 1> 0ando > 1andletRx D)= % aq(x)D"
la]<m
be partial differential operator of order m such thag &) € £ 3(U), |a <m.
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Then if Rx,D)u= f in 2/(U), it holds
WF{ZG’l‘t.G}(f) Q WF{zc—l-[’o-} (U) g WF{LO’} ( f) U Char(P(X, D))
In particular,
WFe(f) € WFp(U) € WFy(f)UChatP(x,D)),

whereWFo . (U) = Ug>1N=0WFr 01 (U) and CharP(x,D)) is characteristic set
of operator Rx,D).

Recall, if P(x,D) = ¥ |qj<ma(X)D? is a differential operator of orden onU
anday € C*(U), |a| < m, then the characteristic set Bf= P(x,D) onU is given

b
y Cha(P) = |_J Chag(P).
xeU
Chag(P) = {(X,§) € U x RN\ {0} |Pn(X,€) = 0}
is its characteristic variety at€ U. Here Py(x,&) = Z aq(x)€* € C*(U x

|a[=m

where

RY\{0}) denotes the principal symbol B{x, D).
By the homogeneity of the principal symbol, it follows thatd P) is a closed
conical subset dff x RY\{0}.

2. THE ASSOCIATED FUNCTION

Let there be givetn > 0, t > 0 ando > 1. Then the function
hP° kP
Tron(k) =supin, —=, k>0,
peN My
is called the (extended) associated function to the sequei€ = p™, p € N,
where In. A= max0,InA}, for A> 0.
For any givero > 1 andt > 0 we put

R(h,k) == h- e’

h>0 k>e (2.1)

The precise asymptotic behavior 'ﬁfcih( k) when 1< 0 < 2 is given in terms
of the Lambert functioW as follows

Theorem 2.1. Let there be given b0, T >0and1 <o < 2, and let T be

the associated function to the sequencg®™ p™, p € N. Then the following
estimates hold:

~ 0—1\51 . o _—
Aeonexp{ (=) W F1(3(hK) N1k} < eeen®d

o—1\s1,,,_ 1 _o_
gAL@hexp{(?> W c—l(f)%(h,k))lnc—lk}, k>e (2.2)

for some constantsﬁh,,&mh > 0, andi(h,k) given by(2.1).
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Sketch of the proofLeth, 1 > 0 and 1< 0 < 2 be fixed. The idea of the proof is to
show that there exists constamhtsg h,C; o n > 0 such that

L

o-1 )
(?) "Ws1 (9R(h, k) N1k — He g

hPkP /o0—1\53 1 o
< —_ < — T o o— )
< supln 5 ( o ) W1 (R(hk))Ina1k, (2.3)

whenk > C; 5 > €. We consider separately the right hand side and the left hand
side of (2.3). The complete proof is given in [12]. O

Remark2.1 We note that when the conditions of Theorem 2.1 are satisfidd w
0 > 2 instead, then the following estimates hold:

Acanexp{ (211 (2 1) WS (SR(h,K)) In7FTk < €T

o
o—1\s1.. 1
gAT,o,hexp{(?) W71 (9%(h, k) Ina3 1k} k>e (2.4)
see [12] for the proof.
Remark2.2 Lett,h>0,1<o<2andH:=h""t 9=
_1 o _1 o In5>1 k
W't (R (h,K)) INe“tk =W s 1 (HInk) Ine’ik = — < (2.5)
In=1(H Ink)

whenk — . It follows that for everyM > 0 there exist® > 0 such that
W5 1(%R(h,k)) N1k > MInk, k> B.

This estimate is useful when comparing the new regularitperties with the usual
Gevrey regularity, cf. [12].

Theorem 2.1 can be used for characterization of wave frastfsem Section
1.3. Recall, by Theorem 1.2, for a givere 2'(U), (Xo,&0) & WF o3 (u) (resp.
(%0,&0) & WF(r ) (1)) if and only if there exists a conic neighborhobdof &g, a
compact nelghborhoold of xp andg e D ) (resp.@c fD ) such thatp=1 on
a neighborhood ofg, and

{rc

_ RN NTNC

for someA,h > 0 (resp. for ever > 0 there existé\ > 0).

Proposition 2.1. Letue D'(U), 1> 0, 1 <0 < 2. Then(xo,&o) ¢ WF g (U)
(resp. (Xo,&0) & WF( ) (u)) if and only if there exists a conic neighborhobebf
&o, a compact neighborhood K ofand @ < Q){ (resp. @€ Q) ) such that

1,0}
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¢@=1o0n aneighborhood ofp¢and for some &4 > 0 (resp. for every H> 0 there
exists A> 0) such that

@i®)] < Aexp — (S 1) W (HIne ) nfi (e fE) ) 27)

10
for NeN,ferl.

Proof. Since the proofs Roumieu and Beurling case are similar, wethe proof
only for WF gy (u).

Let (Xo0,&0) ¢ WF( g} (U). This means that there is a conic neighborhdoof
&0, a compact neighborhodfl of Xy and a functiornp € Q)Fm} such thatp=1o0n a

neighborhood okg and such that (2.6) holds for someh > 0.
Then, by the following simple inequality

€N < (e+[EDN < (2e)N[EN, NeN,EeRd. (2.8)
it follows that there exisf;,h; > 0 such that

e ?0 TNU
<inf Aj————
lQu(&)[ < NEN 1(e_|_|z|)N
B (L/h)N e+ [EDN YL 1y (erleD
=A(gp e ) =
o—1\s1,, 1 o
< rgexp{ — (2=) "W e (R (1/hy k) Nt e+ 8] |, EeT
and the last inequality follows from the left hand side oR2§2.Now (2.7) follows
ool 510-1

forH=h" e :
! T

o
Conversely, lef” be the conic neighborhood &§, let K be the compact neigh-

borhood ofxg and letp € @{KT o} such thatp= 1 on a neighborhood o, and such

that (2.7) holds for som&,H > 0. Then the right hand side of (2.2) implies that

. 1 /0—1\1
forh:H*ﬂeE( ) ' we have
10

o—-1 o% _ 1 o
exp{ — (===) " W i (HIn(e+[]) In="1 e+ €]) }
B (l/h)NNTNG
<eTone+ )<Lt~ _—— NeNEel, (29
< e Tore ) < ger. (29)
and (2.6) easily follows after applying inequality (2.8). O

3. PALEY-WIENER THEOREMS

In this section we discuss some Paley-Wiener theorems tendzd Gevrey
functions with compact support of Roumieu and Beurling typeparticular, by
the use of Theorem 2.1 we can prove the following.
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Theorem 3.1.Lett >0,1< 0 < 2,U be opensetiR?and Kcc U. If ¢ € DK,
then its Fourier-Laplace transform is an entire function which satisfies
o—1\ 51 1 1
<maen{ - (55H) W (1 o)
®(n)| < Argnexp e 2ehvd +n|
N1 (e+ ) +He(m)}, h>0nect, (3.1)

for some Agh > 0, where H () = supim(y-n).

yeK
Conversely, if an entire functio satisfies
o—1\ 51 1 2t
< Y — To-1 . .
< manenn{ — (52w (351

In="1(e+ |nf) +He()}, h>0nec,

for some Agp > 0thend(n) is the Fourier-Laplace transform of some function
¢ € @g’*lr,o,h'

Here we omit the proof, and the complete version of Theoreins3given in
[12].
As an immediate consequence of Theorem 3.1 we obtain a RPékyer theo-

rem forfDFm} and @('2.0) as follows:

Corollary 3.1. Lett >0,1<0<2,U beopensetiRéandKccU. If ¢ € @{Kw}

(resp. ¢ € fD('i 0)) then its Fourier-Laplace transform is an entire functicand
there exists constants B.> 0O (resp. for every B> O there exists A> 0) such that

() < Aexp{ - (Z=1) 7w -es (Binte+ )

=i (e+ |nf) +He(m) }. h>0nec?, (32)

where H(n) = supim(y-n).
yeK

Conversely, if there exists B > 0 (resp. for every B> Othere exists A- 0) such
that an entire functiord satisfies(3.2) then it is the Fourier-Laplace transform of
a function¢ € @é"*lw} (resp.ﬂ)éo,lw)).

To conclude the paper we prove the following version of P&légner theorem.
Theorem 3.2. Let1 < 0 < 2, U be open set ilRY and Kcc U. Then the entire
function$(n), n € CY, is the Fourier-Laplace transform of

¢ € lim D
e

if and only if there exist constant @ > 0 such that
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Ino"1 (e |n})
Ina"1 (In(e+ |n|))

[§(n)| < Aexp{-C

where H (n) = supim(y-n).
yeK

HK(n)}v (33)

Proof. Arguing in the similar way as in the proof of Proposition 1ct. ([9]) we
can conclude that for & 1; < 1o ando > 1 it holds

@FTLG} = @(‘izﬂ) = Q)FTZU}

and therefore
Hence it is sufficient to consider only the Roumieu cmﬁaﬂ}.

Letl< o< 2and¢ e "_anoo @er- Then there existsy > 0 such thatp
DK and Corollary 3.1 implies that there exists consta#,C > 0 such that

{to,0}

B(n)] < Aexp{ — W71 (BIn(e-+ n|) ) In="T (e [n) + Hi(n) |
for everyn e CY. Using (2.5) we have
Ins1 (e+|n|)
In=1(BIn(e+|n|))

w1 (BIn(e-+[n|) ) Ins"1 (e In|) =

In="x (e-+ |n|)
Ine"1(In(e+ |n]))
as|n| — o, where the second behavior follows from
In(BIn(e+[n[)) < In(In(e+[n[)), [nf— o,

and (3.3) follows.
Conversely, ifp satisfies (3.3) for k o < 2 and for somé\,C > 0, then Corol-

L _s0—-1 .
lary 3.1 implies thaty € D%, for 1o = ct GT' Thereforep € TI%Tgo D o)
and the proof is finished. O
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