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AUTOMORPHISMS OF THE MODULE FORMAL SUMS

N. I. DUBROVIN

Dedicated to Professor Mirjana Vuković on the occasion of her 70th birthday

ABSTRACT. Besides Tychonoff topology on a direct product of discreetskew
fields a variety of other topologies are defined and studied which correspond to
given filters on the support. The main result of this paper is the description of
continuous linear operators of a space of the formal sums.

1. MODULE OF FORMAL SUMS

Let K be a field with discreet topology,G be a multiplicative group. Consider
linear spaceF (G,K) of all mapsG→ K. The element of this space we will write
as formal sum

γ = ∑
g∈G

gkg, (kg ∈ K). (1.1)

implying hereγ(g) = kg. The operations of addition and multiplication by elements
of field K are pointwise, namely,(γ+β)(g) = γ(g)+β(g) (γ ·k)(g) = γ(g)k for any
γ,β ∈ F (G,K) g∈ G, k∈ K. A set{g∈ G | γ(g) 6= 0} is calleda support of a the
sum γ and is denoted by suppγ.

Transform the spaceF (G,K) into the left G-module, assuming(hγ)(g) =
= γ(h−1g) or, more simplyh ·∑g∈G gkg = ∑g∈G(hg)kg. Using distributivity we
extend this multiplication by the group ringKG and obtain the leftKG-module of
the formal sums. Note that the group ringKG is considered as a subspace of the
spaceF (G,K), consisting of all formal sums with finite support.

The subsetP ⊆ G closed with respect to multiplication such thatP∪P−1 = G
and P∩P−1 = {1} is called acone in group. The relationx ≤ y ⇔ x−1y ∈ P
transformG into a linearly ordered set and, moreover, into a left-ordered group
that isg1 ≤ g2 thengg1 ≤ gg2 for anyg1,g2,g∈ G.
Further we assume that a groupG has a coneP and above mentioned linear order.
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The meaning of the notationG,P,K,≤ is preserved throughout the paper. The
identity 1 denotes a neutral element with respect to multiplication in any algebraic
system.

Suppose that a support of the sum (1.1) has the smallest element g0. The element
g0 is calleda norm of the sum ofγ and is denoted byv(γ). The homogeneous
summandg0kg0 in γ we denote by∂γ. It is clear that this homogeneous summand
characterized by the property supp(γ− ∂γ) > v(γ). (The inequality ”S1 > S2” for
subsetsS1, S2 of any linearly ordered set we will use in the sense that any element
from the left part is strictly greater than any element from the right part.) We attach
∞ to the linearly ordered setG, assuming thatg< ∞ for anyg∈ G andv(0) = ∞.

A formal sum (1.1) is calleda formal series,if the set suppγ is well-ordered in
ascending order, that is any subset of this set has the smallest element. A set of all
formal series we denote byK {G}. SinceG is left-ordered group the set of formal
series forms a leftKG-submodule of the leftKG-moduleF (G,K).

We topologize the module of formal series by defining the basis of neighbor-
hoods of zero as follows. Consider a well-ordered in descending order subset
∆ ⊆ G that is any non-empty subset has the largest element and define subspace
U(∆) = {γ ∈ K {G} | suppγ∩∆ = /0} of K-spaceK {G}. The collection of all such
subspaces form the basis of the neighborhoods of zero and give a linear Hausdorff
topologyT , with respect to which the subspaceKG is densely located inK {G}.

As in any topological group the summation of the collection{γi | i ∈ I} of the
formal series is defined. The sum∑i∈I γi is equal to the formal seriesβ if for any
neighborhood of zeroU there is a finite set of indexesD(U)⊆ I such that for any
finite subsetD(U) ⊆ D ⊆ I there is a relationship∑i∈D γi ∈ β+U . The existence
of such sum is equivalent to the following two conditions:

1) for any elementg∈ G the set of indexesi ∈ I such thatγi(g) 6= 0 is finite;
2) the set

⋃
i∈I suppγi is well-ordered in ascending order.

Under these conditions, the sumβ exists andβ(g) = ∑i∈I γi(g) for any g ∈ G.
We denote this sum byβ = ∑T

i∈I γi . In particular, if for a formal series(1.1) we take
the groupG as a set of indices and putγg = gkg then the family(gkg) summable
and its sum isγ. In other words,γ = ∑T

g∈G gkg, i.e. the setG is the topological basis
of the spaceK {G}.

A summability of the family of the formal series is easily checked using the
following proposition.

Proposition 1.1. The system of the formal power seriesγi ∈ K {G} (i ∈ I) is T -
summable if and only if for anyN-sequence i1, i2, i3, . . . of pairwise distinct indices
and any set of the elements gj ∈ suppγi j ( j = 1,2,3, . . .) there is a pair of natural
numbers j< k such that gj < gk.

Proof. Since every support suppγi is well-ordered set we need to prove that the
union M =

⋃
i∈I suppγi is well-ordered set if and only if for anyN-sequence
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i1, i2, i3, . . . of pairwise distinct indices and any set of the elementsg j ∈ suppγi j

( j = 1,2,3, . . .) there is a pair of natural numbersj, k∈ N j < k such thatg j < gk.
The implication≀⇒ ≀ is obvious. Let prove the implication≀⇐ ≀. Assume that there
exist aN-sequence of pairwise distinct indicesi1, i2, i3, . . . such that for some set of
elementsg j ∈ suppγi j there is an infinite chain of inequalitiesg1 ≥ g2 ≥ g3 ≥ . . ..
Since the system{γi} is summable we can assume that all inequalities are strict.
But then the union ofM is not a well-ordered set. �

2. T -BASES

Let {γi | i ∈ I} be a collection of the formal power series. We say that the col-
lection isσ-summableif for any well-ordered setM ⊆ G subset{γi |v(γi) ∈ M} is
T -summable. A collection{γi | i ∈ I} is calledlocally completeif for any h ∈ G
there existγi with normh andmonotoneif the inequality indexesi 6= k implies in-
equality of normsv(γi) 6= v(γk). In the case of monotone collection we can assume
that the set of indicesI is a subset of the linearly ordered setG and by reindexing
can be achieved that a larger index corresponds to a larger norm.

We say that the collection{γi | i ∈ I} is σ-linearly independentif for any well-
ordered subsetM ⊆ G and any set of coefficients{ki ∈ K | i ∈ I} there is an impli-
cation

∑
v(γi)∈M

T γiki = 0 ⇒ (∀i ∈ I)ki = 0.

Note that monotonicity impliesσ-linear independence. Analogues of the fol-
lowing theorem can be found [5] and [6].

Theorem 2.1. Let {γi | i ∈ I} be aσ-summable and locally complete collection of
the formal power series. Then for any formal seriesγ ∈ K {G} there exist ki ∈ K
(i ∈ I) such that

γ = ∑
i∈I

T γiki . (2.1)

If moreover{γi | i ∈ I} is σ-linearly independent then the coefficients ki in the de-
composition (2.1) are unique.

Proof. The second part of the theorem is trivially. We prove the firstpart assuming
thatγ 6= 0.

Using the transfinite induction we will choose indexi(λ) ∈ I and the coefficient
kλ such that for any ordinalsλ1, λ2, with λ1 < λ2 ≤ λ there are relations:

v(γi(λ1))< v(γi(λ2)), (2.2)

{γi(µ) |µ< λ2} is T −summable andv(γ− ∑
µ<λ2

T γi(µ)kµ) = v(γi(λ2)). (2.3)

Base induction (λ = 1). Using completeness, we find for the normv(γ) the index
i(1) such thatv(γi(1)) = v(γ). Then∂(γi(1)k1) = ∂γ for suitablek1 ∈ K.
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Induction transition.Assume that for all ordinalsµ less thanλ indicesi(µ) and
the coefficientskµ, satisfying (2.2) and (2.3) forλ1 < λ2 ≤ µ are chosen.

First we will show that the family{γi(µ) |µ< λ} is T -summable. Ifλ is nonlimit
ordinal then adding a finite set of formal power series toT -summable family we
get again theT -summable family. Ifλ is a limit ordinal, then (2.2) is true for any
λ1 < λ2. Therefore since the family{γi} is σ-summable, it followsT -summability
of the family{γi(µ) |µ< λ}.

If γ = ∑µ<λ
T γi(µ)kµ then the first statement of the theorem is proved and the

induction construction is completed. Suppose that

β = γ− ∑
µ<λ

T γi(µ)kµ 6= 0.

Then, as above, we find the indexi(λ) ∈ I and the elementkλ ∈ K such that
∂(γi(λ)kλ) = ∂β.

Hence the equality (2.3) takes place for allλ2 ≤ λ. It remains to check (2.2)
only for λ2 = λ.

Case 1.λ is the limit ordinal. Denote byτ = λ1+1 and note that this ordinal is
less thanλ. We have:

β = γ− ∑
µ<λ

T γi(µ)kµ =

(

γ− ∑
µ<τ

T γi(µ)kµ

)

− ∑
τ≤µ<λ

T γi(µ)kµ. (2.4)

The difference in parentheses has a norm equal tov(γi(τ)) (see (2.3)) which
is strictly greater thanv(γi(λ1)). Each of the summands in the second sum in
(2.4) has a norm greater thanv(γi(λ1)) too (again use (2.2)). Thereforev(γi(λ)) =
= v(β)> v(γi(λ1)).

Case 2.λ = τ+1 is the nonlimit ordinal. Then

v(γi(λ)) = v(β) = v

(

γ− ∑
µ<τ

T γi(µ)kµ− γi(τ)kτ

)

> v(γi(τ)kτ) = v(γi(τ)),

because
∂(γ− ∑

µ<τ

T γi(µ)kµ) = ∂γi(τ)kτ

therefore, the difference of these two formal power series has a norm greater than
v(γi(τ)). So we checked the inequality (2.2).

Continuing the induction process we get the ordinalλ such thatγ=∑µ<λ
T γi(µ)kµ.

This follows from the boundedness from above the ordinal types of well-ordered
subsets of any fixed linear ordered set.

The theorem is proved. �

Definition 2.1. The system of formal power series{γh |h∈ G} is calledT -basis if
it is monotone, complete andσ-summable.
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Without lost of generality it can be assumed that forT -basis the inequality
h1 < h2 implies the inequalityv(γh1) < v(γh2) . This kind of monotonicity con-
dition will be assumed in further. The following proposition give the examples of
T -bases.

Proposition 2.1. For any nonzero element r∈ KG the system{r · h|h ∈ G}
is T -basis.

Proof. Assume thatr = a1g1+ . . .+akgk, wherea j ∈ K∗ andg j ∈ G are pairwise
distinct. For anyg∈ G the following equality holds:

v(r ·g) = min{g1g, . . . ,gkg} (2.5)

Prove the completeness of the family{rh}. Let h∈ G be arbitrary. Let choose
the maximal element in the set{g−1

1 h, . . . ,g−1
k h}. Without lost of generality it can

be assumed that this element isg = g−1
1 h. Theng is the required element, that

is v(r ·g) = h. Indeed,gig ≥ g1g = h, becauseg = g−1
1 h ≥ g−1

i h for any i. The
completeness is prove.

Let prove the monotony. Leth1 < h2 be the elements fromG and
v(r ·h1) = gih1, v(r ·h2) = g jh2. Then

gih1 ≤ g jh1 < g jh2,

because (2.5) and the order ”<” withstands multiplication on the left. �

Note that we can write the formal power series (1.1) asγ = ∑g∈G
T gkg. The

same is true for anyT -basis{γh |h∈ G}. Namely, by Theorem 2.1 we obtain that
the same power seriesγ can be uniquely decomposed into the formγ = ∑T

h∈G γhk̃h

(k̃h ∈ K).
The concept of aT -basis is associated with automorphisms of the linear space

K {G}K with corresponding properties. The linear operatorq : K {G}K → K {G}K
is called locally monotone, if for any g,h ∈ G the inequalityg < h implies the
inequality of the normsv(q[g]) < v(q[h]).

An endomorphismq is called locally surjectiveif for any h ∈ G there is an
elementg∈ G such thatv(q[g]) = h.

If q is simultaneously locally monotone, locally surjective and continuous, then
we say thatq is anT -automorphism.

The main result of the paper is the following theorem

Theorem 2.2.

1) EveryT -automorphism is an automorphism of the space K{G}K and maps any
T -basis intoT -basis.

2) The inverse mapping toT -automorphism is alsoT -automorphism. Moreover,
the set of allT -automorphisms is a subgroup in a group of the automorphisms
AutK {G}K .
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3) If {βh |h∈ G} and{γh |h∈ G} are twoT -bases, then the mapping q: K {G}→
K {G}, given by

∑
h∈G

T βhkh → ∑
h∈G

T γhkh (2.6)

is T -automorphism.

First we prove two lemmas.

Lemma 2.3. Let q : K {G} → K {G} be a map such that for any well-ordered
subset M⊆ G the system of formal power series{q[h] |h∈ M} is T -summable and
the following equality holds

q

[

∑
h∈M

hkh

]

= ∑
h∈M

T q[h]kh

for any set of coefficients kh ∈ K. Then q is a continuous linear endomorphism.

Proof. Let {γi ∈ K {G} | i ∈ I} be T -summable family. ThenN =
⋃

i∈I suppγi is
a well-ordered set. From the condition it follows thatM =

⋃
h∈N suppq[h] is a

well-ordered set too. Let

γi = ∑
h∈N

hki
h (i ∈ I) and q[h] = ∑

g∈M
gkh

g (h∈ N).

By definitionT -sum we have

q[γi ] = ∑
h∈N

T q[h]ki
h = ∑

g∈M

g

(

∑
h∈N

kh
gki

h

)

.

Then

∑
i∈I

T γi = ∑
h∈N

h

(

∑
i∈I

ki
h

)

;

q

[

∑
i∈I

T γi

]

= ∑
h∈N

T q[h]

(

∑
i∈I

ki
h

)

= ∑
g∈M

g

(

∑
h∈N

kh
g∑

i∈I

ki
h

)

.

For fixedg∈ M almost all productskh
gki

h are equal to 0.
Indeed,T -summability{q[h] |h∈ N} implies that there are only a finite number

h∈N such thatkh
g 6= 0. For each of theseh there are only a finite number of indices

i with ki
h 6= 0, because{γi} is aT -summable system. Then

∑
h∈N, i∈I

kh
gki

h = ∑
h∈N

kh
g ∑

i∈I

ki
h = ∑

i∈I

(

∑
h∈N

kh
gki

h

)

.
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In addition, the union
⋃

i∈I suppq[γi ] is a subset of the well-ordered setM, hence
it is well-ordered set too. Consequently, the system{q[γi ]} is T -summable and

∑
i∈I

T q[γi ] = ∑
g∈M

g

(

∑
i∈I

(

∑
h∈N

kh
gki

h

))

=

∑
g∈M

g

(

∑
h∈N

kh
g∑

i∈I

ki
h

)

= q

[

∑
i∈I

T γi

]

.

By definitionq it follows its homogeneity i.e an equalityq[γk] = q[γ]k is true for
all γ ∈ K {G} , k∈ K.

Thus, the lemma is completely proved. �

Denote byΓ̂ Dedekind closure of a linearly ordered setG. Any subset̂Γ∪{∞}
has an least upper bound. Ifγ ∈ K {G} andε ∈ Γ̂∪{∞} then we denote by(γ)<ε
ε thebeginning of the seriesγ, i.e. formal power seriesβ such that suppβ < ε and
v(γ−β)≥ ε. If

γ = (γ)<ε +δ, (2.7)

then supp(γ)<ε < ε ≤ suppδ. The decomposition (2.7) is calledε-series sectionof
γ.

Lemma 2.4. If q is monotone and continuous automorphism then q−1 is continu-
ous.

Proof. Suppose thatq−1 is not a continuous endomorphism. Then by Lemma 2.3
there is a well-ordered subsetM ⊆ G such that the system{γh = q−1[h] |h∈ M} is
notT -summable. Indeed, if the system{γh = q−1[h] |h∈M} is T -summable, then
the equalityq−1[∑T

h∈M γh] = ∑L
h∈M q−1[γh] is true because it is equivalent to equality

∑
h∈M

T γh = q

[

∑
h∈M

Lq−1[γh]

]

,

which is correctly by continuityq.
Denote by

ν = sup
{

ε ∈ Γ̂∪{∞} | system{(γh)<ε |h∈ M} is T -summable
}

.

Since ((γ)<ε)<ρ = (γ)<ρ for any ε,ρ ∈ Γ̂ ∪ {∞}, ρ ≤ ε then it can easily be
checked that for anyρ ∈ Γ̂∪{∞} strictly less thanν, the system{(γh)<ρ |h∈ M}
is summable.

Moreover the system{(γh)<ν |h ∈ M} is T -summable. Indeed, let
h1 < h2 < h3 < .. . be N-sequence of the elements fromM, and the elements
zi ∈ supp(γhi )<ν (i ∈ N) are chosen arbitrarily. Suppose thatz= z1 is strictly less
than all otherzi , i > 1. Sincez∈ supp(γh1)<ν thenz< ν. Consequently, the system
{(γh)<z|h ∈ M} is T -summable. Butzi ∈ supp(γhi )<z for i > 1, becausezi < z.
Thenzi < zj for a pair of natural numbersi < j (see proposition 1.1). Ifz is not a
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maximal element, thenz1 < zi for a suitablei ∈ N. Thus the conditions of proposi-
tion 1.1 are fulfilled, this implies that the system{(γh)<ν |h∈ M} is T -summable.

Denote byαh = (γh)<ν. Let γh = αh+βh be aν-section. Since the system{γh}
is notT -summable, and the system{αh} is T -summable as proved above then the
system{βh} is notT -summable. Moreover the set of norms{v(βh) |h∈ M} is not
well-ordered, because in the converse case there existg∈

⋃
h∈M suppβh more than

ν such that the systems{(βh)<g |h∈ M} and{(γh)<g = αh+(βh)<g |h ∈ M} are
T -summable, that contradicts the maximality of the element.

So the set{v(βh) |h ∈ M} is not well-ordered. Hence by monotonicity of the
automorphismq it follows that{v(q[βh]) |h∈ M} is not well-ordered too. On the
other hand

q[βh] = q[γh]−q[αh] = h−q[αh],

where{h|h∈ M} and{q[αh] |h∈ M} areT -summable systems. Note the second
system isT -summable because automorphismq is σ-linear. So their difference
is T -summable. The resulting contradiction shows that our assumption was not
correct. Consequently, the automorphismq−1 is continuous. �

Proof of the theorem 2.2.
1. Let q be anT -automorphism. Then the system of formal power series

{q[h] |h ∈ G} is T -basis because monotony and completeness of this system is
exactly local monotonicity and local surjectivity of the endomorphismq, andσ-
summability of the system follows from the continuity ofq, if we assumeI = G in
the definition ofσ-summability Moreover

q

[

∑
h∈G

′hkh

]

= ∑
h∈G

T q[h]kh (2.8)

for any formal power seriesγ = ∑T
h∈G hkh. By (2.8)it follows thatq is monomor-

phism becauseq[γ] = 0 implieskh = 0 for all h ∈ G. Applying theorem 2.1 to a
system of formal power seriesγh = q[h] (h∈ G) by (2.8) we get thatq is epimor-
phism.

Further, let{βh |h ∈ G} be aT -basis. Then the system{q[βh] |h ∈ G} is σ-
summable, because the endomorphismq is continuous. The local monotony and
the local surjectivity ofq implies the monotony and completeness of this system
because the equality

v(q[γ]) = v(q[v(γ)]) (2.9)

is true for any formal power seriesγ and for any locally monotone and contin-
uous endomorphism. Prove this statement. We can assumeγ 6= 0. Thenγ =
∂γ + δ, where suppδ > supp(∂γ) = {v(γ)}. The local monotony ofq implies
v(q[g])> v(q[∂γ]) for anyg∈ suppδ. Then by the continuity of the endomorphism
q we getv(q[δ]) > v(q[∂γ]). Sinceq[γ] = q[∂γ]+q[δ], we have

v(q[γ]) = v(q[∂γ]) = v(q[v(γ)]),
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because∂γ = v(γ)k for some nonzerok∈ K.
2. Let q be anT -automorphism. From the inequalityv(q−1[g]) ≥ v(q−1[h]) for

g,h∈G and (2.9) it follows thatg≥ h. Soq−1 is locally monotone. By Lemma 2.4
it follows that the automorphismq−1 is continuous. Besidesq−1 is locally surjec-
tive. Indeed, for anyh∈ G, the equality

h= v(q−1[q[h]]) = v(q−1[v(q[h])])

, becauseq−1 is continuous and locally monotone and (2.9). Thereforeg= v(q[h])∈
G is required element, i.e.v(q−1[g]) = h.

It remains to show that the composition of twoT -automorphisms isT -automor-
phism. From the first assertion of the theorem it follows thatthis composition
maps the standardT -basisG into T -basis. A composition of continuous maps is
a continuous map. Using equalities of the type (2.9) we get local monotony and
local surjectivity. Consequently, the composition is aT -automorphism.

3. Decompose the map (2.6) into a composition of two mapsq= s◦ p−1, where

p

[

∑
g∈G

′gkg

]

= ∑
g∈G

T βgkg; s

[

∑
g∈G

′gkg

]

= ∑
g∈G

T γgkg.

From lemma 2.3 allp ands areT -automorphisms, so it remains to apply the
second assertion of the theorem 2.2.

This completes the proof of theorem 2.2.

Corollary 2.1. (see[5]). Let r∈ FG be a nonzero element. Then the multiplication
on the left of the element r isT -automorphism and the system{r−1[g] |g ∈ G}
consisting of formal power series r−1[g] such that r· r−1[g] = g is aT -basis

Moreover, for any formal power seriesγ of the form (1.1) there exist a formal
power series

r−1[γ] = ∑
h∈G

Lr−1[h]kh

which is unique solution to the equation r·X = γ.

Proof. According to the proposition 2.1 the system{r · h|h ∈ G} is T -basis. It
remains to apply Theorem 2.2. �
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