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QUASI-ASYMPTOTIC BEHAVIOR AT THE ORIGIN OF
TEMPERED OPERATORS

DENNIS NEMZER

ABSTRACT. A subspace of Mikusiniski operators, which was introduced by K.
Yosida, is used to investigate quasi-asymptotic behavior at the origin in one
dimension. As an application, an Abelian theorem of the initial type for the
Stieltjes transform is established.

1. INTRODUCTION

Asymptotic behavior of generalized functions is an active area of research with
applications in differential equations, integral transforms, and quantum physics.

Quasi-asymptotic behavior of Schwartz distributions was introduced in the early
1970s by Zav’yalov [11] and investigated by Vladimirov, Drozhzhinov and Zav’yalov
(see [9] and references in [7]). More recently, Pilipovié¢, Stankovié, Vindas and others
have continued the investigation. For an excellent account of quasi-asymptotic
behavior of distributions the reader is referred to [7].

By using a subspace of Mikusiniski operators introduced by K. Yosida [10], an
elementary approach to quasi-asymptotic behavior at infinity has been investigated
[4]. The approach is algebraic and is elementary in that it requires some basic
concepts from analysis, but none from functional analysis such as duality theory as
do other approaches. In this note, using the same construction, quasi-asymptotic
behavior at the origin is studied. As an application, an Abelian theorem of the

initial type for the Stieltjes transform is established.

2. THE SPACE OF TEMPERED OPERATORS

In this section, a brief summary of the needed preliminaries is given. For more

details, the reader is referred to [4].
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Let C(R) denote the space of all continuous functions on R which vanish on
the interval (—o0,0).

For f,g € C+(R), the convolution is given by

(fxg)(z) = /Ox f(z —t)g(t)dt.

The space of tempered functions supported on [0, 0c0) will be denoted by C? (R).
That is, f € C*_(R) provided f € C(R) and there exists m € N such that f(z)z~™
is bounded as x — oo.

Notice that for f,g € C!.(R), then f +g, f x g € CL(R).

Let H denote the Heaviside function. That is, H(z) = 1 for z > 0 and zero
otherwise. For each n € N, we denote by H"™ the function H ... H, where H is
repeated n times.

For k=1,2,...
M= { o Fecim}.

It should be noted that, in the definition of My, the quotients % are convolution

quotients.

Definition 1. Let £ € Nand W,,, W € M, n € N. The sequence {W,,} converges
to W in My, denoted W,, — W in My, provided W,, = % and W = % such

that for some m € N,

T am — 0 asn — oo.
T

sup
x>0

The space of tempered operators M7 is defined as a countable union space. That
is,
M= M.
k=1
Two elements of M™ are equal, denoted % = %=, ifand only if H™x f = H"xg.
Clearly, My C Mgy, k € N. Moreover, if W,,W € My (n € N and some
k € N) such that W,, = W in My, then W,, = W in M.

Definition 2. Let W,,, W € M7, n € N. The sequence {W,,} converges to W in
M7, denoted M- lim W, = W , provided there exists k € N such that W,,,W €
n—oo

M, for all n € N, and W,, — W in M.
Let a € C and %, 7= € M7. Then with scalar multiplication, addition, and
multiplication (convolution) as follows, M7 is an algebra with identity § = g—z

V) age =
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n k
() g + g = Lfitee
(3) % * % = ka*fn

Let f € CL(R). Then, W/ = 2L ¢ M. Therefore, C* (R) can be identified
with a subspace of M7,

3. QUASI-ASYMPTOTIC BEHAVIOR AT THE ORIGIN
A real-valued function L(z) is slowly varying at the origin [8], if it is positive,
measurable on (0,a) for some a > 0, and such that for each ¢ > 0,

L(ex)
z—0t L(I’)

=1

Unless otherwise stated o € R and L will denote a slowly varying function.
Let W = % € My. For € > 0, define W (ex) = 6% fl(;f) (W5 = aik %)

Definition 3. Let W € M7. Then, W is said to have quasi-asymptotic behavior
at the origin related to €*L(e) provided there exists V' € M7 such that

M- tim VED)

Cesot evL(e)

This will be denoted W < V at 0T related to e*L(e).

[1Penhi

The generalized derivative and multiplication by “x” are defined as follows. Let
W = 25z € M". Then,
(i) W = # yforn=1,2,...
(i) aW = 2202 (k> 2) and 2" W = z(2"'W), n = 2,3, ... .

Theorem 4. Let n € N and W,V e M™. If W AV at 0 related to e*L(e), then
(i) W L v gt 0 related to e*"L(e).
(i) "W L 2"V at 0" related to e*+"L(e).

The proof of (i) follows directly from the definition. For the proof of (ii), replace
A with € and A — oo with € — 07 in the proof of Proposition 3.2 in [4].

Definition 5. A tempered operator W = % is said to vanish on an open interval
(a,b), denoted W(x) = 0 on (a, b), provided there exists a polynomial p with degree
at most k — 1 such that f(z) = p(x) for a < z < b.

Let W,V € M"™. W and V are said to be equal on an interval (a,b) provided
W — V vanishes on (a, b).
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The next theorem shows that quasi-asymptotic behavior at the origin is a local
property. This is not necessarily the case for quasi-asymptotic behavior at infinity
unless o > —1 [4].

Theorem 6. Let W, V.U € M" such that W and V are equal in some neighborhood
of the origin. If W L U at 0T related to e L(e), then V < U at 0T related to e* L(e).

Proof. Notice that
V. (V-W). We
= . 3.1
e*L(e) e*L(e) + e*L(e) (3:1)

The conclusion now follows, provided

(V_W)s —

M7- lim =0.

e—0+  e*L(e)
Now, (V — W)(z) = 0 on (=b,b) for some b > 0. Thus, V- W = %, where
k e Nand f € C%(R) such that f(z) = p(z) on (—b,b) for some polynomial p with
degree at most k — 1. However, f(x) =0 on (—b,0), and thus f(z) =0 on (—b,b).
Therefore, for some M > 0, |f(z)| < Ma™, x > 0. We can take n € N such that
n>k+a.

Now,
(V — W)E o 1 fe
caL(e)  ektalL(e) HF
Then, for some v > 0, all x > 0 and € > 0,
f(ex) M

I 3.2
U+2) " 5@ | S @ ase) (32)
where L* is the slowly varying function at infinity L*(x) = L (%)
Since lim,_,o+(1/e)YL*(1/e) = oo [8], (3.2) yields
. (V=W),

- lim ——— =0.

M si%l* EGL(E) 0
This completes the proof. O

Let g be a locally integrable function (i.e. g € L}, .(R)) such that supp g C [0, 00)
and g(x) = O(z™) as x — oo, for some m € N. Then g can be identified with
Wa — He e e,

For the next theorem, n € NU {0}, L,(z) = (-1)"In"z for 0 < 2 < 1 and

L,(z)=1forx > 1. (Note. n""z=Inz-Inz-... -Inz (n times).)

Theorem 7. Let f € Li, (R) such that supp f C [0,00) and f(z) = O(z™) as
[

x — oo, for some m € N. If wli)Ing T L(2)

n € NU{0}, then W/ L yW9« at 0T related to €Ly, (), where go(z) = H(x)z®.

=7, for some a > —1,v € C, and
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f(z)
that 0 < A< B < 1.
Define g € L}, .(R) as follows.
f(z) 0<z< A
g@) =1 wtp Jf A<z<B

x> B.
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such

Since quasi-asymptotic behavior at the origin is a local property (Theorem 6),

it suffices to show that W9 4 yIW9% at 0% related to €L, (e).

We need to show that for some m € N,

(1+azm)~? ( v 9l g v [y tadt) — 0 uniformly on [0,00) as e — 0F.

0 e*Ly,(e)
This will be accomplished by showing the following.

(I) For any b >0, [;" 4= ()E) dt — v [, t“dt uniformly on [0,b] as
e—0%.
(II) There exist M > 0, ¢o > 0, and m € N such that

o Eagft) dt‘ < Mz™, forallz > 0and 0 < e < &.
Now, let v > 0 such that o — v > —1.
Thus, there exist a > 0 and €y > 0 such that
L, (et)
Ly ()
Now to show (I). First consider 0 < z < a. Then,
r et * @ et L, (et
[ g ] v s | et 20
Thus, by (3.3), (3.4), and g(#)) — vy as e — 07, it follows that
/ © glet)
o €Ln(e)
0<ux

(ea)*Ly(ga
Now consider 0

<tV for0<t<a,0<e<eg.

dt — 7/ t*dt uniformly on [0,a] as e — 0.
0

)
< b, where b > a. Then,

SNt — [y tadt‘ < Jote

(et Ln(et
7(st)%zn)(at) Ln((es)) - 7‘ dt

g(et) Ln _7’dt+f to

(et) Ln
(et)*L,(et) L 4 — ’7’ dt.

(et)*L,(et) L

= an e

By above, we only need to show that

/bta glet)  Ly(et)
“ (et)*Ly(et) Ly(e)

’y‘dtﬁ()ass%()f

— | dt.

(3.3)

(3.4)
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However, this follows from % — 7 uniformly on [a,b] as e — 07, and

LL’;((ES)) — 1 uniformly on [a,b] as € = 07. Therefore,

T t B
[ e [ e itomiy on 0.] a5 2 0"

Thus, (I) is verified.

To verify (II), we consider three cases.
Case 1. ex > B.

Then, (0 — o,

Case2. 0<ex <A (0<e<A).

Now, since a:(’gL(:)(m) < |y| + 1, it follows that gflgigfé)) is bounded
oml<exr<A0<e<A
Thus,

(H x g)(ex) 2T (H % g)(ex) Ly(ex)

eatiL (e) | | (ex)*1Ly(ex) Ly

A
=
8

n(€)

at1 (xn;rl L xagan(aj)>
Ln(A)

< Myzot!

(where M; and Mj are positive constants that are independent of both
x and ¢€).
Case 3. A<ex<B (0<e<A).
Since g € L, (R), |(H * g)(ex)| < [ |g], for A < ez < B.
By using the definition of L, and the above, it follows that there exists
M3 > 0 such that
(H * g)(ex)| _
e t1lL, ()

2L H x g)(ex) Ly (ex)
(ex)otiL,(ex) Ln(e)

S M3Ia+1.

Thus, combining the three cases, there exist M > 0 and m € N such that for all
r>0and 0<e< A,
(H * g)(ex)

“ glet) _
L 255 dt“ L, (2)

This completes the proof. O

< Mz™.

Let a € R and L a slowly varying function at the origin. A locally integrable
function f is said to be asymptotic to the function g, (z) = x*L(z) at the origin if

f(z)

a—0+ z*L(x)

=~ ae. (y#0).
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The next example provides an example of a locally integrable function that has

quasi-asymptotic behavior but not asymptotic behavior at the origin.

2+Sin% forz >0
0 for x < 0.

Since V:—gf =1 % and 1(H x f).(z) = 1 ng (2+sin 1) dt, it will follow that

g

Wy L 2WH at 0F related to °, provided that

L1 +am)~! [ sin 2dt — 0 uniformly on [0, c0) as € — 0T, for some m € N.
1 rex

< Jo sin%dt‘gé Osz‘sin%‘dtgx, for all x > 0 and € > 0, and thus, by

taking m = 2 it is enough to show that
1

ET
1
- / sin = dt — 0 uniformly on compact subsets as ¢ — 07.
€Jo

Example 8. (See [6].) Let f(z) = {

Now,

Thus it suffices to show that

1 /™ .1 4
— sin—dt—>0asx—0".
X 0 t

Using that [ sin }dt =2?cos L —2 ["tcostdt, x>0, we see that

1 /" 1 1 2 [* 1
7/ sinfdt:xcosf—f/ tcos—dt - 0asxz — 0T,
T Jo t A t

Therefore,
W L owH at 07 related to £°.

4. THE STIELTJES TRANSFORM

In this section, as an application, an Abelian theorem of the initial type for the
Stieltjes transform is given.
Letr > —land f € L}, .(R) such that suppf C [0,00) and f(z)z~""" is bounded

loc

as  — oo for some 7 > 0. Then, the Stieltjes transform of index r of f is given by

RAC)
Tf= — — .
STf /0 @y x, z € C\(—00,0]
ForreRand k=1,2,...

My(r) = {hjfc’“ : f € C4L(R), f(x)z~ """ is bdd as z — oo for some 7 > O}

and
M(r) = | Ma(r).
k=1

Let » > —1 and W € M(r). That is, W = % € My(r), for some k € N. The
Stieltjes transform of index r of W is defined by

AW = (T+1)k/0 %dm, z € C\(—00,0],
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where (r+1); = % =(r+1)(r+2)...(r+k) and T is the gamma function.
Notice that ATW = (r + 1),.S7 ¥ f, where W = %

Properties 9. [5]. Let W = % € M(r). Then for r > —1 and z € C\(—o0, 0],

(1) AW is an analytic function.

(2) ALreW =AL W, c>0and 7.W = %{, Tef(x) = f(xz —¢).

(3) ALWU™) = (r + 1), ATT™W, m =1,2,...

(4) LEATW = (—1)™(r + 1) ALP"W = (=1)"AIW ) m = 1,2, ...
(5) AT (aW) = ATW — zATHW.

For o > 0, let ¢, (x) = H(x)z°. Then, for a > —1, let
Out1 = m%, and fora < —-land a+n >0, Oyy1 = me;{—tﬁ

Notice that, forn =0,1,2,..., ©_, = 6. In particular, ©g = § and ©_; = §'.
Thus, for 0 < 8 < 1, ©_g can be interpreted as the fractional differential operator
of order f.

The following is an Abelian theorem of the initial type.

Theorem 10. Let a« € R and r > =1, r > a. If W € M(r) and
WA (Ous1 (C€C,C#0) at 0T related to e*L(e), then
1—‘ 1 7'—(XAT'
i DO+ D(e2) "ALW

evot I'(r —a)L(e)
2E€8,

=G

where Qy ={z € C: |argz| < < 7}.

Proof. Let n,m € N such that a +n >0, W = HL € M, (r) and

my—1 f({f.’b) 5
ig%(lﬂ ) () F(a+n+1)€a+n(x) —0ase— 0%, (4.1)

Since W € M, (r), f € S (R) (the space of tempered distributions supported
on [0,00)). By (4.1), it follows that

fer) ¢ o
eotnL(e) T(a+n+1) losn(@) = 0in S'(R) as e — 07,

Thus,
i m loyn (in S'(R)) at 07 related to e*T"L(g).
By using the Abelian theorem for &' (R) ([6], Theorem 4.2) with o+ n for b and
r +n for r, it follows that
i T(r+mn+1)(ez) —>Srtn

emot I(r —a)L(e)
2EQy

= (4.2)
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The result follows by observing
ALW = (r+1),8™

O

If L =1, it follows that the convergence in (4.2) is uniform in the region €2y, (see

[6], Theorem 4.2), and hence, we obtain the following.

Theorem 11. Let o« € R andr > —1, r > a. If W € M(r) and
WA (Oui1 (C€C,(#0) at 0 related to e, then
F 1 T—(IAT‘
lim (r+1)z W

ay, -

=(.

5. TEMPERED DISTRIBUTIONS

A traditional approach to distribution theory may be found in [2]. In this section
we will use a different approach to tempered distributions which was introduced in
[1] in order to investigate the sequential approach to distribution theory.

Let D'(R) denote the space of distributions on R. The kth tempered derivative of
a distribution F is given by DFF = e‘x2/4Dk(e$2/4F)7 where D* is the kth order
distributional derivative.

A distribution F' is said to be tempered if there exists a square integrable function
f such that

DFf =F, for some k € N.

The space of all tempered distributions will be denoted by S’(R).
Let S’ (R) denote the subspace of S’(R) for which elements are supported on the
interval [0, c0).

A sequence of tempered distributions (F,,) is tempered convergent to a distribu-

tion F, provided there exist square integrable functions f,, f such that

fon =F,, fo = F, for some k € N, and

/OO |fn(z) — f(2)]? dz — 0 as n — oo.

Now, define the mapping ¥ : M™ — S’ (R) by \Il(%) = DFf.

It has been shown [4] that the map ¥ is a well-defined bijection such that both
U and its inverse preserve the corresponding convergence structures.

Thus, the space M” with the sequential convergence defined in Section 2 is

isomorphic to the space S/ (R) with tempered convergence.
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