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AUTOMORPHISMS OF THE MODULE FORMAL SUMS
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ABSTRACT. Besides Tychonoff topology on a direct product of discraetw
fields a variety of other topologies are defined and studieidiwtorrespond to
given filters on the support. The main result of this papehédescription of
continuous linear operators of a space of the formal sums.

1. MODULE OF FORMAL SUMS

Let K be a field with discreet topolog$ be a multiplicative group. Consider
linear spacef (G,K) of all mapsG — K. The element of this space we will write

as formal sum
y= chkg, (kg € K). (1.1)
ge

implying herey(g) = kg. The operations of addition and multiplication by elements
of field K are pointwise, namelyy+)(g) = y(9) +B(9) (y-k)(g) = y(g)k for any
V.B€ F(G,K)ge G, ke K. Aset{ge G|y(g) # 0} is calleda support of a the
sum y and is denoted by supp

Transform the spacef (G,K) into the left G-module, assumindghy)(g) =
= y(h~1g) or, more simplyh- Ygec 9Ky = Ygea(hg)kg. Using distributivity we
extend this multiplication by the group ringG and obtain the lefK G-module of
the formal sums. Note that the group rikgs is considered as a subspace of the
space’ (G,K), consisting of all formal sums with finite support.

The subseP C G closed with respect to multiplication such tit P! = G
andPNP~! = {1} is called acone in group The relationx <y < xlyc P
transformG into a linearly ordered set and, moreover, into a left-cedegroup
that isg; < go thenggs < g for anygs,gz,g € G.

Further we assume that a groGgas a con® and above mentioned linear order.

2010Mathematics Subject CalssificatiadOF60, 16W60, 47S99.

Key words and phrasesontinuous linear operators, formal power series, rigtieogd groups.

This paper was presented at the International ScientifideenceModern Algebra and Analysis
and their ApplicationsANUBIH - Sarajevo, September 20 - 22, 2018.



266 N. . DUBROVIN

The meaning of the notatioB, P,K, < is preserved throughout the paper. The
identity 1 denotes a neutral element with respect to midagibn in any algebraic
system.

Suppose that a support of the sum (1.1) has the smallest=tiggad he element
Qo is calleda normof the sum ofy and is denoted by(y). The homogeneous
summandyokg, in y we denote byly. It is clear that this homogeneous summand
characterized by the property sygp- dy) > v(y). (The inequality S > S” for
subsetss;, S of any linearly ordered set we will use in the sense that aesneht
from the left part is strictly greater than any element frém tight part.) We attach
o to the linearly ordered s&, assuming thag < o for anyg € G andv(0) = co.

A formal sum (1.1) is calle@ formal seriesjf the set suppy is well-ordered in
ascending order, that is any subset of this set has the snelégnent. A set of all
formal series we denote B¢{G}. SinceG is left-ordered group the set of formal
series forms a lefik G-submodule of the lefKG-module ¥ (G, K).

We topologize the module of formal series by defining the fasineighbor-
hoods of zero as follows. Consider a well-ordered in desogndrder subset
A C G that is any non-empty subset has the largest element and drfiispace
U(A) ={ye K{G} | suppynA = 0} of K-spaceK {G}. The collection of all such
subspaces form the basis of the neighborhoods of zero aaddinear Hausdorff
topology 7, with respect to which the subspa€& is densely located iK {G}.

As in any topological group the summation of the collectign|i € 1} of the
formal series is defined. The sug, y; is equal to the formal serigif for any
neighborhood of zert) there is a finite set of indexd3(U) C | such that for any
finite subseD(U) C D C | there is a relationshif.pyi € B+U. The existence
of such sum is equivalent to the following two conditions:

1) for any elemeng € G the set of indexese | such thaty(g) # O is finite;

2) the set i, suppy: is well-ordered in ascending order.

Under these conditions, the surexists and3(g) = Yi¢ Yi(g) for anyg € G.
We denote this sum bfy = z{é, vi. In particular, if for a formal series(1.1) we take
the groupG as a set of indices and py = gky then the family(gk;) summable
and its sum ig. In other wordsy = dee gk, i.e. the seG s the topological basis
of the spac&K {G}.

A summability of the family of the formal series is easily cked using the
following proposition.

Proposition 1.1. The system of the formal power sergs K{G} (i) is 7Z-
summable if and only if for anyi-sequenceyl iy, i3, ... of pairwise distinct indices
and any set of the elements g suppy; (j =1,2,3,...) there is a pair of natural
numbers i k such that g < gk.

Proof. Since every support sugpis well-ordered set we need to prove that the
union M = {J;¢, suppy: is well-ordered set if and only if for anN-sequence
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i1, i2,13,... of pairwise distinct indices and any set of the elemeayjts suppy;;
(j=1,2,3,...) there is a pair of natural numbejsk € N j < k such thag; < gk.

The implication = is obvious. Let prove the implicatian= :. Assume that there
exist aN-sequence of pairwise distinct indicigsio, is, ... such that for some set of
elementsy; € suppy;; there is an infinite chain of inequaliti&g > g, > g3 > .. ..
Since the systerjy; } is summable we can assume that all inequalities are strict.
But then the union oM is not a well-ordered set. O

2. ‘T-BASES

Let {vi|i € I} be a collection of the formal power series. We say that the col
lection isa-summablef for any well-ordered seM C G subset{y; |v(y,) € M} is
T-summable. A collectiody; |i € 1} is calledlocally completef for any h € G
there existy; with normh andmonotonef the inequality indexes # k implies in-
equality of norms/(y;) # v(yk). In the case of monotone collection we can assume
that the set of indicekis a subset of the linearly ordered §&&and by reindexing
can be achieved that a larger index corresponds to a larger. no

We say that the collectiofiy; |i € 1} is o-linearly independenif for any well-
ordered subsé¥l C G and any set of coefficientd; € K|i € |} there is an impli-
cation

Y Tyvk=0= (vicl)k=0.
v(yi)eM

Note that monotonicity implies-linear independence. Analogues of the fol-
lowing theorem can be found [5] and [6].

Theorem 2.1. Let{yi |i € | } be ac-summable and locally complete collection of
the formal power series. Then for any formal seifes K {G} there exist ke K
(i €1) such that

V:;Tyiki- (2.1)

If moreover{y: |i € |} is o-linearly independent then the coefficientsrkthe de-
composition (2.1) are unique.

Proof. The second part of the theorem is trivially. We prove the fiest assuming
thaty # 0.

Using the transfinite induction we will choose indéx) € | and the coefficient
k\ such that for any ordinals;, A, with A1 < A, < A there are relations:

V(i) < V(Yia)) (2.2)
{¥i [H< A2} is T — summable ang(y— Y Tywk) =V(Yip,))-  (2.3)
H<A2

Base inductionX = 1). Using completeness, we find for the noviy) the index
i(1) such thaw(y;(1)) = v(y). Thend(y1)k1) = dy for suitablek; € K.
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Induction transition.Assume that for all ordinalg less thar\ indicesi(p) and
the coefficientsy,, satisfying (2.2) and (2.3) fox; < A < pare chosen.

First we will show that the familyy;(, |[L < A} is T-summable. If\ is nonlimit
ordinal then adding a finite set of formal power seriegtsummable family we
get again theZ -summable family. IfA is a limit ordinal, then (2.2) is true for any
A1 < A2. Therefore since the familfy: } is o-summable, it followsZ -summability
of the family {y; L < A}.

Ify=73 ‘Tyi(p)k“ then the first statement of the theorem is proved and the
induction construction is completed. Suppose that

B=v-Y “Vipki#0.
H<A

Then, as above, we find the indé®) € | and the elemenk, € K such that
O(Yionkn) = 0B.

Hence the equality (2.3) takes place for &ll< A. It remains to check (2.2)
only for A, = A.

Case 1.\ is the limit ordinal Denote byt = A; + 1 and note that this ordinal is
less tham\. We have:

B=v—3 "Viwki= (V_ > r[Yi(u)ku> =3 ke (2.4)
M<A H<t T<H<A
The difference in parentheses has a norm equalygy)) (see (2.3)) which
is strictly greater tharv(y,)). Each of the summands in the second sum in
(2.4) has a norm greater tha(y;,)) too (again use (2.2)). Therefowgy;)) =
=V(B) > V(Yinny))-
Case 2.\ =1+ 1is the nonlimit ordinal Then

V(Yigy) = V(B) =V (V— > Tyi(u)ktl_yi(r)kr> > V(i ko) = V(Yir)),

p<t
because
oY=y TVigwk) = Ok
p<t
therefore, the difference of these two formal power serasa&inorm greater than
V(Yi(r))- So we checked the inequality (2.2).

Continuing the induction process we get the ordinslich thay = zud"[yi(u) K.
This follows from the boundedness from above the ordinagsypf well-ordered
subsets of any fixed linear ordered set.

The theorem is proved. O

Definition 2.1. The system of formal power serigs |h € G} is calledT-basis if
it is monotone, complete ardsummable.
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Without lost of generality it can be assumed that fBibasis the inequality
hi < hy implies the inequality(yh,) < V(Yn,) . This kind of monotonicity con-
dition will be assumed in further. The following propositigive the examples of
T -bases.

Proposition 2.1. For any nonzero element & KG the system{r - h|h € G}
is T-basis.

Proof. Assume that = a;0; + ... + &gk, wherea; € K* andg; € G are pairwise
distinct. For anyg € G the following equality holds:

v(r-g) = min{gy9,....,0a} (2.5)

Prove the completeness of the famjflsh}. Leth € G be arbitrary. Let choose
the maximal element in the s@g;lh, . ,g;lh}. Without lost of generality it can
be assumed that this elementgis= gIlh. Theng is the required element, that
is v(r-g) = h. Indeed,gig > 19 = h, becauseg = g; *h > g *h for anyi. The
completeness is prove.

Let prove the monotony. Leh; < h, be the elements fromG and
v(r-hy) = gihy, v(r -hz) = gjhe. Then

gihy < gjhy < gjhy,
because (2.5) and the ordet™withstands multiplication on the left. O

Note that we can write the formal power series (1.1yas zgeGTgkg. The
same is true for any -basis{y,|h € G}. Namely, by Theorem 2.1 we obtain that
the same power serigcan be uniquely decomposed into the foym ZhTeGVth
(kn € K).

The concept of & -basis is associated with automorphisms of the linear space
K {G}¢ with corresponding properties. The linear operatoK {G}, — K{G}
is calledlocally monotoneif for any g,h € G the inequalityg < h implies the
inequality of the norms(q[g]) < v(q[h]).

An endomorphisnyg is calledlocally surjectiveif for any h € G there is an
elementg € G such thaw(q[g]) = h.

If qis simultaneously locally monotone, locally surjectivel @ontinuous, then
we say thatyis an7-automorphism

The main result of the paper is the following theorem

Theorem 2.2.

1) Every7 -automorphism is an automorphism of the spadg¥, and maps any
T-basis into7 -basis.

2) The inverse mapping t@-automorphism is als@ -automorphism. Moreover,
the set of all7-automorphisms is a subgroup in a group of the automorphisms
AutK {G}.
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3) If {Bn|h e G} and{yn|h € G} are two7Z -bases, then the mapping § {G} —

K{G}, given by
7 Brkn T ykn 2.6
he% Bn %h; Yh (2.6)

First we prove two lemmas.

is T-automorphism.

Lemma 2.3. Let q: K{G} — K{G} be a map such that for any well-ordered
subset MC G the system of formal power seriggh| |h € M} is 7-summable and
the following equality holds

q[z hl«] = 3 Tk,
heM heM

for any set of coefficients,k K. Then q is a continuous linear endomorphism.

Proof. Let {yi € K{G} |i € |} be T-summable family. ThetN = J;., suppy; is
a well-ordered set. From the condition it follows thdt= |,y Supm[h] is a
well-ordered set too. Let

vi=3 hk (iel) and gfh = ngkg (heN).
N ge

H
By definition7-sum we have

=S T glhlk. = hd |

qlvi] th alhlk, Q;Ag<h;\|kgkh>

Then

%Tw:%h(gk}]):
q[;—fyi] = 3 “aln (Zk“> =g§wg<hZNk3%kg‘>'

For fixedg € M almost all product{}ki, are equal to 0.
Indeed, 7 -summability{q[h] | h € N} implies that there are only a finite number
h e N such thak'g‘ # 0. For each of thesethere are only a finite number of indices

i with K # 0, becausdy; } is a7-summable system. Then

> K- 3Rsk-3(3ak)

heN, i€l heN heN
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In addition, the uniotJ;., suppd[yi] is a subset of the well-ordered 34t hence
it is well-ordered set too. Consequently, the sys{@fy]} is 7-summable and

%fq[w]:%g@ (thkSkL» =
2o(3834) <[5

By definitionq it follows its homogeneity i.e an equalityfyk] = q[y|k is true for

allye K{G}, ke K.
Thus, the lemma is completely proved. O

Denote byl Dedekind closure of a linearly ordered tAny subsef U {c}
has an least upper bound.yiE K {G} ande e [ U {eo} then we denote byy)
€ thebeginning of the serieg i.e. formal power serieB such that supp < € and
v(y—PB) >e. If

Y= (Y)<e +9, (2.7)
then suppy) ¢ < € < suppd. The decomposition (2.7) is callegseries sectiomf
Y.

Lemma 2.4. If g is monotone and continuous automorphism thehig|continu-
ous.

Proof. Suppose thaf ! is not a continuous endomorphism. Then by Lemma 2.3
there is a well-ordered subsétC G such that the systefy, = g 1[h]|h e M} is

not 7-summable. Indeed, if the systefy, = g~1[h] |h € M} is T-summable, then
the equalityg [Py Yol = Shem O 2[vh] is true because it is equivalent to equality

S "= [ > qu[vh]] :
heM heM

which is correctly by continuity.
Denote by

v =sup{e € [ U{o} | system{(yn)<e|h € M} is T-summablg .

Since ((Y)<e)<p = (Y)<p for any e,p € [ U{w}, p < € then it can easily be
checked that for anp € I U {0} strictly less tharv, the system{(yn)p|h € M}
is summable.

Moreover the system{(yn)<v|h € M} is T-summable. Indeed, let
h; < hp < hg < ... be N-sequence of the elements frolh, and the elements
z € supfYh )<v (i € N) are chosen arbitrarily. Suppose that z is strictly less
than all otherz, i > 1. Sincez € supf{yn, ) <v thenz < v. Consequently, the system
{(Yn)<z|h € M} is T-summable. But; € supgyn )< for i > 1, because; < z
Thenz < z; for a pair of natural numbelis< j (see proposition 1.1). is not a
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maximal element, themn < z for a suitabldé € N. Thus the conditions of proposi-
tion 1.1 are fulfilled, this implies that the systefyn) v |h € M} is T-summable.

Denote byoy, = (Yh)<v. Letyn, = an+ B be av-section. Since the systefw,}
is not7-summable, and the systefay} is T-summable as proved above then the
system{By} is not7-summable. Moreover the set of norfigpy,) |h € M} is not
well-ordered, because in the converse case there@gis, -\ suppBn more than
v such that the systemgpn)-g|h € M} and{(yn)<g = an+ (Bn)<g|h € M} are
T-summable, that contradicts the maximality of the element.

So the sefv(Pr) |h € M} is not well-ordered. Hence by monotonicity of the
automorphisny it follows that {v(q[Bn]) |h € M} is not well-ordered too. On the
other hand

d[Bn] = dlyn] — glan] = h—qfan],
where{h|h € M} and{q[an]|h € M} are T-summable systems. Note the second
system is7-summable because automorphigns c-linear. So their difference
is 7-summable. The resulting contradiction shows that ourrapion was not
correct. Consequently, the automorphignt is continuous. O

Proof of the theorem 2.2

1. Let g be an7-automorphism. Then the system of formal power series
{qlh]|h € G} is T-basis because monotony and completeness of this system is
exactly local monotonicity and local surjectivity of thedermorphismg, ando-
summability of the system follows from the continuity @fif we assumeé = Gin
the definition ofo-summability Moreover

q L;hkh] = hgq[h]kh (2.8)

for any formal power serieg= zhfeG hk,. By (2.8)it follows thatq is monomor-
phism because[y] = 0 impliesk, = O for all h € G. Applying theorem 2.1 to a
system of formal power serigg = g[h] (h € G) by (2.8) we get thag is epimor-
phism.

Further, let{Bn|h € G} be a7 -basis. Then the systefq[Bn]|h € G} is o-
summable, because the endomorphisim continuous. The local monotony and
the local surjectivity ofg implies the monotony and completeness of this system
because the equality

v(aly)) = v(a[v(y)]) (2.9)

is true for any formal power serigsand for any locally monotone and contin-
uous endomorphism. Prove this statement. We can asgum@. Theny =
oy+ 6, where supp > supgdy) = {v(y)}. The local monotony ofj implies
v(q[g]) > v(q[ay]) for anyg € suppd. Then by the continuity of the endomorphism
g we getv(q[d]) > v(q[ady]). Sinceq]y] = q[dy] + q[d], we have

v(qly]) = v(d[oy]) = v(a[v(y)]),
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becaus@y = v(y)k for some nonzeré € K.

2. Let g be anT-automorphism. From the inequalityg*[g]) > v(q~1[h]) for
g,h € Gand (2.9) it follows thaty> h. Soq~! is locally monotone. By Lemma 2.4
it follows that the automorphismy~? is continuous. Besides ? is locally surjec-
tive. Indeed, for any € G, the equality

h=v(g*[q[h]]) = v(g~*[v(q[h])])

, becausg ' is continuous and locally monotone and (2.9). Therefprev(q[h]) €
G is required element, i.a(q~*[g]) = h.

It remains to show that the composition of t¥eautomorphisms ig -automor-
phism. From the first assertion of the theorem it follows tthés composition
maps the standar@’-basisG into 7-basis. A composition of continuous maps is
a continuous map. Using equalities of the type (2.9) we gellmonotony and
local surjectivity. Consequently, the composition ig aautomorphism.

3. Decompose the map (2.6) into a composition of two nggsso p~1, where

p L;gl@] ZQ;‘ngkg; SL;QK;] ZQ;‘rygkg.

From lemma 2.3 alp ands are 7T -automorphisms, so it remains to apply the
second assertion of the theorem 2.2.
This completes the proof of theorem 2.2.

Corollary 2.1. (se€[5]). Letre FG be a nonzero element. Then the multiplication
on the left of the element r i&-automorphism and the systefn—[g]|g € G}
consisting of formal power series¥[g] such that rr—[g] = g is a7 -basis
Moreover, for any formal power serigsof the form (1.1) there exist a formal

power series

—1ng _ L1

iy = 3 ek,

heG

which is unique solution to the equationX =.

Proof. According to the proposition 2.1 the systen-h|h € G} is 7-basis. It
remains to apply Theorem 2.2. O
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