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APPROXIMATION BY MEANS OF FOURIER
TRIGONOMETRIC SERIES IN WEIGHTED LEBESGUE SPACES

SADULLA Z. JAFAROV

ABSTRACT. In this work the approximation of the functions by trigonometric
polynomials N (f;x) of degree n in weighted Lebesgue spaces with Mucken-
houpt weights are studied.

1. INTRODUCTION AND THE MAIN RESULTS

Let T denote the interval [—m, 7]. We denote by LP(T), 1 < p < oo, the Lebesgue
space of all measurable functions f on T, that is, the space of all such functions for
which

1/p

11l oy = /U@Fm < .
T

A function w is called a weight on T if w : T — [0,00] is measurable and
w™1({0,0}) has measure zero (with respect to Lebesgue measure). With any
given w we associate the w—weighted Lebesque space LP, := LP(T) consisting of all
measurable functions f on T such that

1/p

1£lizn = | [ 1£@) wla)de
T

Let 1 < p < oo and let A,(T) be the collection of all weights on T satisfying the

o i o) (3 fror o)<
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where the supremum is taken over all intervals I with length |I| < 27. The condition
is called the Muckenhoupt -A,, condition [15] and the weight functions which belong
to A,(T), (1 < p < 00), are called the Muckenhoupt weights.

Let 1 < p < oo and let w € A,(T). For f € LP we define the modulus of
continuity Q(f,-,)rr by
Qf ey, = sup [|An(Hlly, 6>0
|hl<é

where

1 h
(i) = [ 15 +0) - fia)lde.
0
Note that the modulus of continuity Q(f,-,)rr, defined by N. X. Ky [12]. The

modulus of continuity €(f,-).r is a nondecreasing, nonnegative, continuous func-

tion and
}I_%Q(f7 )Lﬁ = Oa Q(f + 9, )LZ < Q(fa )Lﬁ + Q(Qv ')Lf,7
for f,g e LP.
Let 0 < a < 1. The set of functions f € L? such that
Qf,6) 1, = O(3%), 5>0

is called the Lipschitz class Lip(ca,p,w). Let

%-ﬁ-Z(ak (f) coskxz + by, (f) sinkz) (1)
k=1

be the Fourier series of the function f € L(T), where ay(f) are Bx(f) the Fourier

coefficients of the function f. The n-th partial sum of series (1) is defined, as

n

—i—Z(ak (f)coskx + by (f)sinkz),

k=1

Qr(f;z).

a

[}

Sn(f;x) =

M

x>
Il

0

Let {pn}o~ be a sequence of positive real numbers. The sequence {p, }," is called
almost monotone decreasing (increasing), denoted by {p,}o" € AMDS ({pn}, €
AMIS), if there exist a constant ¢, depending only on the sequence {pn}g<> such
that for all n > m the following inequality holds:

Pn < P, (Pm < cpn,)

In proof of the main result we will use the notations

ABy = Bn = Bny1, AmB(n,m) = B(n,m) - B(n,m+1)
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As in [20] we suppose that F is an infinite subset of N and consider F as the range
of strictly increasing sequence of positive integers, say F = {\(n)}]" .Following [1],
[22] the Cesédro submethod C) is defined as

1
(Ckx)n - mzxk; n= 1>27 ey

k=1

where {x}} is a sequence of a real or complex numbers. Therefore, the C'y— method
yields a subsequence of the Cesaro method C7, and hence it is regular for any A. C
is obtained by deleting a set of rows from Cesdro matrix. We suppose that {p,},

is a sequence of positive real numbers. We define the mean of the series (1), as

Zpkn) (f’ )

N (fiz) =

Py(n)

where P, :=>"" _py #0 (n>0), p_1 = P_1 = 0. Note that in the case p,, = 1,
n >0, N(f;x) is equal to the mean

A(n)
on(fiz) = +1ZS (f5)

In the present paper we study the approximation of f € LP by trigonometric
polynomials N;\(f;x). We give the weighted versions of the results obtained in [20]
in the case 1 < p < co. Similar problems about approximations of the functions by
trigonometric polynomials in the different spaces have been investigated by several
authors (see, for example, [2-11], [13-15], [17-21] and [23-25]).

Note that, in the proof of the main results we use the method as in the proof of
[20].

Our main result is the following:

Theorem 1. Let 1 < p < 0o, w € A,(T) and let {p,},” be a sequence of positive
real numbers. If f € Lip(a,p,w) and if one of the conditions

i) p>1,0<a<l, and {p,}, € AMDS

(i) p>1, 0<a<l, and {p,}, € AMIS,

and

(A(n) + 1)pa(ny = O(Pan)) (2)
holds,
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A(n)—1

i) p>la=1 Y k|Ap|=0(P\w)
k=!
A(n)—1

(iv) p>1l,a=1, Z |Api| = O(Pyny/A(n)), and (2) holds,
k=

then the estimate
17 = N2y = O (M) ).

holds.

In the proof of the main result we need the following Lemmas:

Lemma 1. (see [5]). Let 1 < p < oo, w € Ap(T) and 0 < o < 1. Then for
f € Lip(a,p,w) and n =1, 2,... the estimate

1f = Sn(Hlly, = O(n™)

holds.
Lemma 2. (see [5]). Let 1 < p < 00, and w € A,(T). Then for f € Lip(1,p,w)

and n =1, 2,... the estimate

182 (f) = on(H)llpz, = O™

holds.
Lemma 3. (see [20]). If {pn}, € AMDS or {p,}, € AMIS and (2) holds,
then

A(n)
Z M= Prm)—m = O (AM1))™ Pxny)
m=1

for 0 <a<1.

2. PROOFS OF THE MAIN RESULTS
Proof of Theorem 1. We prove the cases (i) and (ii) together. It is clear that
A(n)

S ainm {m(f5 ) — (@)} 3)

m=o

N)(f;@) — f(=)

- Py
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Then by Lemma 1 and Lemma 3 and (3) and condition (2) we find

A(n)
R (me ol = sm(Pl
)\(n
P/\( ZP,\(n) m I = sm (e + I1f = s0(H)ll e
@ m=) + 0(5 )
Py

= O(M(n))_a)-

Case (iv): We suppose that p > 1 and o = 1. Using Abel’s transformation, we have

A(n)
Nri\(.ﬂ Pk(n) Zp/\ {Sm f’ ) (l‘)}Qm(f,J?)
Thus
A(n)
S;\z(f7m)_Nr)L\(fvx): \(n) Z(P)\(n) P)\ (n)— ){Sm(fa ) (m)}Qm(fa:E)
") m=1

By Abel’s transformation we get that

A(n)
sn(fix) — Ny (fz) P,\()ZA “H(Pyn) — Pany—m))
1 A(n)
k ; —_ k 4
xkz:jl i)+ 5oy ; Qu(fiw). ()

Using (4) we have

A(n)
1
HS:\L(f) - NT)L\(f)HLg < P)\( ) Z Am(Tnil(P/\(n) - P)\(n)—m))
") m=1

m A(n)
> kQk(f) O Z KQk(fiz)| - (5)
k=1 ’ Lz
It is clear that
sal ) = oulfi2) = g DO RQU
Then by Lemma 2 and (6) we get
Y kQu(|| = (1) [salf) —oul(f)ll = O(1). (7)
k=1 P
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Thus (5) and (7) yield
A(n)

[[sn(f) *Nﬁ(f)”Lg = P)\(ﬂ 231 | A (m ™ (Pan) = Pr(ny—m))|

+O0((AMn) ™).

According to [20] the following relations hold :
Am(m_l(P)\(n) — PA( ) ) =

P)\n_P)\n—m—
A(P)\n)_P)\() m) + (n) (n) !

m(m+ 1)
_ Pxowy-m-1 = Pax)-m n Py(n) = Pa(n)—m—1
m m(m+ 1)
_ P = Pxmy-m-1 Paxm)-m
N m(m+ 1) m
1
— [Py — Py — Dpxim)—m] -
w1 ) A0 = Prm=m—1 = 07+ 1pagu) -]
A(n)
Py(n) = Patn)—m 1
Am = - 1 n)—m
( - ) mm+1) X k/\(z; pr — (M + 1)paen)

Next we will prove by the induction the inequality
A(n)

Z e — (M4 1)pa)—m| < Z K [PA()—k+1 — DAy —k] -
k=X(n)—m k=1
Let m = 1. Then we obtain

A(n)

Z Pk = 2Da(n)—1| = |PA(n) — Pagm)—1] -
k=X(n)—1

(9)

(10)

That is, the inequality (11) holds, for m = 1. Now we suppose that the inequality

(11) holds for m = j. We prove the inequality for m = j + 1 (< A(n)).
The estimate
A(n) A(n)

Z PE — (J + 2)PA(n)—Gi+1)| = Z Pr — (J + D)pam)—(i+1)
k=A(n)—(j+1) k=X(n)—j
A(n)
= Z e — (G + Dpamy—5 + U+ Dpamy—5 — U+ Dpam)—+1)
k=A(n)—j
A(n)
< Z Pk — (G + Dpagy—1| + |G+ Dpam)—j — (G + DPam)—G+1)
k=A(n)—j
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J
= Z k| pam)—k+1 — Pagy—k| + (G + 1) [Pa()—j — Pa(n)—(+1)
k=1
Jj+1
= Z K [PA()—k+1 — PA()—k] -
k=1

holds. That is, (11) is true for m = j + 1. Thus the inequality (11) is proved for
any 1 <m < A(n). By (10) and (11) we have

(Z P)\(n P)\(n)fm
m

m

= Z (m+1) Z k |p/\(n)—k+1 - p)\(n)—k’

m= 1 k 1
A(n) 1
< Z |DAG)—k+1 — PAm)—k| Z 1) (12)
k=1 =k
A(n)—1
= | Apk| .
k=0
According to condition of the theorem 1 the relation
A(n)—1
> 1Apk = O(Pagy /A(n)) (13)
k=0

holds. Then use of (12), (13) and (8) gives us
IS5 = N2y = O(Am) ).
Thus from (14) and Lemma 1 for o = 1 we obtain
1f = N2 = O(Am) ).
Case (iii): First of all we prove the estimate

A(n) (W) 0 (I;A(E:))) . (14)

m=1

According to condition in the case (iii) of theorem 1 the estimate

A(n)—
Z k[Apg| = O(Pyn)) (15)
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holds. Using (10) and (11) we have

Aln
~ A, (IWPWm)
m=1 m
A(n) 1 m
< 2 m Z k| Akpagn)—k|
m= r+1
= Sl 52 (16)

Let r denote the integral part of (A(n)/2). Then Abel’s transformation and using
(15), we get that

m

1
S1 = Z m Zk ’Akp/\(n)fk|

m=1 k=1
r A(n)—1 P)\( )
< A < Apjl =0 =% 1
<2 Aokl £ D2 [Ap] 0<A(n)) (17)
k=1 Jj=r—2
For Sy we can write the following:
A(n) 1 m
S2 = Z m(m+ 1) Zk ’ApA(n)—k’
m=r+1 k=1
= k| Apam)—k| + i [ Apam)—|
W m (m+1) — S m (m+1) P
1= S21 + S22. (18)
If using again the condition (15) we have
A(n) A(n)—1
1 P)\(n)
So1 < —_— |Ap'|=O(
PRNTES ;_2 ’ Am)
A(n) m

Sag < Z (m+ Z | Apn)—]

1
) [1Apo] +2|Ap1| + o + (7 + 1) [Aprsa

o[
o[

Den ) (19)
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Now combining (16)-(19) we obtain (14). From (8), (14) and Lemma 1 we get
1f = N2 o = I =50 () + 2 = N2 (D s
<[If = sa(Dll e + s2(f) = N2l L < O(Am) ™).

and the proof is completed.
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